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PEEFACE. 






Algebra is justly considered one of the principal 
foundations of all sound mathematical knowledge. Since 
the investigations of modern geometers have given to 
analytical investigations that predominance which they 
now hold over the synthetical methods adopted by ancient 
mathematicians, its importance has proportionably in- 
creased. Every person, therefore, who wishes to obtain 
a thorough knowledge of the higher mathematics, must 
commence by studying and fully mastering the principles 
of Algebra. 

<$i It is not to such persons alone that it is important. 

The habits of investigation to which it leads ; the powers 
of analysis which it confers ; and its general application to 
the solution of problems, which are frequently presented 
to every person who lays any claim to a liberal educa- 
tion, make it an important, if not an essential branch of 
education. 

The object of this treatise is to present the science in 
a manner sufficiently simple to enable all to understand 
it, and yet so comprehensive as to embrace nearly every 
thing that it is necessary for the student to learn, as a 
preparation for his future studies. The first part of the 
work, which includes Quadratic Equations, will be found 
to be more full than common, particularly on the subject 
of pure equations. It is believed to contam all that is 
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required, for one who desires to obtain a knowledge of 
the more elementary parts of Algebra. The remaining 
chapters contain the tiieory of Equations, Series, Loga- 
rithms, Indeterminate and Diophantine Analysis. 

Most teachers have found that children commencing 
the study of Algebra are frequently at a loss to understand 
the nature of the operations they are required to perform. 
The addition and subtraction of letters seem to them 
foolishness. Some preliminary exercise is necessary to 
enable them to perceive the utility of their labours. It 
is hoped the preliminary chapter in this work will do 
something towards removing this inconvenience. The 
questions selected are so simple that no child who is pre- 
pared to commence the study of Algebra will find much 
difficulty in performing them ; no operations being neces- 
sary but such as the method of instruction universally 
practised by all thorough teachers of arithmetic will 
have rendered familiar. In solving the various questions 
that are found in this chapter, the student can hardly 
fail to become familiar with the meaning and use of the 
symbols ; and thus be prepared to enter upon the sub- 
sequent portions of the work, without that embarrass- 
ment to which allusion has been made. It is earnestly 
recommended that he be made fully acquainted with this 
chapter before he is allowed to proceed. 

Considerable care has been taken to make the expla- 
nation of the various rules concise, yet clear. The at- 
tention of teachers is particularly called to the remarks on 
the absolute negative quantity, art. 11 and 12 ; in which 
an attempt has been made to relieve the pupil from a 
cause of embarrassment to which he is generally sub- 
jected when commencing his labours. The demonstra- 
tion of the rule for sigTis in multiplication and division, 
has no claim to novelty. Notwithstanding its import- 
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ance, it is often omitted in elementary algebras. The 
omission of such demonstrations will at once be seen to 
be objectionable, when it is remembered that children 
are taught Algebra for the purpose of putting in their 
hands an instrument by which they may remove difficul- 
ties they meet with elsewhere. Such explanations should 
never be passed over without being understood ; an oppo- 
site practice leads to loose habits of study, which often 
lay the foundation for much future difficulty, and deprive 
the pupil of the satisfaction which he would feel from 
the consciousness that every thing in the work he had 
studied had become his own. 

The method employed, art. 17, in explaining the force 
of the index, was generally used by ancient authors 
it has been too much neglected in modem treatises. It 
will be found to give more precise notions respecting 
the exponent than can be obtained in any other way. 

Throughout the first part, numerous examples have 
been given, sufficient, it is believed, to familiarize the 
student with all the methods of solution employed. 

In the Second Part, the theory of equations has been 
much more fully developed than in any elementary treatise 
with which the author is acquainted. Care has been 
taken to preserve perfect rigour in the demonstrations. 
Some of these will be found to be very concise. The 
beautiful theorem of M. Sturm, for which he obtained 
the mathematical prize from the French Academy, has 
been developed at some length ; as well as the compendi- 
ous method of Homer for approximating to the values 
of the roots of an equation. The chapter on the Sum- 
mation of Series has been principally taken from Young's 
Algebra ; that on Binomial Equations from a treatise on 
the theory of equations, by the same author. For the 

1* 
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theory of Diopbantine Analysis, the author is principally 
indebted to the admirable treatise on algebra by Euler. 

In the preparation of the work, most of the treatises on 
the subject in common use have been consulted, more, 
however, for the purpose of discovering what had been 
done, than from an expectation of deriving much direct 
assistance from them. For the greater part of the theory, 
the author is only so far indebted to books as they have 
enabled him to store his own mind with knowledge on 
the subject. In selecting examples, however, he has 
made free use of all the treatises in his possession. A 
considerable number have been taken from '^ Bland's 
Algebraical Problems." 

In conclusion, the author would remind those who 
may be disposed to use the work, that in a treatise of 
this kind much that is new could not be expected. Most 
that can be done is to simplify the arrangement, and 
render the demonstrations more clear and precise. If 
this result has been obtained, and an important branch 
of science has thus been made more accessible, one 
great point has been gained. With these remarks the 
author leaves the work to the judgment of an enlight- 
ened public. 

Philadelpkia^ 6th months 1846. 
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SYNOPSIS OF THE DEFINITIONS. 



*•. This sign is used for therefore, 

oc Signifies infinity, 

^ Indicates the difference between two quantities between 
which it is placed. 

Affirmative quantities are those affected with the sign -f. 
A quantity without a sign is always considered affirmative. 
(Art. 10.) 

Negative quantities are those affected with the sign — -. 
(Art. 10.) 

Monomial quantities are those whose parts are not separated 
by the sign + or — ; thus a, 5 b% and 6 bc^ are mono- 
mials. 

Binomial quantities are such as consist of two monomialsy 
connected by the sign+or — - ; thus a + b and 3 a^—5bc 
are binomials. 
The monomials which form a binomial are called Terms, 

Polynomial quantities consist of more than two terms ; thus 
4 a— b b^x + c* is a polynomial. 

Coefficients are numbers joined to any quantity to indicate 
how often it is considered as being repeated ; thus 3 a is 
the coefficient of x in the expression 3 ax, (Art. 16.) 

Index or Exponent^ is a number or symbol placed over an 
expression to indicate some power or root ; thus 2 is the 

exponent of a»; f of (a + b)^. (Art. 18 and 89.) 

9 



10 SYNOPSIS OF THE DEFINITIONS. 

Homogeneous quantities are those which contain the same 
numher of factors ; thus x^' and a^xy^ are homogeneous, 
each containing 6 factors. (Art. 25.) 

liatio is the relation which one quantity bears to another in 
magnitude, and is expressed by dividing the second by the 

first ; thus the ratio of 4 to 5 is -• 

Equation is an expression of equality between two expres- 
sions ; the two expressions considered equal being called 
the members or sides of the equation. .(Art. 6.) 
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ALGEBEA. 



CHAPTER I. 

DEFINITIONS AND PRELIMINARY EXAMPLES. 

Art. 1. — ^Algebra is the science of computing by arbitrary 
characters. By it we are also able to trace many abstract 
relations of numbers, which can not be done by common 
Arithmetic. 

The quantities employed in algebraic calculations are 
represented hy symbols; for which purpose the letters of 
the alphabet are generally employed. 

The different operations upon these quantities are indi- 
cated by signs, with mcxst of which the student has become 
familiar in Arithmetic. Thus 

2. To represent addition, we make use of the sign +, 
(vlus) or more, a + b, which is read a plus 6, signifying 
that the quantity represented by b is added to that repre- 
sented by a. 

3. — (minus,) or less, placed between two letters, indi- 
cates that the quantity represented by the latter of these let- 
ters is to be subtracted from that represented by the former. 
Thus a — 6 is read a minus 6, and signifies the remainder 
left by taking b from a. 

4. X is used to indicate the product of the quantities be- 
tween which it is placed, a x ^ is read a multiplied by b. 

Multiplication is often expressed by placing a dot between 
the factors, or by simply writing them as in a word. Thus, 
a. 6, or ab, indicates the product of the factors a and 5, and 
is consequently identical with a x b. Similarly, 3 a and 
2 X indicate respectively three times the quantity represent- 
ed by a, and twice that represented by x. 
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5. The division of quantities is expressed by writing the 
divisor after the dividend, and separating them by the 
sign-i-;, or by placing them as a vulgar traction, the di« 
visor of course being the denominator. Thus, o -s- ft, or 

J- signifies the quotient arising from dividing a by ft, and is 

read a divided by ft. 

6. The sign =, {equcd^ expresses the equality of the 
quantities between which it is placed. 

An expression of equality is called an equation; the quan- 
tities represented as equal being called the members or sides 
of the equation, 

7. To exhibit the conciseness which results from the use 
of these symbols, we shall employ them in the solution of the 
following problem. 

It is required to divide $1000 amongst three persons, A, 
B, and G, so that B may have $50 less than A, and C $125 
more than B. 

By the use of ordinary language 
it may be solved thus : 

A has $50 more than B. 

C has $125 more than B. 

Therefore the three will have 
$175 more than three times the 
share of B. 

Consequently three times the 
share of B, and $175, must make 
the sum to be divided, or $1000. 

Three times the share of B is, 
therefore equal to $1000 diminish- 
ed by $175, or to $825. 

Hence the share of B is equal 

$825 

or $275, 



Algebraically thus : 
Let X represent B's share. 

Then A's is a? -f 50. 
C's is a? + 125. 

Therefore the three 
will be 

Sx+ 175. 

We will consequently 
have 

3 ar -f 175 == 1000, 

or3ar = 1000— 175 = 

825, 

and X = 275 = B's. 

x+ 50=»325 = A's. 
a^ + 125 = 400 = C's. 

In the above example, the solution by the use of ordinary 
language was easy ; in many cases, however, this is difficult 
even when it may be performed with great readiness by the 
use of algebraical symbols. 

The following simple examples will enable the pupil fully 



to 
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and A's equals 325. 
C's « 400, 
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to understand the advantage, which the use of the s3rmbol8 
above explained possesses ; and will render him familiar 
with their appHcation. 

Ex. 1. — Required to divide a line of 125 yards in length 
into three parts, such that the middle may be one-third as 
long as one of the extremes, and ten yds shorter than the other. 

Here, if we represent the middle portion by x, the extremes 
will be 3 X, and x + 10, respectively. The whole line will 
therefore be 5 a? + 10. Consequently, we have the equa- 
tion 5 ar + 10 = 125 

and 5 a; = 125 — 10 = 115. (A) 

whence a; =b23 the middle portion. 

and ic + 10 = 33 5 *^^ ^^^"^"^^ P^'^^^'^^' 

Ex. 2.— A post is half its length in the mud, fifteen feet 
in the water, and one-third of its length above water. Re- 
quired its length. 

Let X represent the length, then the separate portions wM 

X 

be — in the mud. 

2 

X 

— in the air. 

15 feet in the water. 

X X 

Consequently — + — -f- 15 is the length of the post. 

X X 

Hence a? = 5- + « + 15. 

To avoid the embarrassmei^t arising from the fractions we 
multiply the several terms of the expression by 6, which 
gives 6a: = 3a? 4- 2a? + 90 « 5a? -f 90 
Subtracting 5 x from each member, we have 

6 a: — 5 a;, or a? =a 90, the length required. (B) 

8. There are some important remarks to be made on the 
processes employed in the preceding solutions. 

Ifit. ^ny quantity may be transposed from one member 
of an equation to the other, if we change its sign. 

This is exempUfied in the equation marked (A) in the first 
example; 10 having been there transposed from the left- 
hand member to the right, its sign being at the same time 
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changed from + to — : and likewise in the equation (B), 
of the second example, where 5 a? has been taken from the 
right to the left-hand member, its sign being changed. 

The correctness of this operation is manifest from the 
principle, that equals, increased or diminished by equals, 
must still be equal. Thus, in the first case above sdluded to, 
the left-hand member is 5 a? + 10. If, then, we change it 
to 6x, we diminish its value by 10; and^ consequently, the 
right-hand member, 125, must likewise be diminished by 
10; which changes it into 125— 10 ==115; so that the 
equation will read 5 a? = 125 — 10 =115. 

Had the original equation been 5 a? — 10 = 125, it is evi- 
dent that the left-hand member is 10 less than 5 a?, and must, 
therefore, be increased by 10 tp make it 5 a?. Increasing the 
other member by the same number we should have 5 a; = 
125+10 = 135. 

9. ^ equation may be cleared of fractions by multiply- 
ing all its terms by the least or any other common multiple 
of the deriominators. 

The reason of this is plain. 

Ex. 3. A father in his will directed his property to be 
divided amongst his daughter and two sons, in the following 
proportions, viz. : the elder son was to have one-half the estate, 
less $13000 ; the second son was to have one-third, less $2000 ; 
and the daughter was to receive one-fourth and $3500. He 
likewise directed the remainder, which was ascertained to 
be $6000, to be given to the " Pennsylvania Asylum for the 
Blind." Required the estate and the shares of the children ? 

Here, if the whole estate be represented by a:, 

the elder son's share will be - - i x —13000 

Younger's - - - - - -v ^ ar — 2000 

Daughter's ix+ 3500 

Consequently 

hx—1 3000 + J a? — 2000 + i a? -f 3500 -f 6000 = a? 

Clearing of fractions, by multiplying by 12 ; we have 

6 ar— 156000 + 4 ar — 24000 + 3 rp + 42000 + 72000 

= 12a? 

or, transposing, 

6a? + 4a? -I- 3« — 12a? = 156000 -f 24000 — 42000— 

72000 
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that is, 



13 2^--12 xs 18()00a---42000--72000«r 13800(^-72000 

»66p00 

or, X s=s 66000 the whole estate, 

and i X — 13000 s 20000 7 

ix— 2000 = 20000 Uhe children's shares. 
i a? +3500 = 20000 J 

Ex. 4. What number is that, to the dduble of which if 18 
be added the sum will be 06 ? 

Here the equation will evidently be 2 a? + 18 = 96. 

Jlns. 39. 

Ex. 5. What number is that, from five times which if we 
subtract 24 the remainder will be 196? 
Or, 6 a?— 24 = 196 Ans.AA. 

Ex. 6. In a certain school, if the number of boys be 
doubled, and then increased by 25, the result will be 367. 
How many are there ? Ana. 171. 

Ex. 7. What number is that whose double exceeds its 
half by 78 ? Ana. 52. 

Ex. 8. A number increased by its half, then by its third, 
and afterwards diminished by 56, makes 164. What is 
that number ? Ana. 120. 

Ex. 9. In a certain orchard, one-half the trees bear apples, 
one-fourth bear plums, one-fifth peaches, and twenty bear 
cherries. How many in all ? Ana. 400. 

Ex; 10. What number is that, which being increased by 
75, the result shall be four times the original number ? 

Ana. 25. 

Ex. 11. A and B set out from Philadelphia towards Bal- 
timore. A has 3 hours the start, and travels 5 miles per 
hour. B travels 7 miles per hour : how long will he be in 
overtaking A, and how far will he travel before that occurs ? 
Ana. Time, 7$ hours ; distance, 52s miles. 
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Ex. 12. What number is that whose fourth part exceeds 
its fifth part by 25 ? Am, 500. 

Ex. 13. A gentleman purchased a horse, a chaise, and 
harness, for $1000. The horse cost four times as much as 
the harness, and thd chaise three times as much as both. 
Required the price of each. 

Ana. Harness $50 ; horse $200, and chaise $750. 

Ex. 14. The head of a fish is 1 1 inches long, its tail is as 
long as its head and half its body ; and its body is as long as 
its head and tail. What is the length ? Ans. 7 ft. 4 in. 

Ex. 15. One-fourth of the contents of a cask leaked out, 
ten gallons and a half were afterwards drawn out, after 
which the cask was found to be two-thirds full. What was 
the whole content of the cask ? Ans, 126 gallons. 

Ex. 16. One-fifth of the boj'^s in a school are studying 
arithmetic, one-third algebra, one-fourth geometry, and 13 
are studying surveying. What is the whole number ? 

Am. 60. 

Ex. 17. A criminal having escaped, travels 16 hours 
per day, at the rate of 3 miles per hour ; after three days 
his route is discovered, and an officer, starting in pur- 
suit, travels 12 hours per day at the rate of 5 miles per 
hour, how long before he overtakes the fugitive, and how fax 
will they have gone ? Ans. 12 days, and 720 miles. 

Ex. 18. An estate of $39,000 is to be divided amongst A, 
B and C, in the following manner : C's share is to be one- 
third of A's, and B's is to be equal to C's and half of A's. 
What is the share of each ? 

Am. A, 18,000 ; B, 15,000 ; C, 6000. 
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Ex. 19. Bought a piece of cloth which proved to be 
only \ as long as it was marked, nevertheless, by selling it 
at $6*00 per yard, I received as much as it cost. What 
was the cost per yard ? Ana. $5*25. 

Ex. 20. A servant was hired at 62$ cents per day for a 
year, consisting of 313 working days, on condition that he 
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should be charged 37i cents for his board every day he was 
idle. On settlement, it was found thelre was $145*623 due 
him. How many days was he idle ? w^n*. 50. 

Ex. 21. A and B commence trade with the same capital. 
The first year A gains $5000, and B loses one-fourth of 
his stock. When A*s money is treble B's. What was their 
capital ? And. $4000. 

Ex. 22. Three men purchased a ship. A paid ^V^^' 
B, -/^ths^ and C the Remainder, which was $7800. What 
was the whole cost ? Ana., $18«000« 

Ex. 23. A can do a piece of work in 12 days, but wish- 
ing to have it finished in less time, he hires B, and ^ the two 
perform it in 7 days. In what time could B alone have 
done it ? Ans. 16|th days. 

Ex. 24. A woman purchased some eggs at 10 cts. per 
doz., and twice as many at 9 cts. p^r doz. She sold' them at 
12 cts. per doz., and thereby gained 96 cents. How many 
did she purchase altogether ? Ans, 36 dozen. 

Ex. 25. The sum of two numbers is 25 and their differ- 
ence is 12. What are the numbers ? Ans. 18$ and 6s. 

Ex. 26. There are three numbeis whose common differ- 
ence is 4 and sum 48. What are the numbers ? 

Am. 12, 16 and 20. 

Ex. 27. A, B and C can perform a piece of work in 5 days. 
A alone can do it in 12 days, and B in 15. In what time 
could C accomplish' it? win^. 20 days. 

Ex. 28. Required to divide a line of 99 inches into three 
such parts,, that i the first, | the second, and \ the third 
shall be equal. What are the parts ? 

An9. 22, 33, and 44 inches. 
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CHAPTER n. 

» 

ON THE PRELIMINARY JIULES. 

SECTION I. 
On the Addittan cf Algebraic QuarUttieB, 

10. By the addition of algebraic quantities, is understood 
the collecting them together ; performing with each the opera- 
tion indicated by its sign. Thus when we collect the 
quantities in the expression 6 -{- 5 — 3 -f- 2, we find the 
result to be 10. This operation is considered to be one of 
addition, although one of the processes is really a subtrac- 
tion. 

In regard to the addition of positive numbers, (those 
affected by the sign +,) no difficulty can arise, since the 
operation is manifestly performed in the same manner as m 
arithmetic. Thus 6 -|- 4 + 3 = 13, and 6a?4-4a? + 3a? 
=s 13 x,as much as 6 apples + 4 apples + 3 apples = 13 
apples. 

If dissimilar quantities are required to be added, we 
can only do it symbolically. Thus, if Thomas received 
from one man $5, from a second 3^ 3rards of cloth, from a 
third 2 yards of cloth, and from a fourth $12. He receives 
altogether $17 -f 5 yards. So that $5 + 3 yds + 2 yds + 
$12 = $17 + 6 yds. 

So also 9 a + b X + S X + 2 a s=^ 11 a + S X, 

If any of the quaqtities are negative (that is, are af- 
fected with the sign — ) they must be subtracted from the 
sum of the like positive terras. Thus let the value of 
the expression 76 — 37 — 24 be required. This expression 
evidently means 75 diminished by 37, and the result dimin- 
ished by 24. We therefore have 

75 — 37 — 24 = 38 — 24 = 14. 

Now it must be evident that diminishing a number suc- 
cessively by two others, is equivalent to diminishing it by 
their sum. Consequently 
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76-37^84 = 75 — 61 =14 as before. 

We here see that to collect two negative quantities we add 
them "and prefix the common sign — . 
Let now the result of the following operations be required,. 

VIZ 

7 + 5 — 3 + 8 — 6—4+12. 

It may be reduced in the following manner :. 

7+5 — 3 + 8 — 6^4+12=12— 3 + 8-6— 4+12 

= 9+8—6—4+12 

- 17 — 6— 4 + 13 = 1 1 — 4 + 12 = 7 + 12 =;m 

This process is, however, tedious, and may be abbreviated 
by observing, that in genercd it can make no difi!erence in 
the final result, whether we collect the quantities in the 
order in which they were written or in any other that may 
be more convenient. The above quantity is therefore the 
same as7 + 5 + 8 + 12 — 3 — 6r^4 = 32— 13 = 19. 

When the quantities are dissimilar, they of course can 
only be so far collected as to include in separate amounts 
those of the same kind. 

11. Again, let it be required to collect the following quan- 
tities: 

3 + 4-10 + 12, 

We may proceed thus : 

3 + 4^10 + r2==7— 10+12 

but here we are met by a difficulty, since the next operation, 
which requires us to subtract 10 from 7, is manifestly im- 
possible; 

Such cases generally indicate some absurdity in the con- 
ditions, as will be seen by the following example.. 

A snail commenced climbing a pole. The first hour he 
ascended 3 feet, the next 4 feet, the third he descended 10 
feet, and again ascended 12 feet the fourth hour. What is 
his elevation at the termination of the four hours ? 

This problem will give the expression above, vi?., 

3 + 4 — 10 + J2, 

and is absurd, since, when he had ascended but 7 feet, it 
was impossible to descend 10 feet. 

In such cases it is usual to deduct the positive from the 
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negative quantity, and prefix the sign — to the remainder. 
Thus 7 — 10 B —3; by this means reducing t^e absurdity 
to another form. .. , 

12. We must not suppose, however, that neffatire results 
always indicate impossible conditions. The following is an 
instance in which no absurdity is implied. 

A gentleman started out to collect some debts. He first 
obtained from A $100, then from B $300; after which he 
paid C $700, and finally received from D $Ji50. What was 
the result of his day's operations ? 

The formula is evidently 

100 + 300 — 700 + 150 
« 400 — 700—150 

« ^300 + 160 

« - 160 

We have in this case the same difiiculty as before ; but there 
is no absurdity, unless the gentleman had no funds, cm 
which he coula draw to pay the $700. In case there were 
such funds, they would be diminished $300 by this pay- 
ment, and $160 by the whole day's operations. 

So in the former case, had we supposed the snail to set 
out at a pmnt more than 3 feet high, the absurdity would 
cease to be other than apparent ; the result 7 <— 10 = — 3 
merely showing that at the end of the third hour he had 
arrived at a point 3 feet lower than that from which he had 
started. The result — 3 + 12 » 9 indicates a final pro- 
gress of 9 feet. So that, had his original elevation been 6 
f^et, he would have anived at the height of 14 feet at the 
end of the four hours. 

Let it now be required to add the quantities 

6a — 46 — 3c, 7(i^26 + 4cand6<J + 26 — 3a. 

The result may be written 

6a + 7a — 3a — 46 — «6 + 26 — 3c + 4c + 6c 

«10a-r.46 + 7/;. . 

In performing addition, therefore, toUect the similar quan' 
tities from all the expressions to be added^ operating with 
each as indicated by its sign ; thai is, collect all the posi' 
five quantities of the same kind into one sum, and the 
negative into another: take the difference t^ the results 
which must be affected with the sign of the greater. 
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ExAlfPLES. 




Ex. 1.— Add 2* 


• 


5a + 46 — Sfix 6a + 5y 
7 a — 36+ 2ex 7 be + 4a 
— 3a — 76— Sex- 13y + 7a 
9a + bb + 12cx 15y + 26c 


-66c 

— 36c 
-4a 


18a— 6+ 8ca? 1,3a +36y 


' 



In these examples the positive quantities are collected into 
one amount and the negative into another, and the difier- 
ence taken, which is set down with the sign of the greater 
sum. Thiis, 6a + 7rt + 9a = 21a, apd 21 a — 3a = 18 a; 
again, 4 6 + 6 6 = 9 6, 3 6 + 7 6 « 10 6, and 9 6 — ia6 = 

— 6, so of the rest. . The positive and negative amounts in 
the case of 6c in the second example are equal, and therefore 
the remainder is nothing. 

Ex. 3. Required the sum of the following (piantities, viz. : 

3a^26 + 4ca?, 7 ex — 3 6 + 8 a, — 9 a+Scx- 5 6and 
2a — 3ca? + 46. 

» 

Ex. 4. Required the sum of 3 aa? — 4 6c + 12 ca?, 7 ex 

— 5 aa?+ 14 6c, 8 ao; — 12 6c+3 ca?, and 2 6c — 6 aa?+8 ex. 

Ex. 5. Add 3 ay + 4 6a: — 5 ac, 7 6a? — 3 ac + 2 ay, 
8 ac — 7 ay + 2 6a:, and 9 ac — 3 6a: + 7 ay. 

Ex. 6. Add 3 a6c — 4 ac — J 6c, 3 ac + 1 fl6c — 7 ac, 
and 9i ae + qbe — 6c. 

Ex. 7. Add aar — 4 a6 + 6rf, 3 6rf — 2 aa? + a6, 7 a6 

— 2 aa: — bd, and 6'a6 — 3 aa: + 12 6rf. ^ 

•V - . •, " 

Ex. 8. Add 3 (d>d + 4 a6a? — & ca:, 8 ca: — 11 a6ap 
+ 1? a6(f, 9 a6a: — 12 ex + 3 abd, and 7 ca; — 16 abx 
+ 3 abd. 
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SECTION n. 
Subtraction. 

13. Subtraction being tbe reverse of addition, it is evident 
that we must apply every term in the subtrahend, with the 
opposite sign from what we should were the quantities to be 
added. Jnerefore, to subtract onB algebraic expression 
from another we must change all th^ signs in the subtra- 
hend, and then proceed as in addition. 

This will be made plain by the following examples, viz. : 

add 6a + 56 ") ^ f 9a + 36 

and 3 a — 2 6 v consequently < dimM by 3 a — 2 6 

sum 9 a + 3 6 J L equals ^ a + 6 6 

Now this latter result would equally be obtained by adding 

9a + 36 

and- — 3a + 26 * 

since the result is a + 5 6 
and this operation is evidently in accordance with the rule, 

14. The reason of the above rule may perhaps be made 
more clear by the following illustrations. 

If we diminish any numbe^, as 50, by the sum of any 
numbers, say 15, 6, and 9 ; it can evidently, make no differ- 
ence whether we diminish it separately by the numbers 
themselves or first £nd their sum, and then subtract this. 
The former of these operations leads to the formula. 

60—15 — 6 — 9 

in which the subtracting terms are set ibwti with the 
sign — . ' 

Let it now be required to ascertain th)B remainder arising 
from subtracting 30 — 10 from 50. 

If we diminish 50 by 30,- we have 50 — 30 = 20 for the 
remainder^ This result is evidently too small, since the 
subtrahend was too great by 10. To obtain the true remain- 
der we must evidently increase that so obtained by 10 ; so 
that we shall have for the final result, 

50 — 30 + 10 or 20 + 10 = 30. 
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The student may satisfy himself of the correctness of this 
process, by first reducing 90 '-^ 10, and then subtracting the 
result. Thus, 30 -- 10 =i 20, and 50 -- 20 = ^, as before. 

15. To generalize the above reasoning we may proceed 
thus. Let it be required to subtract a — b from x. Now it 
is evident that the quantity a-r^b ik b less than a, tf, there- 
ibre, we subtract a from x, the remainder a? r-. a, will be too 
small by b, and will therefore require to be increased by b. 
The true result is, therefore, 

X, — a+b 

in which each term of the subtrahend is applied with a con«» 
trary sign. \ ; 

JSXAMPLES. 

Ex. 1. From 7 ax^9be+ Sby ' 

take. 4aa? + 3dc— 26y \- 

9aX'-6bc+l0by. 

r ■ ■ 

Ex. 2. From 8a? —46a? + 96c 
take 36a? — 76c + 2a? , 

6 a? — 76a: + 166c. 

Ex. 3. From8aa: — 3 6^/ + 4 (fa? take 3 cfa:-* 5 aa? + 3 6y. 

Ex. 4. From 9 6ca? + 7 aby -r— 4 6a? ,take 3 6ca? + 2 aby 
— 46a?. . 

Ex. 5. From 3 6a? -—4 ttcy + bxy take 2 aty — f 5 6x — 6c. 

Ex. 6. From9tf6— 7rfc4-8c5'take3cg'— 7rfc — aa6. 

Ex. 7. From the sum of 3 ^ + 4 erf-— ii aca?, and 2 d 
— 4 6ar + 3 06— 2 erf, take 7 06— 3 6a? + 8 erf. 

Ex. 8. From i a + i 6, take | o-— J 6. 

Ex. 9. From 9^fl6 — 7 rfa: + 8 ey, take the sum of 
3a6 + 7cy + llrfa?and9rfa?— 6a6 — 3ey. 

Ex. 10. From this sum of 3 6a? + 4 oy — 15 6e 4- 20^ and 
35 + 7ay + 46a?, take the sum of 3 + Say — 76ap,36c + 8ay 
+ 26arand 156i— 32— 86c. 



.J 



24 P&ELIHlNAaT K0LES. 

SECTION ni. 

MuUiplication. 

16. It has already been said (4) that the product of two 
quantities, such as a and 6, is expressed by a X 6» a • 5, or 
more simply by a5. 

In the same manner jthe product of any number of factors 
is expressed. Thus, axb xc x^ h written abed. 

Bo likewise, bob XScdesbnbScd. But since it' is in- 
djfierent w^t order is maintained amongst the factors, the 
result may be written 

6 X 3 X abed, or 16 abed. 

Henee, to multiply monomials, (or expressions consisting 
of but one term,^ we multiply the numerieal parts, or coeffi- 
cients, c^dto the product annex the produet of the literal 
parts. 

Multiply 4 ac hySbd. ^ns, 12 abed, 

^ad bySac. " Ibaaed. 

4 aax by 7 ay. " 28 aaaxy. 

What is the value pf 7 ay^x \2bx X 6 a6 «^ 504 aabbxy. 

Reduce the following, viz. : 

Qaxx^ay x^be = 

8 6y X 6 dox x2ed = 

5 aaabbbx x 7 aaabxx ss - 

7 abxxy x 3 abxx x 4 a? as 

12 aa6c,x 3 a&ccc = 

Waadx^bbcxlf abpd « 

Id a^ibec X 6 obex => ^ 

5 aac X 4 aabbc x 7 aabx =■ 

17. In the above examples we have frequently met with 
such expressions as oatr, bb, &c. , 

Now we have learned in arithmetic that the 
product of two equqj factors' is the square of one of them, 
" three " ^ cube, " 

" four " " fourth power, &c. 

Consequently aa is the square or 2d power of a. 

uaa is the cube or 3d power of a, &c. 
In order to render the expressions more concise, the num- 
ber of factors is indicated by putting a small figure over the 
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root, and a little to the right ; thns, a* is written tot aa, and 
is read aV square, or the square of a. 

Similarly a' = ooa, and is read a^s cube, or the cube of a* 
so fl^, cfi, a^ are respectively the same as aaaOf 000000^ and 
aaaacum ; and are read iCs fourth, a^s sixth, and a^s seventh 
power. 

. IS. The figure whicK thus indicates the power, is called 
the exponent J or mtfex, and tepresents the number of equal 
factors that are multiplied together. .Thuj», when tiire aay 

4* s=t 64, we mean.4 x 4 X 4 a 64« 

The indices mtist. be carefully distinguished from the 
coefficients, siiice these express only succesfsire additions, 
while the former represent successite multiplications. Thus, 

3 a = a + a + a, while a* =» a x 6 X a. 

• • • 

19. From what has been said above, it is easy to write 
the results in the last article more concisely. The second, 
third, an4 fourth inay be written thus,. 15 a^cdf 28 cfi^ and 

The student will thus simplify the remaining ^sults in 
that article. 

20. Sin^e a?* =■ xisxXj and x^ ^axxxxx 
it is evident that a?* x x* =« xxxx x xxxxx - 

as xxxxxxxxx ^ xK 

Similarly we should find that ' 

a?« X a;' =s a?*, x'' x a?« = a?", &c. 

Hence, to multiply difierent powers of the same root we 
add their indiiSes, 

Examples. 
Ex. 1. 7a»x6o» « 36 a*. 

Ex. 2. 5 c^x^ X 4 a'^s^ « 20 a^V. 
E^. 3. 8 a^xl*' x6(fx . «= tS «»ar«. 
Ex.4. 9a*a?*x7<^a? « 
Ex. 5. 7 a&«c^ X 4 tf»&a« « 
Ex. 6. 12 a*6c* x 3 a^bc'^ =s 
Ex. 7. 8 o«a^6 X 5 a«^y* » 
Ex. 8. 15 fl^te* X 3 a»aj»67 « . 

Ex.9; 12 a«6«c' X 4 fl^°5«cy « 

8 
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Ex. IQ. 17 a«6»c* X CM* = 

Ex. 11. 8 xhfz X 9 xy^T^ « 

Ex. 12. 15 d»a?^* x 3 b^^^ = 

Ex.13. 9 6-rf»y» X 4 «»(? « 

Ex. 14. 15 6^d"c* X 6 6»rf«c" rss 

MULTIPUCATION OF POLYNOMIALS. 

21. If a + 6 is to be multiplied by any number as 3, it is 
equivalent to adding, three quantities, each equal ,to a + 6 ; 
the result will evidently be 3 a + 36, which consists of three 
times the first -Quantity plus three times the second. Had 
the expression peen a-«6, the result would have been 
3 a — 3^. This v^rould be equally true if the multiplicand 
consisted of more than two terms, or if the multiplier were 
any other number. Hence, 

To mvUiply a polynomial by a positive multiplier^ toe 
multiply each term separately, and connect tht results by 
the signs tvith which the several terms were affected in the 
multiplicand. 

Note. — ^To indicate that several quantities are to be afiect- 
ed by one, sign we enclose them within j^rackets ( ), or 
place a vinculum, —=—-, over them. Thus, (6 + 4) x 5 is 
equivalent to 10 x 5 as5p, while 6 + 4 x 5 = 6 + 20 » 26. 

So, sdso, (a + by or a + b is the square of a + b^ while 
a + b* is equal to 6* + a. 

Examples. 

Ex. 1. (5aa?— 6o»6— 3^(j)x4a = 20a«ar— 24a*6— 12ff»c. 

Ex. 2. (7a?y«— 4a;2r + 36)x6a*ar«=42<j^a!^«— 24a»a?«z 
4- 18 (^bx^. 

Ex. 3. (4 063 — 5 a^c + 'b^)x7 a^.c s= 

Ex. 4. (8 a«a? -T- 15 aa?8 + 15) X 12 fl?a:» = 

Ex. 5. (9 bi^^S pH + b'c?) X 15 6«c =» 

Ex.6. (12a63— ^4d*ar—5 a=c)x 4 a&3/ja? 1= 

Ex. 7. (3 dJ'h^ ^ibH + 8 c^ X i 6c* a= 

Ex.8. (9<r»(f — 4aJ^~3rf)x7a*6 = 

Ex. 9. (I a^y — ^ ¥z + f xy^) X 12 ft^a:^' =s 

In the above cases we perceive that a negative^ quantity 
multiplied by a positive, gives a negative ptpduct. 
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22. We shall now proceed to the case in which the mul- 
tiplier is a polynomial as well as the multiplicand. 

L^t it be required to multiply x + y ,by a + bi This is 
evidently requiring us to'-increase a? + y, a + 6 times, which 
is equivalent to multiplying it by a an(f also by b and adding 
the results. The operation may be arranged thus : 

X +y 
a +b 

ax+ay predi^ct by a 

+ bx + by « , b s 

ax +px + ay -^by ^ " a + 6. 

Similarly if the product of (x — y) by (a + b) were re- 
quired, th^ operation would eviaently oe 

a? — y 
a + 



ax — ay product by a 

b. x — by " by b 

ax — ay + bx-^by ^7 (« + *)• 

23. Had the multiplier been a — 6 it is evident the first 
line ax — ay, which is a times the multiplicand, would 
have been too great ; and wotdd require to be diminished by 
b times (a? — y) or bx — by, which is the second line. But 
as in subtraction, we change the signs of the subtracting 
terms, the, operation by addition might still be preserved, by 
writing the terms in the last-mentioned line, with the oppo- 
site signs, as below. 



zl 



a 



ax-' ay product by a 

--bx + by " — 6 , 

ab'-ay — bx + by " ifl — b)- 

24. By examining the various terms in this operation 
we perceive that ax X9», + ax 

ax—y^-^ay 

' — .ftx XoB-^bx 

---bx—y^ + by 

Hence we derive the following 
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Rule for Sigru^ 

Like 8%pM in multiplication produce plus ; unlike Hgns 
in multiplication produce minus. 



EZAMFI.]$8 OF THS ^lyLTirUCATIOIf OF POIiYKOMUX»S, 



Ex.l.a + b Ex.2, a- 
.a + b . a- 


-6 
-6 




ab ^b* 

. , . nil 1 , , ' • ' ^ 


-oi 
-ofr 


+ b» 


^ a* + 2ab +b' ' ««. 


-8flA + 6» 


Ex.S. a + b 




• 


a — b 






a» + ab . , _ 
^ab — b* 


■ ' 






, 




Ex.4. ««— 2fl6 +6» 
a + 6 


■ 


. ' ■ 




■ . 


- 


c^ -^ a'6 -T- a^>^ + &» 


' ■ 




2a6 +6« 




6a*6«— 4a«5* + 2a6* 
-f3a36» — 2a6* 


+ b» 




6 a*6« -f 3 a«6» — 4 a^6* 4- A» 





Ex. 6. Multiply a?* + y" by x^ — y •, wf n». a^*-^*. 

Ex. 7. Multiply a?' — 3 a?«y + B ay» -^ y» by a?" -p- 2 a^^ 

w^n*. a?* — 5 a?*y +10 a^y » — 10 ary + 5 a:y*r^ y*. 

Ex. 8. Multiply 3«*— 7 ^h+b^ by 2 a»— 4a6. 

^n«. 6a«— 26a*^» + 28a^6« + 2a»6» — 4a6*. 

Ex. 9. Multiply ar» + 2 a?y + y« by a?"— 2ary + y». 

^n*. X*— '2 ar»y« + y*. 
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Ex. 10. Multiply > + a?»y + sp^ + xy^ + y*hy x—y. 

Ana, ar* — y*. 
Ex. 11. SquveSa:'— 4aa?. 

J?n«. 9 ar*— 34 €»:•+ 16 a»ar". 

Ex. 12. Square a«-^ ax + x\ 

Ami <!*— 4 a^t + 6 a«a?«-^4 or* + a:*. 

Ex. 13.. Cube a; + y. 

w^rw. ar" + 3a?*y + 3ay* + y». 

Ex. 14. Detennihe the fiftl^ power a' + hK 

Jim, a** + 5 a"6* + 10 a»6* 
+ 10 a«6« + 6 a»6« + 6*^ 

Ex. 15. Multiply the square of a + 6 by the cube of a — 6. 
y5n«. a* — a*6— 2a«6» + 2a"6" + a6*— 6*. 

Ex. 16. Determine the product of the four factors 
a — 4a:, a — ar, a4- x and a + 4a? 

^n«. a* — 17 a«a?« + 16 ar*. 

Ex. 17. Multiply3a*— .7a»6 + 8fl«6»— 66*by2a«— 3a6 

w^n«. 6 a«— 23 «»6 + 40 a*6»— 31 oW 
— 2 a»6* + 15 a6*— . 5 6». 

25. It is often found that the diiferent terms in the ihulti- 
phcand, and also, in the multiplier, contain the same num** 
ber of factors. Thus in the last example of the preceding 
article, the literal portions of the several terms of the multi- 
plier are a* s aaaa^ a^h =s aaab, a*5' =» uabb and 6^ =s bhbb^ 
each being composed of four factors. So in the multiplier, 
the literal part of each term contains two factors. 

Quantities of this kind are said to be homogeneous. 

In all cases where there are not more than two letters 
employed, and the several terms of the multiplicand and 
also of the multiplier are homogeneous, the operation may 
be shortened by omitting' the letters until the close. 

In arranging the terjois, we must be careful to place them 
according to the powers of some letter, beginning either at 
the highest or the lowest, and regularly descending or as- 
cending. Should any term in the regular series of powers 
be wanting, its coefficient must be supplied by a zero. In 
example 17, above referred to, the series of powe^ of a is 

a*, a", a" ; 
3» 
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a* being omitted, we must theie&ire ctmceiye the tem Q a&' 
to be placed between 8 a'6' and — ^6 6*^ The complete 
series of coefficients is therefore ^ - . 

inthemultiplicandS— 7+ 8 + 0— 6 
in the multiplier g — B + -1 ' . 

multiplying these 6—14+16+0—10 
we obtain — 9 + 21-24 + + 15 

3— 7 + 8+ 0—5 

6—33 + 40 — 31—2+16—5 
and supplying the letters we have for the product 

6a6_23 a*6 + 40a^»— 31 a»6»— 2a«6* + 16a6*— 66» 

as before. 

. This is chatted muUijpHcation by detached coeffiicknSi*. 

EXAMPLES. 

Ex. 1. Multiply a^— 3 xy + y» by x^—yK 
Supplying zeroes for the coefficients, of the missing teitns 
we have 

1—8 + 0+1 
1+0—1 

1— 3 + p+J 

— 1+3—0 — 1 

• .1^3 — 1 + 4—0-1 

and the j^roduci is ^ ---^S x^y -^^sfiy* + 4 a?y — y*« 

Ex. 2. Cube a + 3 6 by this methods 
The operation is 

1+3 

1+3 

1+3 

+ 3 + 9 

1 + 6 + d. ^ ^ 

1+3 

1 + 6 + 9 
+ 3+18 + 27 

1 + 9 + 27 + 27 

Hencetheresultis<i^ + 9a»6 + 27a6« + 27 6». . 

Ex.8. Muitii^y 5a:«— 3ax« + 6a»x— a»bya» + 8«r 
+ 5a?». " , 
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The coefficients ia the multiplier rami be revenedy the 
opeiation will therefore be . 

5+ s+ I 

26—16 + 25—6 

16— 9 + 15—3 
5—3 + 5—1 

25+ 0+i2tl+ 7 + 2~l 

And the product is 25 a?^ + 21 o'aj* + 7 cfix* + 2 al^x — a\ 

Ex. 4. Midtiply3a«— 5aar'+2ar» by 2a«— 6ar— 3a:». 
^n9. 6 a*— 28aV + 25^»a?» + 3ac»— 6x*. 

Exr 6. Multiply! + 2 x + 3;c« + 4 ir» + 6 i* by 1 — a?. 

w^n«. 1 + a? + a^ + a:* + a:*— 5 a:*. 

Ex» 6. Multiply a:»— 3a:« + 3a?— 1 by af«— 2a? + 1. 
Ana. a?»— 6a?* + 10a?»— 10a;» + 6a?— 1. 

Ex. .7. Multiply fl? + 3fl»6 + 8a6« + 6» by 0? — 3a«6 
+ 3a6»— 6». 

w^iM^. «•— 8«^+.3tf»d*— ^. 

Ex. 8. Raise a— 5 to the fifth power by this process. 
Jlns. a»— 6a*J + 10a?^— lOfl^ + froft*— 6». 

Ex. 9. Square a?— 3 a^ + y". 

Jins, a^-^ 0^+9 oy +2 tfyu-6 fl^+y«. 
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26. The division of simple quantities can present but little 
difficulty, since its operations must be the reverse of those 
of multiplication. 

Thus Uie^ product of two powers of the same root is 
found by adding their indices. For example, cP xc^^b a^. 
Hence, a*^ + o^ ±= ««, and as the operation will be similar 
whi|.tever t&e indices may be, it fdlows thatc 

To divide different powers of the same rooty subtract 
the index of ike divisor from that of the dividends the re* 
mainder i» the index of the quotient. 
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We sball abo find that the same rale fcfr signs hdds as in 
nnltiplication* 

Hence, in 3!fuUipUeatum and Division 
Like ngn$ produce plu$^ 
Unlike tigna prodnce minu$. 

Note*— -The general value of — is of*^". x If in this we 
suppose n oi m we shaU hare 

or 1 as a;*, 
whence the Odi power of any number is equal to 1. 

Again, if in — = af ~* we inake m = 

^ 1 

we shall hare — «b as®-" or -^ « ar». 

af af* 

27. It is oft^n convenielit for beginners to write the divi- 
sor beneath the dividend as in a fraction, and cancel the like 
Actors, as in aritlimetic. ^ 

Thus the division c^ 

27 a^c« by ^ 9 a»6»c 

may be performed thus, 

27a*6«c« ^^ 

— 9a«6»c 
the cotnmon factors 9, a*, 6", and c having been cancelled. 

This mode of operation can hardly be recommended, how- 
ever, except for those persons who have not acquired any 
facility in calculation, as we may obtain the result in all 
cases, at least where the quotient is not fractional, by a more 
simple process.' We should divide the coefficients, and then 
the literal parts, setting them down in order : first, however, 
having been careful to notice and write the sign with which 
the quotient will be affected. 

In the above example the operation would be as follows : 

— 9o^c)27a^. 

— 3 a*c. 
Thus unlike signs produce minus; 9 into 27 gives 3, 
a» into a* goes o", ^ inio 6* gives 1, and c into c", goes c 
times. The result is therefore as above ; the factor 1 not 
appearing, as it does not afiect the result. 
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Ex/1. Divide— 35 a96« by — 5 oft*. . Am. Tab. 

Ex. 2. Divide — 15 c^hz^ by 3 a«6a?. Ana. — 5 ax. 

Ex. 3. Divide 21 a«^6«o by , 7 a»6«. . 

Px. 4, Divide . 18 ^^ by — 6 te. 
Ex^ 5. Divide ~ 36 a^^ca;^ by 3 a6«ca?. ^ 

Ex. 6. Divide — 9 cu^x by 3 ac^,. 

E35. 7. Divide —-«Pcir' by*^rfca?. - 

Ex. 8. Divide -11 ft^c^a^ by ¥ca^. 

Ex. 9. Dit^ide — 13 6«c^* hy—bj'cyf. 

28. It frequently happens that the divisor is not contained 
exactly in the dividend. In such cases the quotient can 
only be expressed by a fraction ; and tl^e method first point- 
ed out above is the most concise. ^ 

Thus, let it be required to divide 

— 15 a*afH/ by 10 a"a?y. 

The quotient Would be represented by the fraction 

16a*^ 

■^lOfl^Sy ' 

which, by cancelling the common factors 5, cf", a!^,.and y, is 
reduced to ' 

3a« 

. " - 2a:3r. 

21 ixf^U^z 3 xz 

Again. 81 a^zr * -.14 «^ — .j^ — ^. 

the factors 7»>a:, and ^ having been stricken out. 

]SXAMPI«ES. 

Ex.l.Diride ISa-x" by-8aW. Ans.-^-^. 

X 

Ex. '2. Divide -» 17 a^bo^ by — 3 cfihx. Am. -^. 

Ex. 3. Divide— 216»ca? by 17 bea*. 
Ex. 4. Di vide — 33 fl^y" by ~ 22 fty. 
Ex. 5. Divided— 29. 6»cy by — 14 ab^c^. 
Ex. 6. Divide . 36 O^x^ by 15 ab^oif'. 
Ex. 7. Divide 27 a*6€« by — 6 aH^cf^. 
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Ex. 8. Divide — 1& <fb^x/^ by \ 6»c«. 
Ex. 9. Divide sPyT^ by 6 xy*z. 
Ex. 10. Divide — 8 a!»6c« by — 18 6»cap*. 

29. When the dividend consislB of several terms, these 
must be divided separately, and the several quotients con- 
nected by their proper signs. I 

Thus, (72 aW— 16 A'ar* + 64 d';/^) -«- ^cW 
is equal to 9 a? — 2a?a^ + 8aa:'. 

The.reeison of this rule is too evident to need explanation. 

' ■ "* .' • - 

Example?. 

Ex. 1. Divide 16 a*a:»— 24 a«a^ by 8 a»a?». 

w^n«.2fl»a?— 3ar". 

Ex. 2. Divide27fl?6c-^16d^c«by9a^. 

AnB.^ac ;r — . 

9a 

Ex. 3. Divide 9^6a?— 4 a6««' + 12 a«6ar« by 3 Mx. 
Ex. 4. Divide 15a:y» — 27a:y? + 14a:y by 7a?y». 
Ex. 6. Divide 4^6 + 5 ^ by 2 1?6«. 
Ex. 6. Divide 15 aJtfix ^ 14 a6a?» + 25 a?6x by 5 («»*. 

30. The division of polynomials is performed in the same 
manner as long division in arithmetic, applying the princi- 
ples laid down in the preceding pages. . 

In all cases the several terms of the divisor and the divi- 
dend must be arranged according to the powers of some 
one letter, either beginning with the highest and regularly 
descending, or with the lowest and regularly ascending* 

Haying so arranged them, divide the first term of the 
divisor into the first term of the dividend^ for the first 
term of the quotient. Multiply the divisor by the term 
thus determined J and subtract the product from the divi" 
dend, arranging the terms as above directed, 

Divide the first term of the remainder by the first term 
of the divisor, and 90 proceed until the operation is accom* 
plished. 
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Examples. 



■> • 



2y" 



J 



Ex. 1. a — a?)a» — 2aa: + a^(a — a? 

fl^ — ax . 

— oa: + a5« 
\ 
Ex.2, a + a:)a^ — a^ (a — a? 

— ax — as* - , 

Ex.3. a?+y)a^— jr«(a?8— a:y+y» — 

-.a?«y — y» 
. -* a?^ — a?y« 

~2y» 

Ex.4.3a»6— 2a68-j-j4^6'a*^^3^^8_4^2^^^/2^^5a 

, . 6a^6«-~4a«6^-f2fl6^ 

^ . 3a3^— 2flt6« +68 

3a»6»— 2g6* +6« 

Ex. 5. a? — y);c* — y*(a:* + aJ^ + a?^» + a;y3 + y4 

x*y — y* 

afy» — y» 
a^a — a?^8 

acf^y^ — y^ 

ay* — y*-^ 

Ex. 6. Divide. 08 + &» by a + 6. 

**n«. a* — a6 + 6». 
Ex. 7, Divide o* — 2 ««ar« + a?* by «« + 2 oa: + a?>. 

•^n«. a«--2aa? + x^ 



nELoasAMr soles. 
Ex.8. Divide a«— 8a^a5« + 8a«ar* — a?« by i«« + 3flrtr 

Ex. 9. Divide 34a* — 6* ]by 8^ — 66. 
Ex. 10. Divide 6 «:• — 6y« by «»« — 3y". 
Ex. 11. Divide «5r — y7 by j. _ y. 

Ex. 13. Divide a* — 5 a*b + 10 a»6" — 10,a*» + 5 oft* 

— 6» by a« — 2 oA + 6«. 

Ex. 13. Divide 12 — 4y -• 3y +y by 4 - y»- 
Ex. 14. Divide Sla^ — 18 «• + 1 by 9 a* — 6 a? + 1. 
Ex. 16. Divide48x» — 76ax«— 64fl»*+105a»by2j? 

Ex. 16. Divide X* + y* by a^+ y. 
Ex. 17. Divide 1 by 1 + a?. 
Ex. 18. Divide 1 + « l)y 1 — ar. 
Ex. 19, Divide 1 + ar by 1 —«a? + ar«. 
Ex. 20. Divide 1 by I + 2 a? + a:«. 

81. If the terms of the divisor ^nd also of the dividend be 
homogeneous, and do not contain more than, two letters, 
the operation may be performed by detached coefficients. 
Thus: 

Ex. 1. Divide 6 a*b« + 3 a»6» — 4 a»6* + 6« by Sa^b 

— 2a6' + 6*. 

The coefficients are, supplying that of a" in the divisor, 
and of a in the dividend, 

3 + 0-2+1) 6 + 3-4 + 0+1 (2 + 1 

6+0—4+2 

3-J.0-.2+1 
3+0-2+1 

Now the literal portions of the first terms being a*6" and 0*6, 
that of the first term of the quolieilt is oB, • Hence the com- 
plete quotient is 

2 o^ + ¥ 

as in Ex. 4 of last article. 

Ex. 2. Again let it be required to divide 

6a:« — 6y8by3a?* + 3a?y + 3y* 
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Here the coefficients ar^ - 

3 + + 3 + + 3) 6 + + + + + 0—6 (2 + 0—2 

6 + 04.6+0 + 6 

0— 6 + 0-.6 + 0— 6 
—6+0—6+0—6 

and a?' -5- ar* = a?». Hence the quotient is 2a:» + 0icy — 2^* 
«2a^— 2y*. 

As examples of this method, the pupil can employ those 
of the last article, and thus more readily ^compare the two 
methods of proceeding. - . ", 

SYNTHETIC DIVISION. . 

32. In the m^hod of dividing by detached coefficients, 
the several coefficients of the divisor are successively mul- 
tiplied by the various terms of the quotient,, and the pro- 
ducts subtracted from the partial dividends. Now, since in 
subti^ction we change the signs of the subtrahend and then 
add ; if we write the terms of the several products with their 
signs changed, each operation will become one of addition. 

This may be done with facility by clianging all the signs 
in the divisor, except the first, which must not be changed^ 
on account of the liability to error in the sign of the quotient 
to which such chan^ would lead. No difficulty can arise 
in the subtractions Irom the sign of the first term not being 
changed, for the first term 6f the product being always the 
same as that of the, partial dividend, need not be written. 

Thus let it^ be required to -divide 

oc^—S axi^-^SaW + 18 a^ar— 8 a» by ar> + 2 oar— -2 a« 

writing the coefficients, changing the signs of the second 
and third in the divisor, the operation becomes 

1_5J + 2J 1_3— 8+18— 8(1-^6 + 4 

r * — 2 + 2 

, _5 _6 + 18 
• + 10—10 



4 + 8 — 8 
*— 8 + 8 



and the quotient is a?" — 5 aa? + 4 a». 

In examining, the above process, we will readily see that 
the — 6 and 18 in the third line, and + 8 and —-8 in the 

4 
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foarth might have been omitted ; the operation woidd dien 
stand thiM : 

1—2 + 2)1—3—8 + 18—8(1—6 + 4 
— 2 + g 

-6 

-f.10— 10 

4 

—8 + 8 • 



Which may he more concisely written by placing the terms 
of the divisor in a vertical column to the left, thus : 



1—3— 8 + 18—8 
—2+16— 8 

2—10 + 8 



1 

—3 

2 

first terms of dividend — 5 + 4 

quotient I —.5 ^ 4 7 

in which the several Jterms of each product are written in a 
diagonal line, downwards and to the Tight. 

Again. Divide 2 tf'- 6 a* + 4 a»— r7 fl* + 9 by 2 a» + 
6 a"— 10 

Coeffts. f ^ 

^'- L 10 

1st terms diF. — 6 +I8~50+.Ig4— -289— 260 + 629 
auodent i_^3 + 9 --26 + 62 

Consequently the quotient is ' ^ 

a4_3a8 + 9a»— 26a + 62, 
and the remainder is 

— 289a«— 2B0a + 629. 

For further examples the pupil may solve those of art. 30, 
by this method. 



2 





-6 


4 


—7 


+ 9 




-6 + 18- 


-64+150— 


372 












. 










V ' 


10— 


30 + 


90- 


-250 + 620 
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TABLE OF USEFUL FORMUSJE* 

o^— x»=(tf + a:) (a — a?), 

a* — x*=sfa»+a:r«)(o»— ar«), . , 

«/a? — ar8)(af— aa? + a:«)(af ari 
as= (a +. ar) (a -i^ a:) (a* + aa? + a:") 

= (a^_a?») (a* +;a8a:« + a*) 

o» + rf'a^» + X* = («f»— OKT + z") («^ + flX + ar») 

«C — &« , , a» — 6» . ■ 

a— 6 . a+d 
i*i b* ' a* ft* 



SECTION V. 

Practions, 

33. The principles upon which' the operations with alge- 
braic fractionis are performed, being the game as thoKse al- 
ready employed in arithmetic, we might at once proceed to 
apply them. As these principles, however, are mote rea- 
dily explained by the algebraic process, we shall enter at some 
length upon a few oi them : and thus perhaps remove some 
difficulties which the p;upil mayliave felt iahis course here- 
tofore. , 

34. One of thie first reductions frequently required in 
working with fractions is to reduce them to their lowest 
tenns. For this purpose we first find the common measure. 

The rule for obtaining, the common measure is foo&ded 
on the following principles. 
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The common measure of two quantities, a and 6, wiU be 
a factor of the remainder that is left, after dividing the less 
(as a) into the greater. ^ 

That this is true may be thus shown : 

Let a be contained in 6, m tidies, leaying the remainder r* 
Then we wijl evidently have 

' b SS3 am + r. 

Now, since the greatest common measure g^ will measure 
b and a, if we' divide the above equation by g^ it will bec(»ne 

b am r 

in which — and — are integers. If, then, r be not divisible 

by g^ we shall have an integer equal to a fraction, which is 

r 
impossible. As, then, — is an integer, g must.be a factor of r. 

Let, now, r be divided into a, leaving a ren^ainder r*. It 
is evi4ent that g is a divisor of r\ If we thus continue the 
division until we find a remainder ^, which will divide the 
p;receding one without leaving any remainder, then will 



"rhe 



e formula of the operation is as follows : 

a)b[m. 
ma 

T) a (n ■ 
nr 

pr 



. ' / - l)r''.{s 

a 

the last remainder being /• 
To show that tssg^we h^ve the following equations : 

b BSB rna + r, 

'. ' ' a=s wr + r'.- 

r sspr' + r*'. 

r"=^8U 



From .these equations we peisceire that r'^ r', r, a and bf 
must each be measured by t. Now, yre have shown that 
the greatest c<^mon. measure of a a&d 6, viz., g, must mea- 
sure each of the remainders : it must measure U &i^ of 
course cannot be greater than t. And as / is a common 
measure of a and b, g cannot be kss than /. Therelore g bb7* 
. Therefore, fo find the greatest common measure of two 
numbers, Jiv^Je the leas^ into the greater. It there be a 
remainder, divide it into the last divisor^ cind so proceed 
until a remainder is fanned which will be contained exactly 
in the preceding divisor.. Then this remainder is the 
greatest comifnon measure* 

Thus let th.e greatest cammon measure <^ 246 and 272 be 
required. 

The operation is as follows.: ' 



S46) 


272 
246 


(1 . 




- 




' 


26) 


24ft 
234 


(® 








/ 
\ 


12) 


26 
24 


(2 






-. 


- 


^ 


12 
1% 


(6 



% being the last divisor, is the greatest common measure 
We may assure ourselves of this, by resolving the two num- 
bers into their factors. Thus : 

246 = 2.x 3x41 
and, 272«=2x 2x4x17 

41 and 131 beiftg primes. We thus see that 2 is the com- 
mon factor. The operation may be shortened by first can- 
celling jany prime factor that is contained in- either number, 
and not in both. Thus, if the common measure of 1015 and 
2871 Were required, we perceive at once that 6 is a factor 
of the first ; and the sum of the digits in ^^1 being a mul- 
tiple of 9, 2871 is divisible by 9, and neither of the factols 
of 9 being contained in 1^13, we may strike put this factor. 
By this means the numbers are reduced to 

203 and 319, 
the greatest common measooe of which is 29. 
35. K we could determine readily all the factors which 

4* 
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eacli (^ tbe firen nnmbeni Gohlaitu, Ve coiiM at ODoe strike 
out those which did not beloBg (o the common ibeasve. To 
reeolre a number into its &ctoTs, however, being frequently 
more laboninu than to perform die operation for finding th^ 
common meaauiCt in the preceding; nile, this method is al- 
waya to be pieferred, unless the foctors are at once diaco- 
verable from the forms of the numbers. When we are 
operating upon algebraical quantities hovrefer, the mono- 
mial factors may at once be determined by inspection, and 
should in all cases be stricken but. 

Thus, if the cemmon measure trf 6 c^c and 7tfbx were 
required, we at once perceive that 5, 7, e and x can fbnn no 
part of that common measure. The oueation is thus reduced 
to finding the common measure of o'V and o^, which is at 
once seen to be a*6.' 

Again, let it be required to find the commoQ measure of 
the two polynomials 

and 6a>& + 12a^+iaa&> + 6&«. 

Here we perceive that Stfiiaa factor of the first, and 6 i of 
the second expression, and as these have a common &clor, 
3, this must form a part of the reouired common measure. 

Striking out the factors 3 if and 6 b, and proceeding with 
the reduced expressions as directed in the rule Art. 34, the 
operation will be as follows : 
a> + 3h6 + *') a" + 2a*4-2afr' + 6» (a 
g' + Sa'd - Fafc' 

di' + fi" 

a +&)«» + 2 a6 + 6«(a-|-» 
a^ -\-ab 

+ ab + b* : 
fli + 6'. 



Ex. 1. Find the greatest conunon measure of ^ 
12rf' — 8o — 4 
and 20o'6 — lOfl* — 16n6,+ 56". 
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, Omitting the factors 4 and hb^ these ezpresi^ons are re^ 
duced to • > 

and 4.0^ — 2a^ — 3a + L 

But here we at once meet with a difficulty. . Since 3 a* will 
not divide into 4 o^ unless factions be admitted, which in 
the present case bst manifestly improper, the question might 
appear impossible. This difficulty is removed, however, by 
considering that inasmuch as the common measure can con- 
tain no simple factor, the inlrodaction of such a factor into 
either divisor or dividend cannot afiect the final result. In 
th^ above case, then, we may mi^tiply the dividend by 3, 
and the. operation will Btand thus : . / 

4a» — 2/j^ — Sfl^+l 
8 ?1 



3rf« — 2a — 1) 12a» — 6«» — 9a + 3 (4a 

12a»-i^8a^"-4a 

• 2a« — 5a + 3 
3 



6a»— 15a + 9(2 
6a" — 4a— 2 



— 11 a +11 
or cancelling the factor — 11 " a — l)3a»— 2a— l(3a+l 

3a»— 3a 



a— 1 
a — 1 

and a — 1 is the common measure required. 

From the above investigation the following i^ulo may be 
derived. 

To find the common measure of .two polynomials^ firet 
determine^ arid divide by the monomial factors that either 
of them contaifis^ 

Divide that onfi of the reduced expressions in which the 
leading quantity is involved to the highest powers by the 
other $ and cancel from the remainder any mmiomialfac* 
tor that it contains. 

Divide the reduced remainder into the preceding divisor^ 
and so proceed until no remainder occurs f the last divi' 
sor rnuuiplied by the common divisor of the monomials 
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wirieken &uifretn the original exprenion^ witt be the earn- 
mon measure required. 

Jfin the course of the operation^ a fnanondal remainder 
occurs, the original expressions have tw polmdmial divisor. 

Should the co^Sdent rf the 1st > term <^any rfthe divi- 
SOTS not be contauud in that rf the first term o/* the divi- 
dend, the latter must be multiplied by such a factor as will 
make the divi^n possible in integers. 

36. To reduce a faction to its lowest teniis» the tenna of 
that fimctioQ must be divided by their greatest commoa mea« 
sur^. - 

EXAMTLKS. 
x* + 1/' • 

Ex. 1. Reduce ^^^^ to its lowest terms. 

Ex. 2. Reduce ^ ■ ' ^^ s— r-= — .o »1 ^^ its lowest 

terms* a a* + x^ 

^ns. J! — „ . ^ — • 
Za^ + Sax, 

Ex. 3. Reduce "V, ^^^ to its lowest terms. 



X* — xy 

Ex. 4. Reduce ^7", ^ + ^y ^V ^^ j^g \owesX terms. 

4a«-6ayH.y« 3a^+y» 

4a— y 

Ex. 6. Reduce _ . . . ; — - to its lowest terms. 

. f/ins. • . 

Ex. 6. Reduce ^^^ to its lowest terms. - 

T? »v 13 J i5a?8 — a?" — a? + 3 . , ^ 

±-x. 7. Keduce ^^ . ^ , . , to its iQwest terms, 

y^ rf- /Bar +1 

6a? -f- 3 



•4n«; 



8a?*+3a? + r 



J 



Ex, 8. Reduce . ^ , c^a ^ to its lowest terms. 

aic« — 24 a? — 9 2 

Ex. 9. Reduce r-r— — oJ^ . i>v , ^ ^ toitslow 

a ^x^ + S0xy + 16y» 
est teTms. .an*. ...^ , — , ^ /> « » 

12ar» — 6a;y +,6y« 

Ex. 10. Reduce ' . . q oi to its lowest terms. 

8-a»+8a«6 . . 5« + 56 

Ex. 11. Reduce — ■ , , ^ , — ^ ;^-= — to itslow- 

6e* + 9ca — 2c — 3(f 

• 3a + 56 
est terms. Mns. -^ =-. 

i o (J 1 

Ex. 12. Rediice ,^^1 oil in , . o ^^ it^^^^" 

15a:* — 2a:*+ 10a:» — a;+2. 

est terms. ^ 3 a?" + a:* + 1 

Qx*+ x + 2 

Ex. 13. Reduce 5 J^^^q ^6 + 5^6^ *" ^^ *^^^ 
tennsk \ . - a M + ab^ + b* 

•^^*- 6a* + 6a»6' 

^7. 2b reduce a mixed number to a simple fractional 
expression. • , _ 

The principles by which this is performed, being identi- 
cal with those with which the pupil has already become fami- 
liar in arithmetic, require no remark here, except that when 
the fraction is negative^ the numerator is td he subtracted 
ffom the product of the integer and denomvnUtor^ instead 
of being adiedj as is always done in arithmetic, 

> 

. Examples. 

J)9r fj^ V 

Ex; 1. Reduce a ~r r to a fraction. 

a 

The operation is . a . 

X by a 

a« • 
subtract 6» — a» 

20^ — 6' ^ the numerator. 
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Heiiee ■ ig the fraction required. 

Ex. 2; Redace Sif + x-i r- to a fraction. 

o 

Here (3a« + a?)& + 4a* — 6x — 3a«6 + fta? + 4<?* — 5a: 
■■Tcrt + te— Sarsfthe numerator, 

and the. fraction IS . . . ' 

Ex. 3. Reduce 4aa; to a fraction. 

a^ 4- 1/* 
Ex. 4. Reduce 7 a: — 3 j^ + — ~-^ to a fraction. 

Ex. 6. Reduce a + x to a fraction. 

a —a: t^^ 

AtiB. 



X — a 



Ex. 6, Reduce a» — /lar + aj" — ■^-- — to a fraction. 

a + x ^ 



a + x 

Ex. 7. Reduce x+y-^ ^ to a fraction. 

""^y 7 

•Sins, 3—. 

y — ar 

.38. The mode of performing the remaining operations 
with fractions being the same as in arithmetic, we sh^ 
merely annex examples for exercise. 

(f ^8 . 

Ex. 1. Reduce — —=- to a mixed number; . 

a +h 2h* 

a + b 

4a>-«2a6 + &' 
Ex. 2. Reduce — - — — 55-v — to a mixed number. 

^a + ^b g^ 



Ex. ^. Reduce ^ , . _ ~" — to a mil^d pumben 

^a» + 2ax ^ ax -^ afl 



Bcfi + 2ax' 



a^ + b^ 
Ex» 4. Reduce f^ to a mixed number. 



Ex. 5. Reduce 



a+b' 



Ex. 6. Reduce ^, jr^* and ^ to fractions having a 
common denominator. ' igo^^la" 86* 

E^c. 7. Reduce and to a common denomi- 

a — X a -j- X 

nator. ^ a^+2ax-i'X^ ,a«--2ar + a?« 

. •ans, and . 

«« — aj« a« — a?« 

-,^', 4a Sb ^ 2ax , 

Ei^. 8. Reduce - — ; — j — -, and to a common de- 

a+^x a^ a— a? ' 

nominator. ^ 

Ex. 9. Add ^ii^ an4 ^^. ^ 

a?* — y* 

Ex. 10. Add 3a + - — ^^ — ^nd 5a-( = — =. 

/• .rv . ^ . 4a + 9 
^ns, 9 a + 1 + — T^^* 

Ex. 11. From — r^^ take — - — . 

^ 5 . 8a— 39 

•an*. ^ — r^ — • 
%, . 16 

17 trt rt is^ , 3ap — 2a , „ . -4a— ^a? 

Ex. 12. From 6a H take 2a -\ ■ 

a * X 

3a?".+ aa?— 4 a* 



Ans. 4 a -f 



ax 
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£x« 18. Fran — -^-take 



a—- 6 a +^ 



jSn$. 



a»-"6< 



Ex. 14. Collect the fractions — ? a-^x a x 

a — X a a + x 

3a» + 2aa?«— a* 



Jim. 



ax^ 



' Ex. 16. Cdlect the fractions T^rr + Tir itt' ^to oae 

1^6 13 a 26 

«um. 126* — 83 a* 

Ana.- 



Ex. 16. ^Subtract ^ ^ from ** "*■ 



28 a6 



2 2 dfn*. 6. 

Ex. 17. Reduce to one fraction — ; — + 



a" — ar* a + x a — x 

Ex. 18. Reduce -__^^ + j_ + __ - j__ 

to one fraction. ^ 24-r8a:— 13ar" 

3 + 3a: — 3a:» — 3a-* 

Ex. 19. Reduce -rz r H — ; — ■ — rr--z -to-asin- 

x{a — x)a{a + x) a» — ar* 

gle fraction. a« + aa? + a?* 

•an«. — - — : — -. 

c"ar + oaj* 

Ex. 20. Reduce -A^ |±^ + -^^_-- to a 

a* —a?" a* — a:* .a* + aa? + ar* 

single fraction. ^ 2cfi 



{aJ' ^ of") {a* -{^ ax + a:^) 

In solving the last few questions, and also those which 
follow, the pupil will find advantage in consulting the table 
of factors at the end of Art. 32, page 39. 

Ex. 21. Multiply -7— — 1 by ^ — I — :• 

^•^a' + a^ ^ a — x 

Ana. 1. 
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3a 6^ , 16ax 



Ex. 22.. Multiply ^^ ^ and -^^. 



I 4 






E.. as. Multiply |^.by|^*. 

Ex. 24. Multiply , by — --i^^ — . 

^ ar»-.llx + 28 

. . . ■ . • a:* - . 

Ex. 26, Multiply \ \^ > :x-; — . , ^> . ^ » and 

'^ / a' — a:* ^a® + a»a: + oar* + a:" 



aX'--'X^ c - ' Ans* 



n 



4^-^31^ 



.an«. • : ^ — . 

X 

Ex. W. Multiply ^±^ + ^=^ by i±^- £Z^ 

• "^ a — a? « + a?, "^ a— a? a + a: 

^ 8a«a: + 8aaj» 

Ex. 28. Multiply |=f; |^;. and y + ^. 

An8j2ax — ay — 2bx + by, 

17 Oft rv- J 4a? + 12 , 3a? + 9 
Ex, 09* Dmde ,.-.^-;i-— . by .^ . 



Ex. 30. Divide ^-r by — , .^ . 



Ex. 31. Divide 2l±J by ^^. 






6 



6 (a + 6)* 
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Ex. 32. Divide ^^ by ^ f~^* , . 
Ex. 3a. Divide 6+ V-^'^y*- T-i-:r- 



wflM. I. 



a b» + bx 

E^81. Divide ^__^^^^^ by -^. 

diTM* arH — • 

X 

■\ 

Ex. 36. Divjde --^ — f- — ; — by — ""— -^ — ; — . 

•dnS: —^ . 

^ 2ax 

Ex.36.Dmde^ + 3 + -^by^+^. 

fib 3a: / 

3ar 4 a 

This example is best performed by the rale for dividing 
polynomials. 



CHAPTER III. ^ 

PROPORTION AND PROGRESSION. 

38. ScUio is the relation which two quantities bear to 
each other in magnitude. It is expressed by the quotient 
arisiiig from dividing the second hy the first* Thus, the 

. 5 - ■ . 

ratio of 4 to 5 is represented by the fn^Qtion -. The ratio 
3 ' K b .4 

of 12 to 3 is —r or i; of tf to 6 is -- &c. . 

12 a 

To indicate that two quantities are compared in this man- 
ner, we write them with two. dots between them.. Thus, 

4:5, 12 : ,3, a: 6, &c. ; 

which are read 4 to 5, 12 to 8, a tQ.&,^c, . 
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89. The 1st term of a ratio is the antecedent, the 2d the 
consequent, ^ • 

40. When four Quantities ard such that the ratio of the 
1st to the 2d is equal to that of the 8d to the 4th ; they are 
said to he proportionals; and the. series of terms forms a 
proportion. 

Thus the numhers 3, i6, 8, and 16 are {>roportioxmls, the 
ratio of the l^t to the 2d, and of the 8d to the 4th beings each 
equal to 2. . • ' 

Tp express the equality of two ratios, we write thiem donjra 
with four dots ( : : ) between them. Thus, 

3:6::8:16;^ 

which is read, as 3 is to 6 bo is 8 to 16. 

Cor. In every proportion the quotients of the 2d l^ the 
1st, and. of the 4th by the 3d, must evidently be equaL 

So that a:b::c:d 

b d a c 

and " -sss-orr=j- 

a ,c d 

may be considered as convertible expressions, both-indicating 
the equality of the ratios, a to 6, and cio d. 

41. Any number of quantities sO rek^ed that the ratios 
of the successive paird are all equal, are proportionals. Thus, 
2, 6, 3, 9, 4, 12, 8, and 24 form a series of proportionals, the 
ratio being 3. Such a series ist written 

2:6::d:9::4:12::8:24. 

42. A series of eontinuai proportionals is one in which 
every term has the same ratio to the succeeding one. Thus, 

2,4,8, 16, 32,&c., ^, 

are continual proportionals, the common ratio being 2. 

A series of continual proportionals is likewise said;^ be 
in geometrical progression. 

43. If four like quantities are proportionals, the product 
of the Extremes is equal to that of the means ; and conversely, 
if the product of any two quantities be equal to that of two 
others, the four are proportionals ; those of one pioduct being 
taken as extremes, and of the other as means. 
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Thus, if aibi'. ad^ thpn will 4id » be, 

Or» conversely, iictdss bcj then a : b :: c : d. 

For, since a: b :: c : d^we will evidently hare 

^«^4 whence, clearing oi fractions^ 

adsmbc. 
Again* kt ads»-bc; then dividing by bdf we have 

b d 
Oti . a lb :: c: d. 

44. If three magnitudes be in continual proportion, the 
product of the extremes is equal to. the square of the m^an* 

If aib i: b :-c^ then ac ss &>• . 

Multiply by bcy and aessb*. 

45. If four quantities be proportionals, and any.eqoal mul- 
tiples be taken of the antecedents^ and also of the conse* 
quents, the results will be proportionals* 

If a I b.ii e : d^ theii will ma :.nb :: fnc -z nd. 

For since ^aat-j, we will have, by multiplying by —f 

ma mc 

nb , VicT 
Or, max nb II mand. 

Cor* This piopositioir is evidently true, if m orn should 
be fractions instead of whole numberj^; so that the proposi- 
tion might be extended to include any parts of the antece- 
dents, and of the consequents. 

46. If four quantities be-pitoportionai, they are propor- 
tionals by division^ that is, the difllerence betwe^ the first 
and second is to either term, as the difference between the 
third and fourth is to the corresp(»iding term. ^ 

Let a : ft :: c : rf, then a^rb : a ot bii c^d ; cor rf.* 

* To express thto difierence between two quantities, when it b not - 
known which is the greater, the sign ^-Is- employed. 
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For, since ^- t^=4 we nave t^Iss 5^1. 

b a I ^, 

O'' - . -* — r- 

that is, a^b : b:: c^r-d :-d* 

Dividing the lost equation by the following^ viz«^ a ™ 7* 

it becomes — -■ — = w 

a c 

Or, Os^b : aivc^d : d. 

47. If foar quantities be pvc^ortibnal, they are proportional 
by composition J that is, the sum of the first and secoiad is to 
either term as the sum of the third and fourth is to the cor- 
responding term. 

The demonstration of this, being almost identical with the 
last, can be supplied by the student. 

Car, FrcHn this and the preceding art., we have 

a+b : a^r^b :t c+ d : c^dy iot,9ince — r — = , 

Ovr"6 e^d , , -. . . a + b e + d 

and-r-T— ass— 7-, we have by divisioa =-» — ■ — s. 

b d '' ^ a^b c^d . 

Whence a + b i a^b :: e + d: c-^d, 

48. If four quantities be proportionals, they are proportion 
als when taken inversely. That is, the second is to the first 
fts the fourtb is to the third. ^ . 

Let a: b :: ci df ' ^ 

> ' >- , ■ . 

*u a c 

then . 3- J.- 

Whence —^p— 01 b : a:; d ic* 

a c 

49. If four like quantities be proportional,^ they are pro- 
portional when taken aAem«^e/y; that is^ the first is to the 
third as the second is to the fourth* 

Let azb :: c: df then a : c : : 6 : d ; a, 6, Cj and d being 
like quantities. 

5* 
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For, since -r^rsf ^"^ ^^ W multiplyiiig by -, 
a > c 

a b 

Or, a'^c :: b : d. 

The restnction to \i^e quazHities is important, for we can 
have no ratio between any others, if^ for instance, a and c 

were not like quantities, the expression — would be in ab- 
surdity. 



y 



50. If the antececlents in.x>ne proportion be the same as 
those in another, then will one of the antecedents be to the 
sum of its consequents as the other antecedent is to the sum 
of its consequents. 

Let a lb lie I df 

and a i e :: c iff ^ 

Then will aib + tii c i d +/. 

For, we have — = — and —■=-2^. 

a c a e 

Consequently, « — r-^, whence we readily conclude 

that a i,b + e II c I d+.f. 

Cor, 1. If we hare atb 11 c i df 
and eib,iifidjwe shidlin like manner 

iaro tf + e : b-ii c +f id. 

Cor. 2. These results would eyidently be itue whatever 
should be the number of proportions. 

51. If any number of like magnitudes be proportional ; as 
one antecedent is to its consequent, sp is the sum of the ante- 
cedents to the sum^ of the consequents. 

Let a : b 1 1 1 z d i: e 1/ II g I h, ' 

then will ai b 11 fi + c + e + gi b -i^d+f+h. 

For we have by alternation (Art. 49) 

a I € II b I d 

1 ai £ iib I f, 

a I g II b I h 

and ai aiib lb 
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.-. {Cor. 2. Art. 50.) aia + C'\-e + gwhih + d +f+ A, 
and alternately, a: b :: it + c+s + g ih-]- d +/+ h. 



62. If 


uib iieid^ 


and 


b :/:: d : h^ 


dxen will 


aifiicih. 


For we have 


ft t 
h^d 


1 

and 

• 

• • 


b d 
igb . d a c 



\ 



and a :/:: c : A. 

Cbf. 1. This reasoning might evidently be extended to 

any number of proportions. 

■ ■ '' ** 

Cor, 2. From the above demonstration we have 

ab : bfi: ed : dk. 
Hence, if the corresponding terms of two proportions be multi- 
plied together, the products will be proportioolBd ; and the propo- 
sition may evidently be extended to apy nuknber of proportions. 

53. If we have any nnmber of continued proportionals 
a,bfCjdf.. » to m terms, then will atni: a**"** : ft^""'. 

For we evidently have aib ii a.ib 

a : b zt b : c 
atb ti ei d 

, torn — i proportions 
••. {Cor?% Art. 52.) tf"^" : ft*"-"* ::,€ibc ... :bc . . . . n 

:: a 2 n 

64. If four Quantities be proportional, like powers.and roots 
of them will likewise be proportiopaL 

Thus, if a:b i: c i rf,,then a** : 6" : : c" : cf* ; 

FOTrSmce —was-. -^s--, 

a .. € a" c* 
Or, rf* : 6" : : c" : rf". 
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55. When the terms of a series of quantities continually 
increase or decrease by the addition or suhtraction of a given 
number, such series is said to be in Arithmetical Progres." 

sion. 

Thus the numbers 1, 4, 7, 10 • • . , which increase by the 
successive addition of 3, form an increasing arithmetical 
progression; 60, 47, 44, 41 .... which decrease by the sub- 
traction of 3, form a decreasing arithmetical progression. 

56. The number by which the successive terms of the 
series increase or diminish is called the common difference^ 

• « 

57. If a be the first term' of an arithipetical progression, 
and d the common difference. ' Then the series ^wiil evi- 
dently be 

if increasing a, a + d^ a + 2d, a + Sd, a + 4td, . . . 

if decreasing a, a^-^df a-^2<7, a — 3 J, a—* 4(iw • . » 

By the inspection of the above series, we find that the 
coefficient of </, in any term, is a nuinber less by unity than 
the number of the term in the series. Thus the coefficient 
of d in the fifth term is 4, in the sixth 5, &c. 

The nth term will therefore be . 

^ a± («' — l)d. 

In general we omit the double sign. This will lead to no 
want of generality in the results, if we consider the common 
difierence in a deoreasing series, negative. 

58. The sum of the extremes is equal to the sum of any 
two terms equally distant from them. 

Let a, a + </, a 4- 2rf . ' . . a + (n — 3) rf, a + (n— 2) rf, 
a + (n — 1) rf, be a series -of n terms. The sum of the ex- 
'tremes is ' ' 

2a+(n— l)rf. 

And this will evidently be the sum of any two terms 
equally distant fion^them; and, likewise, twice the middle 
term, if the number of terms is odd. 
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69. This being the casie, the sum of the series must bp 
equal to the sum of the extremes multiplied by half the nam- 
h^r of terms. 

So that if S represent the sum of the series* a'being the 
first, and I the last t«rm, we.shall hate 

This proposition may be otherwise demonstrated. Thus, 

ipnt8^a + {a + d) + (a + 2d)+ .. . .1. 
Writing the same series in an inverse order, we have 

S:-s/+(/_rf) + (/— 2(1) . . • ,, .a. 
Adding this to the former, ^we obtain 

, 2 S = (a + /) + (aH- 1) .... .ton terms 

and S =» — (a + Z). 

Or supplying the value of /, ) 

S = ^(«8 + (n-l)eO - (A) 

This equation and the following, 
- /?=ia + (n-.l)rf . (B) 

contain the whole theory of arit^hmeticai progression. 

Thus, if the first term, the last term, and the number of 
terms, are. given to find the conmiion difiSbrence, we have, 
from (B), 

Examples. 

Ex. 1« The first term is 6, the cominon difilerence 10, and 
the number of terms 50. Required the sum of the series? 

Here /«a + {n— 1) d = 6 + 490«495, 
and S^^(a + Q»25<6 + 4d5)»12d0O. 



Ex. 2. A car, descending an inclined plane, moves 6 feet 
the first se^nd, 15 the i^econd, 25 the third, and so on, in- 
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creasing 10 feet every second. How hi wiQ it more in a 
minute? 

Here a»5» J»10,n»6CK 

.-. S-i^(2fl + (n^l)rf)«30(10 + 590) 

Bs 18000 feet » 3 ^^ miles. 

This would be the rate down a plane which descended 
fire feet in sixteen. No allowance being made for friction. 

Ex. d. Insert 10 aridimetical means between the num- 
bers 3 and 58. 

As there are 10 means there are 12 terms. Hence, the 
formula ' 

becomes 68=s3Hhll<' 

And the means are 

8, 13, 18, 23, 28, 33, 38^.43, 48, and 53. 

Ex. 4. The sum ot a series, the first term, an4 the com- 
mon difi^rence bein^ given, to find the number of terms. 
This may be'solved by the epilation , • . 

; S^J(2a + (n-l)<f) 
:. '^ (n*—n)d 

= '^+— 2 ' 
clearing of fractions and transposing, 

n»rf + (2a— <?)n«2S, 

a quadratic equation, which we jate not at present in a 
situation to solve. See* QtuidrcUic JEqucUions, 



Ex. 6. ^hat is the sum of the odd numbers 

), 3, 5, .to 150 terms? ^ns. 22500. 



Ex. 6. The first term is 300, the cbmmon difference 
— 4, and the number of terms 30. What is the sum of the 
series? Jim. 726a 

Ex. 7. The first term is 3, the common di^rence 7, and 
the number of terms 15. What is the sum of terms ? 

^n*.780. 
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Ex. S. One handred stones are plmed in a straight line, 
at the distance of 3 3raTds : the fi^t being 5' yards from a 
basket. How far will a person walk who shall bring them 
one by one to the baisket. Jtns. 17. miles and 760 yards* 

Ex. 8. Insert 5 arithmetical mean3 between 12 and 30. 

^ns. 15, 18, 21, 24, and 27. 

. Ex. 9. A man being anxious to purchase a horse ofiers 
1 dollar for the first nail in his shoes, 4 for the second, and 
so' on in arithmetical progression. Now there being 8 nails 
jh each shqe, what will the horse cost him ? 

\ ^ w«n». $1520. 

Ex. 10. The first term is f, the common difference is i, 
and the. number of t^zms 30. • What is the sum ? 

Ana, 155. 

Ex. 11. A and B start on a journey. A travels uniformly. 
40 miles per day. B. goes 17 miles the first day, 20 the 
second, 23 the third, and so tm in arithmetical progression. 
How faif will they be apart at the end of twenty days ? . 

jSns. 110 miles. 

44 

Ex. 12. What is the 16th term of the^ series 15, ^, 
43 > 3 

•5-, &c., and the sum of the 16 terms ?- 

^ w^n«. 10, and the sum 200. 

15 4 

Ex. 13. What is the rith term of the series ^, -, 5-, &c., 

000 

and the sum of the n terms! . . 

•tfn«. nth term ^n — ^, and the sum is 77; n + -r- n*. 

» -o . 12 . 4 

Ex. 14. What is the nth term, and sum of n terms of the 

n — 1 n— 2 > . 
series , , &c. I 

** ^ " n— 1 

Ana, nth term «= 0, sum == — ^r—, 

Ex. 15. The first term is n^^^in — ly and common 
difierence is 2. What* is the sum of r^ terms ? 

Ana, n\ 
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From this example itfaDows that 8 + 5«bSP» 7 + 9 
4.29 — S'^&e. 



SECTION JIL 
, QcemiinetU Frognmo^ 

60. A series of numbers incteasihg by a common muld- 
plier, or decreasing by a common divisor, is said to be in 
geometrical progression. See Art. 42. 

Thus, the series % 4^ 8, 16, 
and also ^29, 24a, 81, 27, 

are in geometrical progression, the former being an increas- 
ing and the latter a decreasing series. 
In general tbe series 

Of Oft ar^^af*, &c», 

wiU represent any geometrical progression, as r may be 
taken integral or fractional. 

61. The common multiplier r is called the rcttio^ which is 
a proper fraction if the series is decreasing, 

62. The nth term of such a series is evidently of the form 

63. T^ find the sum of n terms of the series, assmne ^ 

S as af^".^ + af-^ • ar^ + ar + ch 

multiply by r — 1; and this will become, 

. (r-^'l) S « ar»— a = a (r"-- 1). 

S = ^:^!^Lr^i ^ (A) 

. r— 1 r — 1 ■ ' 

64. If the series is decreasing, r is a proper fraction, and 
we shall have . ^ 









65. These formula give the foUowiBg rale for snmming 
a geometrical progressioB^ 

liaise the ratio to a power indicated by the number of 
terms $ divide the d^er^nce betvoeen this power and unity^ 
by the difference between the ratio and unity, and multiply 
the quotient by the first term. 

66. To find the ratio we have ^ "^ . 

-n-l L 

a- 

I 

or r « »^ -. (See Art. 88.) 

Also (r — 1) S = af«— fl. 

Whence ar"r— Sr = a — S* 

' This last equation ecui only be solved in; particular cases. 

67. If a decreasing series continue to infinity, the last 
term is 0, and the formula (B)» Art. 64, becomes 

I 

Examples. . 

Ex. 1;. What is the sum of the . first ten terms of the 
series 3, 6,12, '&c. 

Here a == 3, r == 2, and fl == 10, 

r*» « 2**» »« 1024; 

and ^ S=c:a.^^^ =3x1023 =-3669. 

r — 1 

Ex. 2. The first term is 78732, the number of terms 8, and 
thie ratio f . Whc^t is the sum pf the series ? 

Here : / = af:-» = 78732 x^ ^36, 

A rD\ a ^—ri 78732-^12 .,ono^ 
and (B) S == ■ = -^-^ r-' = 118080. 

Ex. 3. What is the sum of the series 1, -J, ^, ^V* ^ ^^" 
finitum? 

Here r = |. Hence (C) S = -J-^ » |. 

6 
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Ex. 4, Insert 2 geometric means between 7 and 3584. 

As there are 2 means there will be four terms. 

/ 35R4 

Hence (66) r =. ^1- - ^ 2^ — ^ 512 » 8, 

and the means are 56 and 448. 

Ex. 5. What is the sum of the series 1-— | + ^ — ^, 
ad infinitum ? 

Here r =s — J and S = J. 

Ex. 6. Required the sum of II terms of the progression 
a, 9, 27» 61 ^ns^ 265719. 

Ex. 7. iBLequired the sum of the seri^ 1^ i« is &c., to 15 
terms* >, ■.•««, ^ « . 

Ex. 8. A person wishing to purchase a fine horse was 
tdd he might have him, if he would give 1 mill for the first 
nail in his shoes, 2 for the second, 4 for the third, and so on. 
What would- be the price of the ^<»rse at that .rate, there 
being 8 nails in edch shoe ? . ^na. $4294967.295. 

Ex. 9. Reiquired the sum of the series 1 — i +^ 



&c., ad infinitum. ^ Ans. ^. 



J 



Ex. 10. Required the sum of the first ten terms of the 
series 1.4, i. &c. 4«*.lfAW- 



Ex. II. Insert, four geometric means between 9 find 9216. 

^na. 86, 144, 576, aad.2304. 

Ex. 12. Whatsis the sum' of I — J +\—^^ + ^ , &c., 
ad infinitum? Ans. 4. 

Ex. 13. Whai is the sum of 1 + i + i + &c., ad- infi- 
nitum? Ans, 2. 

Ex. 14. What is the sum of the series 100, 40, 16, •^.y 
ad infinitum? . Ana.lQQ^. 
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Ek. 15. What is the sum of a?- — 6a: -j &c.^ con- 

tinned to infinity? (See Art; 89.) , ^n^^ ——. 

2^ + 6 

Ex, 16. Insert three geometric means between \ and 9. 

. Axi», \r 1, and 3. 

Ex.. 17. Insert thred geometric means bet wen 39 ai;id 
3159, also four between. 5 -and 512. 

Am. 117, 351, and 1053 ; and 2, 8, 32, and 128. 

Ex. 18. What is the s]am of n terms of the series a, 6, 

—9 -^9 &o.; and also of the ^aine series- continued to infi- 
ll a* - 

Am. Sum of the terms -. \. . ^ ; to inf. 



(a-^6)d»-»' a—V 



SECTION IV. ^ 

ffam^onical Proportion. . 

68. Three quantities are said to be in harmanieal propor- 
tion, if the first is to the third as the dii&rence between the 
first and second ij^ to the difierence between the second and 
third! 

Thus-, ifa:c::a-^6:6-^c; the magnitudes a, 6, and 
X ajre in hannonical proportion^ ^ 

69.^ T^avLT quantities are in harmonioal proportion where 
the, first is to the fourth as the difiTerence between the first 
and second is to the difference between the third and fourth. 

'Thus, if d : df : : a — 6 : c-^—d^a^hj c, and <? are in har- 
monical proportion. 

7Q* A harmonical progression is a series, any three con- 
secutive terms of which are in harmonical proportion. 
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71. Let a, ft, and c be three quantities in Harmomcal pro* 
portion, 

then a : c :: a— A : 5— c, , 

or (Art, 48,) ab -^ac e^ac — 6c, 

ab -j-bc^ta^aCf 

whence b s=a — ; — . 

a + c 

72. The reciprocals of any series in-hannonical progres- 
sion are in arithmeticai progression. 

Let a, ft, c, d, e, &c., be in harmonical progression, 

then will — , t-9 — » 3* — » &c., be in urithmetical progression! 
a o c a c 

for we will have b :» — r— f ^ = t-7-j9 « =» — : — * «c., 

a + c b + a c + e 

dividing by 2 and invei^ing we have 

2 ^ fl + c ^ i . 1 ^ 
6 ^ ac a c 

2 b+J_ 1.1 
c ^ W " 6 + rf 
2 ^ c.+ e ^ 1 . I 
(/ cc c c ' 

1*111 

therefore — , j-, — , j, &c., are in arithmetical progression. (58) 

Thus-the numbers ifh h h h (^ bringing to a common 
denominator, and using the numerators) 30, 20, 15, 12> 10, 
ate in harmonical progression. 

NoTEr— When five strings of equnl weight and tension 
have their lengths as the above numbers, they will vibrate 
so as to make the most perfect harmony they can produce. 
Hence the UB^e Iktrfnonical progre9sion» 

73. To find u harmonical mean between two quantities 
a and c. 

If 6 be the mean, we must have (Art. 71) 

, . 2ac' - 
a + e 
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74. We may, by article 72, -insert, ^ny number of har- 
monical means between two given numbers ; it being cHily 
necessary to find the isame number of arithmetical means 
between th^ir reciprocals^ and then take the reciprocals of 
the results. 

£XAMPLES. 

"Eti 1. Find the Jiarmomcal mean between 15 and d5. 

1 1 ' 

H^re ^e reciprocals are ^ and 5^. 

16,. 00^ 

1^ " 

Their half sum being -j the required mean is 21, 

-Or, (73). m^.-p^=:-g^ = 21. 

Ex. 2. Insert three harmonic means between 35 and 315* 

Here the reciprocals are rrz and ^tt:, or ^-r-, and^^T^, 
' 35 315 . 3^15 315 

the three arithmetic means are, consequently, 

7 5 , a 1 4 1 

315' 3l5 V 3l6 "* 45' 63 **"'* 105' 

and the harmonic means are 

45, 6S and 105. 

Es. 3. What is the harmonic mean between ^19 and 170? 
5 . ^ ^n9, 140. 

Ex. 4. What is the harmonic mean between 75 and 93 ? 

^m. 83yV. 

Ex. 5. Ifisertlwo harmonic medns between 15 and 81. 

Jins. 20^1, and 32||. 

Ex. 6. Two consecutive terms of a harmonic progression 
are 5 and 9. X!)ontmiie,the,series. -^^n^. 45. 

and proceeding backwards, 3y'j,2f|9 2^9 1^9 ^'9 
45 being the Jargesrt number of the series^ 

Ex. 7. <3ontinue the harmonic series, two consecutive terms 
being 21 and 60. ^ns. 60, 21, 1%^, 9jft, 7^9 &c- 
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SECTION V. 
Fermutaiiam and Coipbintdion, 

75. It is eyident that two quantities, as a and b^ may be 
ananged in two ways, viz., oft and ba. If there axe three, 
a, 6 and r, tb^y adoiit of being placed in az dif^rent man- 
ners, viz., abc, acbf baCf bcc^ cab and cba. 

These different arrangements are called Pernwtationg. 
The determination of their number is the object of the pre- 
sent section. 

76. We have seen that two quantities, a and by may be 
arranged in two orders, either being placed first. If we 
have three, a, 6, c, either of these may be written first, and 
the remaining two arranged in two orders, so that we dhall 
have 2.3 for the number of permutations oif three quantities. 
Thus we have 

; a 6<?, b ac ^e ab 

a cb b ca c ba. 

If we have four quahtities ; either being written first, the 
number of pern>utations of the remaining three is 2.3» 
Hence the whole number of permutations of the four quan- 
tities is 2. 3. 4 =^ 24. 

Thus, - 



a bed 


b aed 


c abd 


d abe 


a bdc 


b adc 


c adb 


d acb 


a cbd 


6 cad 


c bad . 


d bac 


a cdb 


b eda 


c bda. 


d bca 


a dbc 


b daC' 


.€ dab 


d cab 


a deb 


b dca 


c dba 


d cba 



In like manner we shall find the number of penautations 
of five numbers to be 2. 3. 4« 6 a 126y 

and so on, as in the following table, 

Number of permutatiofis of 2 quantities *s2 

a « «2.3 

4 " « 2.8.4 

• • • 

a 

n «< a 2.3.4.5 «.... »• 
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EltAHPLES. 

I ' . " - 

Ez» L Eeqnired the ntunber of ordets in which fire per- 
sons can arrange themselves at tahle ? wf n#« 120. 

Ex. 2. How long will it require ten persons to arrange 
themselves in all possible orders, provided it requires five 
minutes to make every changei reckoning twelve hours pet 
day ? ^8. 69 years,, and 15 days. 

Ex. 3.' How rbany numbers, each containing nine figures, 

all different, can be written with the nine digits 1 9? 

Iris. 362880. 

77. In the preceding article, we have determined the 
number of permutations of n quantities, using the whole 
nun^r each time. In the present we will show how we 
may obtain the number when taken j9 at a time. 

Let a,b, Cfd be the quantities. If they are 

taken singly, the whole number of permutations is evi- 
dently n. 

Now, since each of the n quantities may be placed before 
every one of the remaining 9»— •! quantities, we have for 
the number of permutations of n quantities taken two at a 
time, 

n.{n — 1). . 

Again, each of these n. (n — ■ 1) arrangements of two at a 
time may be placed before every one of the remaining n^r-2 
quantities ; so ihat we shall have 

n. (n — l).(n— 2) 

permutations of n quantities taken 3 at a time. 

Proceeding in this mieuiiier ^ye shall find that the number 
of permutations cfn qiumtities taken 

2at atimeis n. (n-^ 1) . _^ 

3 " « n (n — l).(n — 2) . 

4 " « n. (n-^l).'(n — 2).(n*-3) . 

p « « n . (n— l).(n— 2).(wr— 3) (w-^+1) 

n '«. " n.(«— l).(n— 2).(n — 3)....2. 1 
which last result evidently agrees with last article. 
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78. In article 76 we haye supposed the qaantities to be 
all difierenC Iff howeTer, a be repeated twjce^ ereiy ar« 
langement will be foiind twice* Thas» if a aad b be eqiial, 
the .a^angelIlent- 
is the same as bcadt&c. 
Ixence the number of difierent permutations is 

n.(n — l)......a. 1 

^' ~2 • 

If one of the quantities be repeated 3 times, the number 
willbe n.^n-l).^...2.1 

In like manner, if one quantity be repeated a times, ano- 
ther b times, and a third c times. The number of permnta* 
tions will be 

n.(nw.i).(n~2) g.l 



Examples. 

• • - ■ . t 

Ex. 1. How many permutations of 5 quantities may 
be made from 10 difierent ones ? 

wfn«. 10x9x8x7x6= 305540. 

Ex. 2. How many diflferent numbers, ^aeh containing four 
figures, may be formed of the nine significant digits ? 

Jins. 8024. 

Ex. 3. In how many different manners may five letters 
be selected from the alphabet ? ^m. 7893600. 

/ 

Ex. 4. In how many ways may the figures of the number 
36376 be arranged ? Jim. 30. 

Ex. 5. How many ways may the letters in the word 
Philadelphia be arranged ? ^m. 14968800. 

Ex. 6. How many numbers, each of six figi|res, may be 
formed of the digitsrin 363136 ? ^ns. 60. 
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79. The cofnbinations of any number of quantities taken 
/7 at a time, are the number of 'selections that can be made 
from these quantities, irrespectiye of the order in which they 
are placed. 

Thus abCf acb^ bac^ bcoy cab and cba form six permuta- 
tions, but only one combmation. 

80. Now, since the number of permutations of n quanti* 
ties;, taken /> at a time, is (Art. 77) . 

n . (n — J) . . . , . (n — /) + 1), 

anid the number .of permutations of p quantities amongst 
themselves is, (Art, 77) 

the number of combinations of n quantities, i^Venp at a time, 
is ^. • .. . 

n ., (n— !)...*> [n-^p + 1) 

p.{p~l) .... 1 



Examples. 

Ex. 1. In how many difierent ways may a flock of ten 
sheep be selected from a drove of 60 ? 

80.49.48.47.46.45.44.43.42.4 1 



•dflS, 



1.2.3.4,6.6.7.8.9.10 



109TO278170. 



Ex.2. In bow many ways can five steers be selected 
from a drove of thirty ? ^m. 142506. 

Ex. 3. How many different combinations of seven letters 
may be made frpnv the alphabet ? ^ns. 657800. 
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CHAPTER IV. 



INVOLimON AND ^VOUmON. 

» 

61. Involution is the process by. which we determine the 
power of any number. As the power consists of the product 
of a number of factors, each equal to th6 root, it is plain that 
its value may be deteroiined by multiplication; but as the pro- 
cess becomes tedious when tbe index of the power is large, it 
is more convenient to employ the following formula for the 
purpose. This formula, which is called the binomial theo* 
retn^ was <^ discovered by Sir Isaac Newton, who appears to 
have arrived at it by induction, as he has left no demonstra- 
tion of its truth. 

Let 0? + a be any binomial. Then . 
(a? + a)" sa o:* + naT-^a + n . —^5— «"^*a^ + n 
n— 2 



2 



Of"'*<fif &c. 



To investigate this formula^ we i^hall consider the product 
of the factors 



First, {x + a).{x + b) =s x^ + a 

b 

{x + a).{x + b).{x +c)= x^ + a 

b 



{x + a).(x + b):{x +' c).{x + d) 

a 
b 
c 
d 



b 



x-j-ab. 

x^ + ab^x + abe. 
ac 
be 



X + abed. 



af'-i-db 


X^ + abc 


ac 


abd 


ad 


bed 


be 


aed 


bd 


' \ 


, cd 


\ 



In which the coefficient of the second term is the sum of 
the quantities a, 6, c, cf, dbc. The coefficient of the third 
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term is the sum o£ the prodacts of the same quantities taken 
two at a time ; that of the fourth is the sum. of the products 
of the same quantities taken three at a time, and so on 

82, We might from waelogy conclude that this would 
always be the case ;. but that there may be nothing arbitra- 
rily assumed^ siipposQ the fact h,as been proven for n factors, 
we shall prove that it 'must likewise be true for n + 1 
factors. "• 

Thus, let 
(x + a) (a? + b) {<£ + c) 

b ac 

ad 



. (a? + yi) 



n 



^c. 



Qif^"'^ '\' dbc 
abd 



abn 



of ■"'+ ...a&c(i... n. 



If we multiply this by another factor, we shall have 
{x + a) {x + b) ... . .. (a? + n) (x +p) = 



X '*+* 



+ « 

b 


ar + ab 
at 


sf^-y + abc 
abd 


c 


ad 


1 • 

• 


d 


• 

• 


• 


• 


• 

• 


• 
• 


n 


an 


abn 


&c. 


&c. 


bp 

% 

■ » 


acp 

adp 

• 
• 

• 


• . 


np 


cmp 
" - &c. 



a?^-* + 



abcd.J.nx. 



af*"*' • . • • -^-abcd . . . np. 



Now the second coefficient is ^videntty the sum of the 
n+ I quantities a, b, c, . . , . p; and if we examine the 
third we shall perceive that it is formed of, 1st, the sum of 
the products of the n quantities, taken 2 at a time ; and, 2d, 
of all those combinations, 2 at a time,, in which the new 
quantity./? can enter. 



in the fifth " ^ ' ^^\_^ . ^> ^, &c. 

84. If we suppose t e quantities a, 6, c, if, &c., to be all 
equal, a6, oc, &c., is each equal .to a", 

abc, €idcy &c., *♦ fl^, 

and we shall have 

n— -1 

(a? + a)" = af* + nac^-* + n . --^ a?«af -« + 

n.(n-l)(n-2) ^ 

The above demonstration is- evidently confined to the case 
in which n is an integer. This being, as much as was re- 
Quired in this part of algebra, it was thought proper to leave 
Uie more general demonstration to be given in the second 
part, which see. ^ 

85. From the fbrmuliet of last article we obtain the follow- 
ing rule for involving a binomial. 

7%6 first term of the power is the first term of the root 
involved to the given power. 

7%e literal parts of the succeeding terms consuft of the 
successive powers of the first term of the root^ regularly 
descending^ joined to the successive powers of the second 
term, regularly ascending. 

The coefficient of the second term is the index of the 
given power. That of the third term is obtained by mul" 
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The foaith coefficient codsisIb, l8t,of all the combinatiaos 
of the n quantities, 3 at a time ; and, 2d, of all their combi- 
nations, 2 at a time, united with the new quantity /i. Con- | 

sequedtly, it is composed of the sum of the products <^ the p i 

quantities taken three at a tiiae, and so fot the subsequent < 

ceefficieots. Hence the law Isolds s^ood, 

83, This being admitted, it ia evident (Alt 77) that the 
number of terms 
in the second coefficient is n, 

in the third •• '*' . ^'*~^\ 

in the fourth « n . (»--l) (n-8)^ 

4$ »0 
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ibiJying the eotffictent of the setond term by the index of 
that power of the jirat term of the root contained in eatd 
term^ and dividing by% 

^nd in general the confident of any term is found by 
miikiplyiing the coefficient and index in the preceding term^ 
and aividing by the number of terms to that place. 

Examples. 

Ex. 1. Raise a + x to the 5th power. 
Here (a + a?)**d» + 6a*a?+10a^;E»+10c<»a» + 5aa:* + «». 

-5 J -? 

58)20 3)30 4)W 

.10 10 5 

Ex, 2. 
(a— ar)« -^ a»—6a»aJ4-16a*a;«— 20 a?aj»+15«»a?*— 6 aa:»+a:*. 

2)30 3)60 
I IS 20 

lEix.S.{b—2xf = b7—7b^i^x)+2l &«(2x)«— 36i*(2a?)« 
+ 356» (2ir)*— 21 6»(2a:)* + ** i2xy—{2xy 
« J7_i4ft«aj + 846saja_2806*a:» + 5606»a^— 6726«a* 
'f4^bx^-^128ai'. 

Ex. 4. Raise a— a? to the 4th power. 
Ex. 6. Raise a — 6 to the 9th power. 
Ex. 6. Rfl^se 2 — a? to the 5th power. 
Ex. 7. Raise 2 a + 3 a? to the 4th power. 
Ex. 8, .Raise Sx + y to the 5th power. 

86. The principle contained in last article m|iy readily be 
extended to a trinomial. Thus, . 
Let it be required to find the 4th power of a + 6 — c. 
CoDsidej^g. &— - c a? a single quantity, we li»ye 

(a+i— i;)4«,(;a+(6 — c))*asia*+4fl^(6— c)+6a»(6— c)" 
-f- 4 a(6 — c)» + (6-^c)*, and 

,7 



n 
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46a"(6— c)»^«^ +6£rt«— 12i^e+««V y 

+ 4a (6-— e)> I | -('4«fr'-ld«6\:4-19afrc«— 4a€> 

Ex; 1. Raise a — ( -f e to the 3d power. 

*»*»*• | + 3oe* + 36>e^d6(« + €'. 

Ex. 3. Raise 2 a^- x +y to the 3d power. 
Ex. 3. Raise a: — y — z to the 4lh power. 
Ex.4. Raise2a — 36 + ctothe3d power. 

{he & What is the cube of x-r.2y+^^ 
Ex.6. What is the 4th power of 4a + 26-rC? 
Ex, T. What is theBd power of 3a*— 8 aP+4? 
Ex. 8. What is the 4th power of 1 — 2.a.+ ^ ? 
Ex. 9. What js the 3d power of a'— 6 c?ar + 9 a:» ? 



SECTION n; 

Ewiuiion, 

S7. Evolution is the extraction of roots, or the determining 
of a number which, muhiplied by itself a giren number of 
times,, will produce the proposed number^ 

The isquare root of a number, is a number which, being 
squared, will produce the proposed number. 

The cube root of a number, is one which, being cube^, 
will produce the proposed number. 

As evohttton is the converse of involution, the rules for 
performing it will readily be derived from those of the lat- 
ter rule. 
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In losing a number to a' given power, we multiply its in- 
dex by tbat of the power .to which it is to be raised. Thus 

(c^y ss(^^^ = a«. Consequently, the fifth root of 

- 10 - ■ 

tf»]s a^ =0*. '_■.-. 

Again, the third power of 5. c^3fi is 125 €fiafii conse- 
quently, the cube root of 125 a^x^ is 5 a^x^ = 6 cfia^. 

Hence, to obtain any root of a monomial, We first extract 
the root of the numei^ part, and multiply it by tha,t of the 
literal portion, determined by dividiDg the indices of the dif- 
ferent quantities by the proper number. 

4 

88. Dtf. To indicate a root of a number, we prefix the 
sign ^ with the index, of the root upon it. Thus ; . 

y/x, OT ^x is the square root of ar. 

-^x is the cube root of ar. 

v<a; is the fourth root of ar. . 

When the iroot of a polynomial is to be exipressedi the quan- 
tity must have a vinculum ( ) placed over it, or be 

enclosed within brackets ( )^ 

Thus v^^4^ or x/{cfl + 3^ represents the square 
root of «■ -f^ a?* ; while -v/a* + a?» signifies; that the square 
root of a^ is to be added to od^ ; and is therefore exactly equirv- 

aCent to ar* + v'o** 

89. It has been shown above that the index of the root is 
obtained by dividing that of the-power by the number which 
expresses the root to be extracted. Thus 

^ s/^x* is a;^ = a?" 

is .- 

This leads us tp a notation for roots, of great tise in algebi^, 

for we see that x^ is. the sqUace root of the fourth power of ir. 

" ar^ is the cube root of the fifteenth power of X. 
the cf^nofnmofor^of the fractional index expressing the rpot^ 
Bxidihe numerator the power. 

Thus x/o and a^ are convertible expressions, botlv indi- 
cating the square root of a. In the same manner -^tfi is the 

.^ame as a^,. i/cfi is the same as a^ and in general ^a^ ^ x^» 



Wlmt is the aqone root of 49 «^? 



Ex. 1. What is the square nxA of 81 0*2* ! 

Jlns. ±9flftc». 

Ex. 2L What is the foaith rool of 16 o^ ? 

Ex. 3. What is the fifth root of 1021 x^»? 

Ex. 4.^What is the cabe root at — 729 xy*? 

Ans. — 9a:y. 



Ex.5. What is the cube root of— -jr^-^r 



Ans. — 



2a-y 



an" 

Ex. 6. What is the square root of 9 a*x ? 

Ans. . db 3 «ftr*. 
Ex. 7. What is the cube root of 343 flSz* ! ^ni^7 a*x*. 

Ex. 8. What is the fifth root of 243 o^x^ ? 

Ex. 9. What is the fouith root of 625 a*3fi I 

Ex. 10. What is the cube root of 216 M^l 

Ex. 11. What is the square root of 81 a»x«»? 

Ex. 12. Multiply Via a«x« by ^8a«a*. 

Ex. 13. Divide ^32 a*j?«» by V 64 a** 

' Ans. zfc -y-— or 4- a^x^K 

* The sqimie, or nnf even root of a namber, may have either the 
pins or minos aign ; bat any odd root is affected by the ^gn of the power. ' 
The even root of a irEOAUTE taumber ia unpMjt62e.— (See Imaginary 
QuaiUUie$,y 



Ex. 14. Extract tfie cabe root of — d7 o^j?'*. 

Ex. 15. What is the value of Af M a»a?-'6»1 
Ex. 16. Multiply ^— 2r«»a:-» by ^/856«-»3tf». 
Ex. 17. What is the nith rwH of a» A* ? 
Ex. 18. What is the nth root of *^ 6'C f . 

SOUASE AOOT OF POLYNOMIALS. 

■V. 

90. If we examine the square of the binomial a + ar, or 
o' +. 2 <>^ + ^9 we find it to consist of the square of the first 
term, twice the product of the two, and the square of the last 
term. If, then, we deduct th^ square, of the fir^t term of 
th^ root, the remainder, 2 oo; + ^ or (2 a -f 7) ^ is com* 
posed of the product of the second term, and twice the first 
term plus the second. 

To find the first terni of the root, therefore, we must iokt. 
iht root of the first term of the power. Tlie remainder 
being -divided by ticiee the first term plus the second^ mil 
give for quotient^he second term of the root. 

The whde process may be arranged as follows, m. : 

-a* . ' 



2a + x ).2«a? + aj» 
2ax + ai» 

The rule oiay be expressed thus : 

JE^mag^irranged the terms commmanng with the high- 
est power of one of the quantities^ 

Take the square root of the firit term for the first term 
of the root. Subtract its square from the given quantity ^ 
and set-down the remainder^ for a dividual 

Divide the fir ^t term of this MvidueUby twice the asur- 
tained rootfpr Ae next term^ which place in the' root and 
^s»in the divisor. 
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Multiply the divisor thtu completed^ by the last fottnd 
term of the root^ and subtract the product frorn the divi" 
dual, and so proceed. 

The student cannot fail to notice the coincidence of this 
rule with the one ordinarily given in arithmetic ; which role 
is in fQCt derived from the algebraic formula. 

Examples. 
Ex. 1. What is the square root of 

X* — 4a:^ + 6ary — 4a!y» + y*. 

— 4a*j/-f4ary' 
»a?»-=-4a!y+y* ) 2a;»y« — 4ary» + y* 

2 a?y — 4 a:y 8 4- y*» 

Ex.2. Extract the square root of 4 a' + 20 oa; + 25 a:'. 

Ex. 3. Extract the square root of 4 a« —20 o^a; -f 37 <^ix^ 
~30a«« + 9x*. 

Ex. '4, Extract the square root of 9 a?* — 12 a?« — 2 a;» 

+ 4a? + L , 

Ex. 5. Extract the square root of-9 a*-^36 (fix + 72 ox" 
+ 36ar*. 

Ex. &. Extract the square root of 

a?« — 6aar»+ 16a«a:* — 20a«a:»+ 16a*a:»-.6a*a: + ii». 

Ex. 7. Extract the square root of 
9 ap» — 12 a?« +40 a:* — 28 aj» + 17a?»^8 a: + 16* 

Ex. 8. Extract the square root of 

16 a« + 8 oft — 8 cc + ft' — 2 &c + c«. 

Ex. 9. Extract the square root of 1 + ar. 

a: 3f a^ ^^ia^ 
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Ex. 10. Extract the square root of c^ + 2b. 
Ex. 11. What is the square root of 

Ex. 12. What is tha square root of - 

Ej;. 13. What i3 the square root of 2 or 1 + 1 ? 



•jV + ^• 



Extraction qfth^Chibe Boot, 



91. The cube of a + Xy being a» + 3 fl?a? + 3 aa?» + a* ; 
if we omit the first term a', the remainder, 3 a^x+S ax^+x^f 
may be written (3 «« + 3 at? + a?*) x ar. Now, x being the 
second term of the rpot, the divisor mustbe^ «" +-3 nx + a?", 
which consists of three times the square of the first term 
of the root, plus three times the product of the first and se- 
cond terms, plua the square of the second term. 

The following rule evidently includes the various steps 
to arrive at the root required, viz*: 



Rule. 

Arrange the terms as in the square root, and take the 
cube root of the first term for the first term of the root. 
Subtract the cube of this term from the given powery and 
the remainder unube the dividual. 

Tike three times the square of the ascertained root for a 
trial divisor, by which divide the first terrjfk of the dividual 
for the next term of the root. 

Complete the divisor; by adding thereto three times the 
product of the two tern^ of the root, and the square of the 
last term. 

Multiply and subtract, and so proceed until the opera^ 
tion is completed. 
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Ex. 1. Extzact the cabe root of 

a* 
-)3a:*+6a*+4a:« ) +6>»— 40i« 

a«*+iar»+12flJ* )— 12jb*— 48a*+96a?— 64 

— 12a:»— 24a?+16 — 12a:*--48af+96ar— 64 

The second trial divisor, 3 2:*+ 12 2*+ 18 a:*, is equal to 
8 (*J?*+2 «)• ; and is completed by adding 3x — 4 (ar*+2x) 
+ (--4)«. The complete divisor is therefore 3(a* + 2ap)« +, 
3x— 4(2* + 22r) 4- (—4)', and conseauently is formed pi^ 
cisely as the preceding one, a::* -f 2r oeing considered the 
first term of the root. 

The trial divisors siibseqaent to the first may be found 
without the trouble c^ squaring the ascertuned root, by 
adding to the last complete diviaor, the product and twice tbye 
square which were employed in completing said divis(»« 
Thus in the above example 32:«+ I2a:* + 12x«»3x^ 
+ 6ar» + 4a* + 6«»+ 8a!». 

The above rule is identical with that employed in arith- 
metic* except that 30 times the product of the last figurei 
and those found before, is used in completing the divisor. 
This change is rendered necessary by the decimal notation 
employed in arithmetic. 

Ex. 2. What is th^ cube root of 

fl^+B a*+3 a6»+4«+3 tf»c+6a&c+3 (^•+3ftc*+3ft»c+<!»! 

The second trial divisor (see form, oa opposite page] 
3c«» + 6a6 + 36» is e(jual to 3 (a + 6)% but may be found 
by the directions contamed in the observations appended to 
last example. The quantity added to complete it, viz: 
3 ac + 3 6c rf c> s 3 (a + ^) c + c«. 
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Ex. 4. Extract the cabe root of 

8 > + 12 iif« + 6 ofr* + 6>. 

ddht. 2a + 6. 

Ex. 5. Extract the cttbe root of 

27 a«— 64 a»x + 36 nV— 8 irtr». 

^fw. 3 11^-^2 oar. 

Ex. 6* Extract tlie cube root of 
8 2*— 36 :r« + 114 z*— 207 or* + 285 2* — 225 1; +12S. 

J3n9. 2z*~3a?4-5^ 

Ex. 7. Extract the cabe root of 
8i]^— 36fl^ + 12a^e + 54a&*— 276*— 36 ii6c + 27Me 
+ 6a4f—9bif + ^. jSm. 2a—9b + e. 

Ex. 8. Extract the cube root of 

^* 2 3* T 



Ex. 9. Extract the cube root of 
27^-^ + ^^- 64^' -16-^ ~4 
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92. General Mule for Exiraeting Boots of a eonq^lete 
power. 

It has been shown (Art. 84) 

(a + a:)» a« «• + no" - ' a: + 4c* (A) 

Andyiherefore, 

y (o" + wo"-' a: + &c.,X=* & + af. 

From this formnhy the rule is readily derived. For, the 
first tenn of the root is the nth root of the fitst tenn of the 
power; and the second tenn of the root is equal to the 
second term of the power, divided by na*''K 

Also, by the same article, (84% we have 

(a + a: + y)- = <(a + a^)+yr 

= (a + a?)" + n (a + x)*""*y H-Ac^ 



Whence 
-5/ {{a.+ xf + n{a + :r)"-'y + &c.} = a +x+y. 

Having, tHen, determined the 6Tst two terms of the root, 
if the nth power of these terms be taken from the fiiven 
power, the remainder is ^ ^ 

'n(a + ar)"~'y -^ &c. 

of which the firsi term consists .of the remaining term y 

multiplied by n ( a + a?)**"" *• 

In order, then, to determine y 1% will only be necessary to 
divide the leading term of the remainder by 

nia + xy"^; 

but as in determining the quotient, the first term only of the 
divisor is employed, it will be sufficient to divide the first 
term ef the remainder by 

■ ruf^K 

Having thus determined y, if 

; {a + x + yY . 

be subtracted from the given power, and the first"term of the 
remainder be divided by • 

the next term of the root will be determined ; and thus we 
may proceed until the operation is completed. These dif^ 
ferent processes are <;ontained in the following 



' RUUB FOR ES^TRACTINO ROOTS. 

.- 

Atrcmgtlhe terms as directed in division, extract the 
root of the first term of the power, and subtract its power 
from the given quantity * -. 

Ibr a divisor to he used in aU the subsequent parts of 
the operation, raise the root already determined to a power 
whose index is one less than the number of the root to be. 
extracted, and multiply by said number^ 

Divide the first term of the remainder by the divisor, 
the quotient unll be the second term of the root. 

itaiie the root thus determined to^ the given power, and 
subtract from the given quantity, 

Diviae the first term of the remainder by the divisor for 
the third term of the root, and so proceed. 
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Ex.2. What is the fifth root of 32 a* — 80 a*ar + 80 o^af 

— 40 a*a^+ 10 ax*— x^i Ans.^a — x. 

Ex. 3. Extract jthe fourth root of 81 a«— 216 a5^ar + 
324 a^x^ — 312 a«x» + 214 a*ar* — 104 ce^a^ + 36 a«x« 

— Saar^^ + a:*. w^m. 3 a« — 2 aar + a;«. 

Ex. 4. Extract the cuhe root of 8ar« — 3dar* + 66ar* 

— 63a:» + 33a^--9a?+l. •tfn*. 2a^^3a?+ 1. 

The preceding rule may be applied to the extraction of 
roots of numbers. The operation, however, being very 
laborious, the rule given by Mr. Horner in the Philosophical 
Transaptions f^r 1819, which is developed in the second part 
of this treatise, will be found much more convenient. 



CHAPTER V. 

■ 

SURDS AND IMAGINARY QUANTITIES. 

. SECTION I. 

Surds. 

93. Any expression indicating a root which eannot be 
expressed accurately^ is called a surd, or irrational quantity. 
Such are v'S, .^9, vl«» y/(^9 &c. 

The operations upon surds arrof great importance ;* we 
shall therefore treat of them pretty fully in the ' following 
pages. 

It is generally most convenient to express the root by the 
fractional index ;4since then, as will be shown, the multipli- 
cation and division' of such quantities are performed as 
' though they were rational. 

94. To reduce surds to others having a common index. 
Let *^x* and ^^a^ he two surd quantities; expressing 

them by a fractional index, they are written 

x^ and (T, 

m I I ■■ . II I f I I ■ . . I. ,1 ^ I ■ ■ . I . ■ 

* A surd having the sign of the square root is called a quadratic surd, 
and with the sign of the. cube root, a cubic surd, &c. 

8 
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ledaciiig die indices to a common denominator, they become 

xTJ = (f/ a* and a^ = v^5»I 

From the mode of operation employed here, the general 
rule may be deiived. 

Ex. 2. Let ^5 and ^3 be the snid&. They become as 
above 

^ = 5T = 5^»^6^ = ^25 

Ex* 3. Reduce ^5 and V^^^i v^^ to surds having a 
common mdex. 

Ex. 4. Reduce ^cfi and ^6 to suids having a common 
index. 

Ex. 5. Reduce f/b and ^/S to surds having a common 
index. 

Ex. 6. Reduce ^a* and ^^ to surds having a common 
index. 

Ex. 7. Reduce 5^ and S^ to surds having a common in- 
dex. 

Ex. 8. Reduce 7^ and 4^ to surds having a common index. 

95. A rational quantity may be reduced to the fomi of a 
surd by raising it to the proper power^ and indicating the 
root required. - 

Thus 3 = v'Q — ^27 *= -^81, &c. 

Ex. 1. Reduce 7 to a quadratic surd. •^ns. v^49; 

Ex. ^. Reduce cfi to a cubic surd. 

Ex. 3» Reduce 5 a*x to a biquadratic siird. .tfn*. v^. 

Ex. 4. Express — 7 a in the form of the fifth root. 

Ex. 5. Reduce 3 a + 2 to a quadratic surd. 
Ex. '6. Reduce 5 a: + y to a cubic surd. 

Ex. 7. Express — 3 a^ in the form of the fifth root. 
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96. It is of importaiice in operating with surds to be able 
to reduce them to their most simple form. 

To do this, the fractional index must he reduced to its 
lowest terms, and ihe rational factors then separated from the 
others. ^ 

. Thus, let v^Si* be the surd. The. fractional index *| » -J 

.-. 4^54^= ^51. Now, 64 = 27 x % and 27 being a cube 
its root can be taken, while that (^ 2 is a surd, ^he result, 
therefore, will be 3 -^. 

r 

The operation may be expressed as follows, viz. : 
^6*» == ^^ = ^a''273< 2 *= 3^2. 

Ex. 2. Reduce ^16 a*6»c* to its simplest form. 
Here 8 a^b^c^ is the greatest cube factor, hence 
^16 a*6»c* == ^(8 a?6»c» X 2 (w«) = 2 a6c ^&'2ac". 

Ex. 3. Reduce y^45 and ^500 to their simplest forms. 

Ex. 4. Reduce ^192, 3 v^245, 4 ^96 and ^96 to their 
simplest forms. 

Ex. 5. Reduce x \^4tc^ — Sax and -^2^* — 6 a*x to 
their simplest forms. 

Ex. 6. Reduce \^(f {a* — ax) to its simplest form. 

To reduce a fractional surd to its most simple form, its 
denominator must be made ratiotial, 'v^hich can always be 
done by the introduction of a suitable factor. Thus 

1 2 ;y2 1 > 

Ex.2.yi-^g-^(4x^)-|./5. 

= 5 + ay's. 

Ex.4. Reduce ^-, >/g^, ^^, and ^-^ to their sim- 
plest foims. 
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Ex. 5. Reduce ^,1'^^ and ^^"^ to their sim. 

plest fonns. 

3 3 3 

Ex. 6. Reduce ^\/^f 7^—, and 4v^yi *<^ ^^^ simplest 

forms* 

Ex. 7. Reduce -— , jl , and — -^ to their sim* 

plest fonns* 

Ex. 8. Reduce ^--, — -t^« and -^ ^ to their smi- 

plest forms. 

Ex. 9. Reduce jz -; and =— — -r to their most sim- 

3 — ^5 7 + x/3 

pie forms. 

97. To add or subtract surds, they should be reduced to 
their simplest forms, and the operations then performed as 
with rational quantities. Thus, 

Ex. 1. Let the sum of ^20 and ^/135 be required. The 
operation is as. follows, viz. : . 

^ aO=±^/ (4x6)=2^5 
^125 « v^(25 X 6) = 6 v/5 
.-. the sum is 7 v'S. 

Ex. 2. Add 3 ^/45, 7 x/20i 8 y/l25 and 2 ^80 together. 

2 3 

Ex. 3. What is the sum of 3v^^ and 5 v'g-? 

Ex^. Add 7 v^6 + 3 v/27, 9 v^^O — 5 V75 and 2 \/l26 

— %/l2. 

2 6 

Ex. 6. From 3 ^/— subtract 2^/5^5. 

Ex. 6. From 7 ;^189 subtract 3 ^1^. 
Ex. 7. Add 6 ^/27, 9 ^^192 and 7 1/75. 

Ex. 8. From 3 v's- + 4 v'r subtract -^3 — 6 v^l35. 

9 o V o 
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98. Multiplication and Division. 

Let it be required to multiply 4^a* by ^a. 

These quantities expressed with fractional indices are 

8 1 6 f 

. . a^ aAd o^",, or a*^ and a"*"^. 

The product of these evidently is 

l5/a**ora^., 

Hence, ta multiply different roots of the same quantity, we 
add the iractional indices, and, of course, to divide di&rent 
roots of the same quantity, we subtract the indices. 

To make this matter, if possible, clearer, we must recol-. 
lect, that the involution of monomials is performed by in- 
l^otving separately each of the simple quantities of which the 
monomial consists. Thus 

(3 ab^Y = 3* X a* X (^)» = 243 a»6«. 

This being the case, the evolution of similar quantities 
must be performed by taking the. root of each factor sepa- 
rately. Therefore, 

'y^=t JJ/aaa(|faa«;}^axiyaxlJ/«x5/aXlJ/«Xy«» 
and X/a^ «= l{/aXv/ax5/a+\/«X*4/a. 

These, multiplied, evidently give IJ/a", as above. 

99. In regard to the mdltiplication and division of roots 
of difierent quantities, the surds must first be reduced, so as 
to have a comition index. The operation is then performed 
on. the general principles of multipHcation or division. 

ExAHFLirs. 

Ex. 1. Multiply 7 ^6 by 4 x/2. 

Here 7^5 «7-^6«»7y 25 

and 4 v>^2 a= 4 ^2» =>4^ 8 

.-. the product is . 28^200. . 

Ex.2. Divide 1^1 by^^|. 
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Here, by the geDeral principle of the diTisioii of finctioDSy 
we hare 

which 18 the quotient in its simplest form. 
Ex. 3. Multiply 3 v^l7 by 5 ^8. 

Ex. 4. Multiply 6 v'l by 7 ^^. 

Ex. 5. Divide 3 ^16 by- 4 ^6. 

Ex. 6. Divide I ^1 by I ^^. 

Ex. 7. Multiply 8 ^3 and 9 ^7. 

Ex. 8. Multiply 6 ^| by 3 ^|. 

Ex. 9. Divide 1 ^1 by I ^/l 

• • ^ * 

Ex, 10. Multiply 3 + ^5 by. 2 — y/5. 

Jlns. I — v^5. 

. Ex. 11. Multiply 4 + 3 v^7 by 2 — 2 ^7. 

Am. —34— 2 v'^. 

Ex. 12. Multiply ^+|^\/6 *>y|+ jv^^- 

A 
Ex. 13. Multiply V3 + 3 v^2 by v/2 + 2 v/3. 

\itfn*. 12 + 7^6. 

Ex. 14. Multiply 3 ^/7— ^2 v^5 by18 v^ + 3 ^5. 

^/M. 6 ^36 + 12. 

Ex. 15. Multiply 3 V^ + 7 \/3— 3 ^2 by v/20 
— 2^12 + v^8. 

•«n«. 2 V15+ 26 ^6— 66. 



JfCBSJS ANB IMAGBTABT QITANTinES. 91 

Ex. 16- Divide 41 by 9 + »^10. 

Am. 9 — ^v'lO. 

This is most readily done by expressing the quotient as a 
fraction, and reducing to the simplest foiTn, as in Art. 96. . 

Ex. 17. Divide 34,+ 7 ^10 by 3 v'S — ^2. 

Jim. 2^5 + 3v^2. 

100. To extract the root of a monomial surd, we have 
only to apply the principles already, explained, (Art, 87.) 

Examples. , 
Ex. 1. The cube root of 125 ^x l^ required. 

Here ^(125 s/x)^ -^(125 J?*) = 5 x*"^' = 6 a;'' • 
«= 5 ^x. 
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Ex. 2. What is the square root of 81 a^fi' ? 
' Ex. 3. What is the cube root'of 216 ^a6» ? 
' Ex. 4. What is the fifth root of 32 >e^a^? 

101. When the surd consists of two terms, one of whicli 
is rational and the other a quadratic surd, its root may some- 
times be obtained by the following formula, viz. : 

which may be demonstrated as follows : 

Lfet \^a + v'ft = ^x + \/y. Squaring both members 
of the equation, it becomes 

a + y/b=sx + y + 2'y/xy. 

And 83 a surd cannot be equal to a rational quantity, we 
must have x + y =ia (1) 

and "^ 2^xg:siy/bf 

whence 4 ay « ft. (2) 

If from the square of (1) we subtract j(2), we will hi^ve 

aj»— »a:y + y"«=(j^— 6, 
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whence extiacting the square root of liodi membeis 

Init x+y«»a 

2ar = a+yrf«— ft, 
and 2yefta — \/a« — 5, 

or a?«-a+i\/?::i6; 

Again, since a^x 4-y, and v^6 « 2 >/ary, we have 

a — y/h^x+y—2y^xy. 
Now the 2d member of this is evidently the square of 

^ In order that the result should appear in a simple form. 
U IS evidently necessary that. a« — 6 should: be a square. 

EZAKPLES. 

. Ex. 1. Extract the square root of 7 + 4^/8. , 

Here a == 7, and v^ft = 4 -s/S, .-. 6 = 48. 
Hence. 

V'(T+4V8)-v/(|+lv'l9=i^+^(|_l^|§=:g) 

Ex. 2. What is the square root of 6 + v/24 ? 

•<?>w. v^2 + v^3. 
Ex. 8. What is the square root rf t — v^l3f 

lAw. i/v/26 — iV2 
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Ex. 4^ What is the square root of 10 — -v/51 1 

Am, i^34 — i^6. 

Ex. 5. What is the square root rf 7 + 2 ^10? 

Ans. -v/ 5 + ^/2. 

Ex. 6. What is the square root of 12 — 4^57 

dm. y/W—y/^. 

Ex. 7. What is the square root of 37 + 12 v<7 ? 

4n8. 3 + 2 y/1. 

Ex. 8. What is the square root of 23 + 6 v^lO ? 

Am; 3 v^2 + ^6. 



- SECTION n. 

4 - • 

Imaginary QuaniiUeu 

102. Every even power of a negative quantity being posi- 
tive ; it follows that such" expressions "as y/ — a*, \/— 6*, dbc, 
can have no real value. They are, therefore, called Jmagi^ 
nary Qvantities, 

Though imaginary quantities have n6 real value^ yet as 
they are of much use in analysis, the principles on which 
the operations upon them are founded are of great im- 
portance. 

103. In the algebraic solution of arithmetical questions, 
we never arrive at such results, unless th& conditions of the 
proUem are- inconsistent. They therefore serve, to point out 
such inconsistencies. For example, let the following ques- 
tion be proposed,, viz. : 

To divide a bne, 8 yards in length, into two such parts 
that their rectangle may be 25. 
If we represent the parts by x and y, the equations will be 

ar + y = 8, 

and . ayss25. 

Fromthelst «» + 2ay + y"^64. 

But 4a!y=al00. 
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••• subtracting this ftom the pveceding, we hatto 

a!«— 2ay+y==— 36. 

And extiactiiig the sqaare root 

Adding this equation to the fifst, and.diriding by % 
we hare x a= 4 -f^ 3 v'— 1» 

and y = 4-— Sv'— '!» 

Since these values are imaginary, we conclude that the 
problem was absurd. This we know to be the case, since 
the greatest rectangle would be formed when the parts were 
equal. In this inst^ce it is 16. 

104. The addition and subtraction of ixnaginary quantities 
being performed on the same principles as the addition and 
subtraction of surds, present no di^uKies ; we shall, there- 
fore, proceed to multiplication and division. 

It is in the first place evident that 

so that in this case ^a' = — a. 

Now in general we may assert 

that v^a"= + a, or— Cj 

which is written db a.' 

It might from this be c6ntended, that -)- a aa -^a. The 
reasoning, however, would be incorrect ; for x is not equa}. 
to a and — a,.but to either a or —a. In other words, there 

are two values to \^€fi^ These values are numerically equal, 
but of different signs. The symbol « expresses, howeVer^ 
more than mere numerical equality, it implies perfect iden- 
tity. We shall hereafter see many cases in which the 
required quantity admits of several values ; but we cannot 
from thence conclude that these values are equal. 

In the following problem, for example, we shall find that 
there are two numbers which satisfy the conditions; and 
consequently the letter which represents the unknown must 
have two values, viz. : 

What number is that which, being subtracted from 10, 
and the remainder multiplied by the number itsdf, the pro- 
duct shall be 21 ? 
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Here, if x represeat the number required, we slnli hare 
:r =s 7 or 3, as may be proven by trial. Thus, 

(10^7)x7=8x7 = 21,and(10-3)x3«7x3ea21. 

It were folly thence to conclude that. 7 a 3. 

^, ahkough v^a' =s a or — ^>it is hot true that a^a^'-.a. 

When, from the circumstanceaL of the case, no m^eana are 
afforded of determining th/e sign with which the root should 
be affected^ the result is ambiguous. This produces no in- 
convenience when mere anal3rtic operations are concerned. 
In fact, it is of advantage ; for the formuls would otherwise 
fail to present a full solution of the* problem under considera- 
tion. In the application to' arithmetical and geometrical 
problems, however, it sometimes happens that one of the 
results, though atialytically correct, is excluded by the con- 
ditions of the problem. We shall see numerous examples 
ofxhis in Quadratic Equations* 

105. If the quantities be unequal, as v^ — « and v/ — 5, we 
may not be able at first t6 discover what should be the sign 

ofnheir product v^a6. When, however, we put them in 
the form y/a . v^ — 1 and ^b . v' — 1, we readily perceive 

that their product is \^ab X — • 1 as — ^ab. 

From this, and the general principle of multiplication, we 
may fonn t^e following table, which includes the different 
cases of the multiplication of imaginary quantities. 

%/ — axV — g = — g 
— v'— «X— -v^ — a=^ — a 

— V— ax V — ««» + « 
j/ — a XsZ — b ^^^y/ab_ 

— i/ — ax — \/ — b^'^y/ab 

— s/ — aX\/ — ft = V cib 

y/ — ax— V — b^^^db. 

Examples. 



Ex. 1. Multiply 3 y/^ 2 by 4 V— 3. _ 

Ans. — 12 v<6. 

Ex. 2. Multiply 6 ^^ 6 by — 3 ^— 5. Am. 90. 
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Ex. 3. Multiply — 7 ^— 3 by — 4 v"— 3. 

f ^ns. —84. 

Ex. 4. Multiply —8 V— 7 by 2 v'— 2. 

-/^n«. 16 v^l4. 

Ex. 5. Square 3 v^— 5. ,fln«^ — 45* 

Ex. 6. €ube — 2 </— 3* rfns. + 24 v^— 3. 

Ex. 7. Multiply 3 + 2 ^/— 3 by 4 — 3 V'— 3. ^ 

3 + 2v^-^3 
4~.3v/~3 

12 + 8v'— 3 ^ 

^9^/--.3+18 
30 — y — 3. 

Ex. 8. Multiply 4—3 v'— 2 by ^ 2 + 6 5/- 2. 

*^n«. 28 + 30V— ^ 

Ex, 9. Square 3 ^-. 2 + 2. ^ns. —14+ 12 v^— 2. 
Ex. 10, Cube2— V— 3. wins. — 10— 9v^— 3. 

Ex. 11. Cubea — 5 -v/— 1. 

^n*. a» — aa6« + (ft^ L. Sa^'b)^— 1, . 

Ex. 12. Cube a + ^V— 1* 

^/i«. a» -^3 ofta + (3 a«6 — &«)</- 1. 

Ex. 13. Multiply 3^— 2+5V' — 3 by ? v^ - 2 
— 3-v/— 3. w5n5. 33 — v^^. 

Ex. 14. Multiply 4 ^ -^ 6— 3 v^ — 5 by 2 ^/— 6 
+ 3V— 5. ^n». -^ a— 6 v^30. 

Ex. 15. Multiply 4 v^2 — 3 -v/— 3 by 2 v^3 + 5 v/— 2. 

^n*. 23 -;/e + 22 -v/— 1. 

106. Division of imaginary quantities is perfofmied on the 
same principles as the division of surds. We shall there- 
fore merely append a few examples for exercise. 

Ex. 1. Divide 5 v'— 6 by 2 v^— 3. ' 

2;7=r3 - a -^^ 
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Ex. 2. Divide 2 + ^Z— 3 by 2 — -v/— 3.. 

2 -4- / 3 ' 

g_ ._3 = (multiplying the terms by 2 + y/-^ 3) 

1+4^-3 
Ex. 8, Divid«~3 v^— 15 by 4 v"— 3. 

4 

Ex. 4. Divide -^7 -v/— 6 by — 3 -vA- 4. 

'^"*- r^2 ""r^^* 

Ex. 5. Divide 3 — v"— 3 by 3 + v^— 3 . 

1 1 
Am. - — -y/— 3. 

Ex. 6. Divide 1+ y/^ 1 by 1—^-1. ^»«. v^— T 

Ex. 7. Divide 5 + V— ^ by 6 — V— 2, 

i 23 - 10 , ^ 

27 527^ 
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CHAPTER VL 

EQUATIONS. 

107. An equation (as defined Art. 6) is an Expression of 
equality between two quantities ; the quantities considered 
as equal, being, the members or sides of the equation. 

lOS. A simple equation is one in which the unknown 
quantity does not rise above the first degree. 

Thus, 2a? + 3 = 5a? + 7^ aa:+3i=«, 

are simple equations. 

109. A quadratic^ or equation of the second degree, is 
one in which the square of the unknown appears ;. as in ' ^ 

4a?a_5aj = 20. 

110. A cubic J or equation of the third degree ^ contains 
the cube of the unknown ; as 

3a?« — 6a?»+2a? = 80. 

111. A biquadratiCf or equation of the fourth degree, con- 
tains the fourth power of the unknown ; as 

4x*— 30a:» + 5a:» 4- 8x = 70. 

112. Those which contain higher powers than the fourth 
are called equations of the fifth, sixth, &c., degrees, according 
as the highest power of tke unknown is^the fifth, sixth, &c. 

113. A pure equation is one which contains but a single 
po\ver of the unknown quantity. Thus, 

oo:" s= 6, and 5 :c« s 80 

are pure equations of the third and fourth degrees respec- 
tively. ' '^ ^ 

.114* Those equations which contain^ more than one 
power of the unknown quantity are called adfected equations. 

115. A complete equatiop contains all the powers of the 
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unknown, from the highest down, and abo a known teim ; 
thus, 

a;« — 5a* + 8;r» + 3 a? + 20 = 

r * 

is a complete ec^uation of the foutth degree. 



SECTION L ^ i 

Simple Equations. 

Becapitvlation of Rule$.^--4^drL 8 and 9.) 

116. 1st. An equation may he cleared of /ractions by 
multiplying by the least common multiple^ of the denomi- 
nators. 

2d. Any quantity may be transposed from one member of 
9n equation to the other hy changing its sign. 

On these two rules depend all the methods of solving 
such simple equations. as do not involve the roots of the 
unknown quantity. -The artifices to be employed vary so 
much with the nature of the equation under consideration, 
that much must depend upon the ingenuity of the stu- 
dent. An equation should, however, generally be cleared 
of fractions ; after which the terms containing the unknown 
quantity shou{d be collected, by transposition, in the left 
member,.and all the others in the right, then dividing by the 
coefficient of the unknown quantity, we arrive at the value 
desired. 

» • . > - 

EXAVFLES. 

„ /■ ; a? + 8 4 2(0?— 1) 9 ^ ^ , 
Ex. 1. Given -^^-l^— --szar^-rr — ^ — -- to find x. 

7 6 3-5 

Multiplying by 105, we have ^ 

15a? + 45— 84 «70ar— 70— 189. . 

Transposing, 15 ic — 70 ar = — 70 — 189 -^ 45 -|- 84, 
or,- —-550? ±=—220, ' 

whence araaa 4. 

*. - • ■ 

Ex.2. Given ^^i^-^=^« 16— 2ar, to find the 

5 6 

vaLue> of ar. 
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CJflMingcfftacdflns,welMcte 

8x + 4 — » + ar«80 — 10^ 

wlience 14x^98^ 

and xsT. 

Ex.3. Giren (ac + M)« + Wr«=2fl6crf+ (tf» + 6«)««. 

Squaring ae + bd and mnltipIyiDg the fictan in the last 
temiy we have 

€^ + 2abcd + b^ + b^^2abcd + tfy^ + b^t^ 

Of omitting the tenna found in both membera 

whence ft^aeA^c* — Wrf", 

and xas c* — d*. 

Ex.4. GiTenl±^-4?- = 5ir-^^=? + 7,to find 

7 4 ■ - o 

the value of x« 
Clearing oi fiactioiis» we haVe 

8;r + 40-2iS6^280z — 81x + 14 + ae% 

or, — 261x»0a2 

^130 

Ex.5. (xiYen7x+6 — 3 op v^ 56 + 2 ;r, to find the Value 
of X. j^fM. X B 25. 

X X 5 4 X 
Ex. 6. Glren « + g- + s- « •^- + 7, to find the value 

2 o D p 

of X. df i». X 8 185. 

Ex.7. CK,«a ^^ + )8«-H=ii!-«±=^.to 

O ' 2 p 

find the value of x. Ans. x s 3. 

Ex. 8. Given ^^~? — ^ « 15 — ^^-t^, to find the 

x + 3 4 4 44 

valuQofx. «tfA«. x«9i— -3s* 

47 
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Ex. 9. Given | (a? + 8) — ?■ (2 a? + 7) « ^ (3 a?— 6), to 

find the value of x. Ana, x^l^r^. 

2o 

17 -lA r^' to . .r (8a:+9)(9a?— 7) ,13 

Ex. IQ. Given 12a: + 7 — ^ ■ ^ ^ ^ 1--,— 1—. 

^ 6x— 3 21 

to find tilie value of x^ Ana, a? ss .4. 

Ex. 11. Given 7- H a cf , to find the value of x, 

ox ex t ra 

• ., Jina, X =s — - ■ ■ ■> ' 

Ex. 12. Given (a + x) (a — a?}-^ 3 oa; at — ^^^^ ^, to 

find the value of a?. ^ 2 a 

.«an«. a? =8 — . 

117. It very frequently happens that the unknown, either 
simply or in connection with known quantities, is affected 
with a radical sign. One of the first steps in such cases is 
to clear the equation of surds» This may be done readily if 
there is hut one such quantity in the eauation» For if wo 
transpose so as to leave the radical stand by itself, and then 
involve the equation to a power indicated by the index of 
the surd, we shall evidently obtain ^ new equation clear of 
surds. 

Thus, if the equation is 

y/y^ — «* + a? s=a« + 2ap, 
we have ^^i^ — <tx ^^a-^-x. 

Whence by squaring both numbers,, we obtain . 

Qi^ — ax ss o'-f^ax + a:'. 

From this we find ^ 

ZE SSS ^*^^ ""^^ 

3 

118. If there are more, than one surd in an equation, no 
general rules can be given as to the arrangement of the 
terms previously to involving. It depends in each case upon 
the nature of the surds ; ^e method of proceeding must 
therefore be left to the ingenuity of the student. 

In many itntances -^the question will admit of vaiioua 
modes of station. 

9* 
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Ex. 1. Given ^a + a? = ^ax + Va^^x. 
Squaring we have a + x =s oa? + 2^a*x— oa:" + « — a?f 
wheiiCB 2ar— aP=*av^4i»^'-«*'. 

Squaring 4a:«— 4ar« + a"x*-=4fl^aJ— 4a«*» 
Cancelling -^ 4 c^, and dividing by ^ 

4a* 
whes^ X ^ 

a»+4. 

Jlnother sohUian. 

Transposing we have Va + x — v^a— x = v^ ax. 
Whence by squaring a+X'^2V'ii^-^x*+-«-^ «=»•*» 
and transposing— Sv^fl' — a:* = ax -^ 2 a, 
whence 4rf' — 4x«s»a"x* — 4flftp + 4a»» 
transposing and dividing by x 

4 X + a»x ^ 4 a* 
4rt» 



X 



• • 



a" + 4 



Ex. 2. Given v'a? + V.5 + x «■ ^ . ^i t to find the 

V 5 + X 

value, of X. 

Here clearing of fractions, we have 

V^6 X + x» + 5 + X SB 10. 

v^6x + x*«-5-^x. 

And' 6x + x«=:25— -10x + x», 

whence 15 x ^ 25 

- ^ • . 6 - 

and ^*=-S' 

Ex. 8. Oim v^OhTx 4 9^7, to&id the vnkie of x. 



f 



f 



EXe 4. Given v^o* +^»^ ?=;: J 4- 3?, to find the value of x. 

a c^ — b' 

Ex, & Given. \/a + j? + y/x^ . f ^^ find the 

value of r, Jh%». t = ?. 

« 

^x. 6. Giren Va + x^w v^4 o" + a;*, to find the vtdue 

Ex. r Given a + a? »= ^/{fl" + « \/(^ + a:*)}, to find 
the value of ^, ^.^409 

•afW. a? s=s T- . 

Ex. 8. Given x + a + V^aaaT+ap" = 6, to find the 

^ »• ^^'^ ^TT=^T?' *" «"* *" ^- 

of a?. Ans. ar8 4. 

Ex. 10. Given ^. — -—r ^ ^^-. — -— ^, to fiiid the 

\/ax + b ^y/ax + bb gr, 

value of a?. Ans. a?=: — -. 

'■ ' <* 

Ex. 11. Given %/{! + x v^x» + 12} « 1 + ar, to find the 
value of ap. d^< a?n9 2. 

Ex. 12. Given \/2a: — 4 + 12 =» 14, to find the value 
ofar. ^ns, a? a 4. 

Ex. 13. Girea -^q + x + ^^'a — x=ab,to find the value 

Ex. 14, Qiveji. ^6 + x +, ^B-^x == 2, to find the va- 
lue of a?» , 14 
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Ex. 16, Qiyen v^n^ + x + \/x « ..^ . — . ,to find the 
value of X. Jlne. x b ^ * \ 

Ex. 16. Giren 8ar + 6 : 5 a?'+ 2 : : 5 : 3, to find the va- 
lue of or. See Art. 43. ^ns.^xemS* 

10 + a? 
Ex. 17. ,Given — ^— ^ - 4 a: — 9 : : 2 : 6, to find the va- 

lue of or. ; ^ns, a; b 4. 

T^ to i-.- 17 — 4 a? 15 + 2 a? _ _ . 
Ex. 18. Given ^ : - — ^r 2xi: 6 : 4» to 

find the value of x. Ans. a? a=r 3. 

Ex. 19. Given l^ : if^ :, i±«^ , 5lll£, 
to find the value of ar. ^ 1 .283 ' 



Ex. 20. Given \/{4 + s/«* — a:"} ««— 2, to find the 
value ol\rc» ^ ^1 

o 



Ex. 21. Given y/a + %/a: +.\/a — \/af « ^a?, to find 
the value of a?.- Ans. a? =b 4 (a — 1). 



a" . ,\ /a« 



Ex. 22, Given/r- + *) — %/( *)«•«, to find 

the value of a:» ^ 4 a*c. 

•an^. X ss 



46« + c« 



a 



Ex. 23. Given y/a + a? — -v/ — ; — = ^^2 a+ ar,tQ find 
^ ^ a + a: 

the value of a:. ^ /I — 2\/a — a\ ^ 

AnS. X es ( — ) y/iU 

1 19. In all cases where there are two or more unknown 
quantities, there must be as many independent eqHati<xiS9 
otherwise the number of resuhs is unlimited. 

lf» for^example, the equation 

6a^ + 6y»ll 
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were given, to. determine the yalues of x andy, we would 

have X = ■ ■■ , — S 

5 

in which we might give to y any value whatever, and thence 
determine a corresponding vsjue of x. (See IndeUrminate 
Analysis.) 

But, if to this we add the condition expressed in the fol- 
lowing equation, viz. : 

3ar— «y^e, 

the problem becomes entirely limited; for from this we 

derive x «= — 5— ^» 

and as these two values niust be equal, we have 

n-6y 5 + 2y 
5 "^ 9 ' 
from which we readily determitie the value of y, viz. : 

2 

, 11 -6y 13 6+2y 13 , 

whence x ap: =r— ^ = —-, or a? = — ^r— ^ » -=-, as be- 

5 7 3 7 

fore. 

Moreover, these are the only values which T<rill ftnswer 
the required conditionfli. 

120* Tli^rlibavo solutipn lead? to 

Method, 1, 

Of determining the values of the unknown quantities in 
two equations. 

It consists in finding the values of one of the unknown 
quantities in each equation, and equating the results. We 
thus obtain an equation which contains l)ut one unknown 
quantity. This may be determined by the methods already 
explained. ^ . 

This process, by which we arrive hx an eauation indepen* 
dent of one of the uiikndwn quantities, is called e/imina/ion, 
and the quantity w}iidi i» thus mad9 to disappear is said 
to be eliminated* 



IQfi 

Mbthod % 

Multiply one or both of the equatioiis hy each nnmber or 
namhera as will make (he coefficients of one of the unknown 
quantities the same in both ; then add or subtiact, according 
as these terms have difleient or like signs. By diis process 
one of the unknown quantities wiQ be eliminated ; and the 
value of the other may be determined as before. 

As an example of this method, which is senerally the 
best, as it admits of moire compactness, we shall sdve the 
same equations as before, Yit* : 

5ar4-6yall 

8x — 2y» 5. 
Multiplying the last by 3, we have 

9x— 6y = 15, 
adding to the first 14x ss 26; 

whence ^^^-^ 

7 

H-6a? 2 , . 

and y = — ^ =— as before. 

We may ailso eliminate by 

Method 3. 

• Find the value of one of the unknown quantities in either 
of the equations, and substitute the value thus determined 
in the other equation. We will thus arrive at an equation 
contaimn£r cmly the other rmknown quantity, which may be 
found as before. 

Let the equations be ^ 

5ar + 6y»ll 

From the last equation, we have 

5 + 2y 
• ~ 3 • 

This, substituted in the first equation, gives 

21+12^ 4- 6v- 11. 



3 +«y 



f 
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Clearing of fractions 25 + lOy -(t IS y = 33, 
whence ,28y=s 8, 



^ 1^ 5 + 2y 13 

Consequent^ a? =« . "^ = --. 

121. Whicliever of these above methods we desire to 
applyrit will generally be best to clear the equation of frac- 
tions, and colkct the terms which contain- the unknown 
SuantitieSk If method 2 is employed, they should be upon 
le left side of the equation. 

^ Though the second is generally the best method, yet it is 
not uniyersally so, as in some "bases particular, artifices may 
be employed which will shorten the process. 

If, for example, the values of x and i/ were required from 
the equations 

X y y 
^ y a? 2' 

and we were to dear them of fractions, we would obtain 

4y + 5a: = 9a: — xy 
lOy + 8 a? = 14y + 3 a:y, 

which, by transposition, become .' , _• 

4a:— 4y = ay 
oa? — 4y sa3a:y, 

whence,. by subtraction, 

4ar = 2ay, 
or y = 2. 

From this we readily derive 

a? =3 4. 

* 4 4 

Otherwise. Transposing, we have =a — 1, 

■nc y 

2_4 _3 

a? y"" 2* 

whence,.by subtractioui ""^^S* 

and a: = 4, 

y sss 2, as before. 



and 
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Examples. 

laes of a: andy. ^ ' •^'W. a?«2,yas^5. 

Ex.2.Given JJj + Jj^iJJ^^^^*^ *^^ ^^"^ ''^ 

ri2a: + 3y«^5y + 36 1 

Ex-3. Given j 4x_2y-^^^j^_82±H_ 36 f 

to find the Tdues of « and y. ^n#. «="5yy «« 12* 

Ex. 4. Given < „ Jnto find the values of x 

gnd y. •^«»' « = 7, « = 14. 

Ex. 5. Given <i T Y° ^^^ ^^ yviae& of « 



^ 



values of a> and y. Jina. x,=» 4, y = 3 

jh5-^£=y = 8y-5 





Ex.7. Given <{- J _. J._3 - , Uo find 

the values of « and y. <^n«. a: = 3, y = 2. 

-a? + y : 4 a? + y : : 4 : 7 

Ex. 8. Given<j -/ - « « 21-1^ _^ 
to find the values of » and y. ^n*. a!«3, y — 9. 
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Ex. 9. Given i^ + ^ = ^ J to find the values of x 
, - b'm — bm^ am' — o'm 

These results will serve to solve all equations that can be 
reduced to forms similap to those of this example ; we have 
merely^^o substitute for aya\ 6, h\ m and m', the numbers 
to which they are equal, and then reduce. ' , 

-a b -^ / 

Ex. 10. Given ,J ^ ^ L^ find the values of a? 

Ex. 11. Given 
+ 2^x : y— 2a? :: 12a?-^6y— 3 : 6y— 12a:— 1 

5ar + 8y ^-^"^T 12ar-3y ^ « . 15a? 

r^ — —r- 7 — +^+^" 

to find the values of x and y. Ans. a? » 1, y =s4. 

r^ b 1 

Ex. 12. Given-j b +y ""3 a + a? p^ find the values of 

Laa? + 26y = c J 

26«— 6a» + c 

^ 3a 

y^ sb ■ 

Ex. 13. Given 
5 3a? + 5a : 3a? — 5a :: 4a? + 2a— y : 4a? — 2a + y> 
^7aa? — 3y : 7ay — 5a? :: 7aa? + 3y : 7ay + 6a? . 3 

to find the values of a? and y . 

•/9n«. a?a rr-\/15. 

14a 

» 3- 

— 

• • • - ■ ^ ^ 

^ See eicample wrought, page 107. 

10 
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Ex. 14- diyenS^ + y ^J^tofindarandy 






2a 



2a 



Ex. 15. 



Qiyen 



i 



3y + 6 Sx-^2 

6 ii5~ 



5 .8 

3a? 2y 5 x y , 1 ^^X ,1 
."2" "^"T"^ 2* 2~3"+ 6 '' *"2 ' *6 






to find the Talues of x and y. 



y«3. 



2%/^ + «y— 13= ^x— -y+9l 
Ex. 16. Giren^ 3 j 

to find the values of x and y. « . 

^n*. a?=s64, y ssll. 



ay+9 I 
|y+7^J 



At 34^ 4y+13ar 12x + 8-) 

r* t^ i-.- J 3 27— 6y 3 

Ex.17. Given ^^^_4^ is/+13 , 1 

/^ + 5?=10"=^ 6 ^^9 J 

to find the values of x and y. ^ns^ :rs7, yesS. 

Ex. 18. Given 

j3£+2y 4^ y— 2x 4 a?— y L 

1 "^ 3 ='*+"T0 T~f 

Ly+2a::y— 2a?:: 12a?+6y— 3:6y— 12aJ— ij 



to find the values of a? and y. 



,«^n9. a?=s l,y ss4- 



-_ ,^ U.. 2t/— a? _. 59 — 2a?- 

Ex. 19. Given a? — -| =^ ^ r: — . 

23 — a? 



and 

the vames of x and y. 



V — 3 



2 ' I 
73-3y f*^fi' 

r~d 

,i9n9. a?^2l,y»20. 



1 
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r. , 15— ar „ , _ , 7ar+ll- 
Ex. 30. Given J . \ « . -. 

to find the values of x and y. 



6a:«+130— 24t 



I T^ :f ^ 2a: -^4y - 
1 151 — 16 a? 9 ary — 



Ex. 21. Qiven j .!. . . ^ * r ^ ^ + J^ 




4y— 1 3y— 4 

to find the values of x and y. 

w^ii^. a;ss9, ys2. 

122. EqtJuUuma containing three or more unknown 
quantities. 

The methods employed in solving equations containing 
three or more unknown quantities, being only an extension of 
those explained in the last article, require no farther elucida- 
tion. We shall therefore merely apply them to a few ex- 
aiqples, and affix others for the exercise of the student. 

E:;cA]iPLBs. 

far + y •\'Z *= 151 
Ex. 1. Given <ar + 2y + 3jr = 23 vto find the values 

ta: + 3y + 4;r = 28j 
of ar, yy and z. 

Subtracting the 1st fropo, the 2d, and the 2d from the 8(f, 
we have y + 2 ar = 8 

y+__£_^» 
whence ^ jr as 8 

and JTsslS — y— 5r s=s 10. 

Ex.2. Given 2a: + 3y +4^: — 40 

4a? + 5y + 6z = 90 
6a? — 3y + 4 « = "TS, to find the va- 
lues of ar, y, and ;;. 

Subtracting the 1st from the third, we have 

3a* — 6y ai35. 



112 SIMPLE EQUATIONS. 

Multiply the Ist by 3, and the 2d hy 2, and subtract the 
former result from the latter, and 

Whence 12 x + 6 y = 360, 

but 8a?-^6yi«35, 

15 X a 395, 

and ^ a?s=s26|, 

Ai 3a? — 35 -,, 
Also ys=r = 71, 

40 — 3y — 2x o«? 

and z a ^ «s= — 8g. 

4 



Ex. 3. Given ^ x+-y + ^z^S2^ 



gOf + jy + ^^-lB 

1,1 1 

ja:'+-y 4- — « = 12, to find the va-' 

lues of Xi y, and z. 

^n«^ :r sr 12, y c=: 20, and 2: 8 30. 

Ex.4. .Given 7x + 6y + 2z^79 

8a? + 7y.+ 9i=s 122 

^ + 4y + ^^ — ^9 to find the values 
of or, y, and 2:. 

^ns, a: = 4, y = 9, and 2: « 3. 

This example is most conveniently solved by adding the 
equations together, and dividing the result by 16 ; also, 
taking the difilerence between the 1st and 2d, the two re- 
sults and the third will form three '^uations, in each of 
which the coefficient of a? will be 1. 

Ex.5. Given 4a? — 3y + 2z=l0 

5ar + 6y — 8z = — 1 

— ir + 8 y + 3 ar .= 44, to find the values 
of Xj y, and z, 

jina. a: = 3, y SBT 4, and ^r » 5. 
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Ez« 6. Gireir x + y + z^a 

ss + y + u^h 

a? -f ;? + w = c 

y 4* z + u sadf to find the values of 

XfVfBmiz. 

a+b+c—2d 

* - - - — . 

3 

a + b+d—^c 

r — " \ 

3 

b+c+d—^a 

3 



J9n5. X 



y— 



€1 



Ex. 7. Given 

10 16 "* 5 

0a:+5y-.2« 2a:+y— 32f , 7y+£-f3 1 

12~"" 4 Ti "^6. 

5y|g5_2a.+8|--^ ^ 2^ ^ y^l,,, ^g±|y±Z,^ 

to find the valttes of a?, y, and af, 

^rw. arsQvy 3=7, aQdzs3. 



11 1-^ 
x+y "8 
1.1 1 



Ex. 8. Given s - + r '^^ a r « -^^^ -^ 

X z 9 y^vKXz 



to find the Valnie^ of x« 



1+1=1 

34 23 7 

.Aw. ar = 14^, y = IT jj,«nd ar - a»^ 



41 



Ta^yj: s== 24' 



Ex. ?. Givea <^ ;;^ ; 



30 1 ^ fiitd the values of t?, rr, 
= 40 I y, and z. 
= 60. 

a=5 5, a: == 2, y as 3, and 2: « 4. 
10* 
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17 lA r.- I^f^t^^'"??^! to find the valacs 
JE-x. 10. Given i y (a? + ^ ) = 105 v 






jj^ f of a?, y, and 2:. 
w9n«. 0? s 6, y =s 7, and 2r » 9. 

123. The following method is sometimes preferable, 
especially where the coefficients are literal. ' 

Multiply the 2d, 3d, &c., equations by some indeterminate 
quantities, and add the results to the 1st. Assume the co- 
efficients of all the unknown quantities except one in the 
sum^ equal to 0, we will thus be furnished with a number 
of new equations equal to the indeterminate quantities in- 
troduced, from which equations these may be found* Their 
values substituted into the sum of the equations will eli- 
minate all the unknown quantities except (me, whence this 
may be determined. 

Examples. 

Ex. 1. Given. 2x + &y + 7z^45 . 

3a:+'2y — 3^: = — 3 

6x + 3y — z Bs 10, to find the values 
of;r,y,andz. 

Multiply the 2d by m, and the third by n, and we have 

2a?+5y +7 z =45 
Smx + 2mj/ — 3m;r«ss — Bm 
5na?^3ny— ^nz asslOn. 

Assume now 8m + 3w + 6=0, ^ 

and — 3 m — n + TeaO, 

or 2m + 3n=s — 5^ 

and 3»» + n=7, 

whence mssd— and n = -^4=-; 

7 7 

consequently 2x + Sfnx + 5nxs=^ — 3m-|-10ft 

„ . 78 145 .- 78 200 

becomes xx + -^x =-« = 45 — -=- — -rr-, 

7 7 7 7 

or Ma: + 78 a? - 145 x » 315 - 78 - 290, 

whence 63 2^8:63, 

and X s 1. V 
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InJikemannef 


y=^3 


L 




y Ex. 2. Given 


ax + 6y = c 


1 


a^x + b^yiBiC' 
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Multiplying the latter by m and adding to the former, 
we hare 

{a'i-ma')x + {b + mb')y9^c + mc', 

h 
If now we assume 6 + wi6'HsrO,.or fn=: — jj^ y^^ ^*^® 

- ac' — o'c 

* ! 

Ex. 3. Given \ a"x +b"y +€"z = m" L to find the 

I a'"x+ b"'y+ c"'z = m'" J 
values of or, y, and z. 

r 

Multiplyii;ig4he second by p, and the third by q^ the equa- 
tions become 

a'x + b'y +c'z e=m' 1 
pa"x +pb"y +pc''z ==pm!' > (A) 

qa!''jl! + qb"'y+qc'"z^qm''\} 

Assume now pb'' + qb'"=s — b' 7 /g\ 

and ' |»c^' + gc"^ = — C, 5 

and we wifl have for the sum of the equations (A), 

whence x as , . ^, . >» > (^) 

in which the only difference between the numerator atfd 
denominator is, that the former contains the absolute quan- 
tities m', m", and m'", in place <rf the coefficients of a:, viz., 
a', a'', and a'". 
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From equBtions (B) we readflj find, as in last e:i^tt]nple, 

ft'"c' — h't'" 



nr\A 



b'c" —b"e' 



^ b"c"' — 6'"c"' 
whicliy substituted in (C), give 

*» + «* ft"c'"— 6"'c" "*" *** 6"c'"-^ 6"'c" 

***,,„ b"'e'—b'c'" , ^„ ft'c"— 6"c\ 

«' 4- a 4- a ■ 

^ *V" — 6"V^ 6"c"' — 6'"c" 

In a similar manner we may find 



^VV ^b'd*d" +b"a!(f" —b**ci"c* +6'"aV —h*"a'd* ' 

■> 

and 

If we examine the denominators of these values we will 
readily see that they are identical, and consist of all the com- 
binations of the coefficients of or, j^, and 2r, that can be made 
by taking a coefficient of a?, one of y, and one of ar» from the 
sucoessire equations ; the signs bemg alternately jUxm and 
f?itnti«. 

The numerators are evidently the same as the denomifla- 
tors, except, that instead of the coefficients of that unknown 
quantity t6 which the result belongs, the absolute number in 
tne same equation is substituted. . 

Now, if we arrange the coefficients as in the followiilg 
table, and take one from ekch column, proceeding diagonally 
downwards and to the right, and then repeat the process 
diagonally upwards,* we shall form aH the combinations of 
the kind desired' for the denominator. 

The denoitiinator will be eqaal to the sipn of the combi- 
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nations taken downwards, diminished by the sum of those 
proceeding upwards. Thus', 

a' 6' c' 
a" b" c" ' 

a' h' c' 

The combinations dbwnward^ and to the right, are 

a'h"c^", a"^"'c', a'"b'c". 

Those taken upwards and to the right, are 

a'^h'c'", a'b'"c", a"'b"c'. ' 

And the denominator iis 

a'b"c"'+a''b'"c'+ a'"b'c" — a"b'c^' — a'b'^'c" — a'"b''c\ 

as will be seen by comparing with the values before ob- 
tained. 

To obtain the numerators-^that of y for instance— write 
the numbers w', m", and m'"^ instead of b'-^ b'\ and b'"\ in 
the table, and take the products in the same manner. Thus, 

. a' m' c' 

a* rnf c* . 

The numerator will be 
a!m"(^"+a"m"'e+a!"m*&'-^ a"m!c*"-^ affn*"c"~ €^"m"c'. 

The above process will be found very much to shorten 
the process of. solution, in equations containing three .un- 
known quantities. 



EXAMPL 



i£S« 



r5x + 8y + 2ar=s29'] to find the va- 
Ex. 1. Given ■< 2ar + 6y-^2r « 14 V lues of a?, y, 

(^3a:— 2y + 4.ar = 20J and;?. 
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Fiisty for the denominator, 

6, 3, 2, 
a. 5,-1, 
3,^2, 4, 
5, 3, 2, 
2, 5,-1. 

Positiire products, 5x5x4 + 2 x -^2 x2 + 3x3x-t1 

» 100-^8— 9 » 83. 

Negative " 2x3x 4 + 5 X— 2 X — 1 +3 x5 x2 

«h24 + 10 + 3P»64, 

and the denominator is 

83 — 64 = 1§^ 

r 

2d. For numerator of a?, 

2^1 o, 2y ■ ^ 

14, 5,-1, 
20,-2, 4, 
^, 3, % 
14, 6,-1. 
Positive products, 29 x 5 X 4+14 X — 2x2+20x3 x — 1 

» 580— 56— 60 := 464. 

Negative « 14 X 3 x 4+29x— 2 X — 1+ 20x5+2 

- 168 + 68 + 200.= 426. 

The numerator^ therefore, is 464 — 426 «» 38. 

38 

Consequently a? « =g =* 2. 

Similarly the numerator for y is 

(5xl4x4+2x20x2+3x29XT-i) 
—.(2x29x4+5x20x— 1+3x14x2) =273—216=: 57, 

57 ^ 
and y"l9~ - 

Also, for z, the numerator, is 

(5x5x20+2x— 2x29+3x3X14) 
— (2x3x20+5x—2xl4+3x5x29)=610— 415=95, 
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^5 K 

and * " 19 ^ 



Ex. 2. Given -{ 2ar + 8j( f=; 16 I to find the 

t5af + 7y-^2z= 6 J 

values of a?, y, and ;ri 



Fiifrt, The denominator ' 

=(3x8x— 2+2x7xl+5x-r.6x0) 
-(&x8xl+2X—6x— 2+3x7x0) 
«_34_64=— 98. 

The numerator of a? = 

(— 39x8x— 2+16x7xl+5x— 6x0) 
— (5 x8xl+16x—6x—2+— 32x7x0) 

= 624 — 232 = 392. 

> 
The numerator of y = 

(3xl6x— 2+2x5xl+5x— 32x0) 
— (5xl6xl+2x— 32x— 2+Sx5xO) 
= ^86 — 208 = — 294. 

The numferator of z ats 

(3x8x5+2x7x— 32+5X— 6x16) 
_(5x8x—32+2x— 6x6+3x7x16) 
« — 808 + 1004 = 196. 

Therefore, 

392 ^ -294 ^ , 196 ^ 

—98 /*'^ .^ 98 -^98 



r 3i^— 9y+82: = 4l ") 
J — 5a? + 4y + 2;2rs= — 30}- 
{. lla?— 7y— 6;r=?7 J 



Ex. 3. Given ^ — 5a? + 4.v + 2;2rs=— 20 J- tofindthe 

value of ap, y, and 2r. 

w?n«. a? = 2, y = — 3)andz=l. 
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Ex. 4. Giyen < 



'x+y 
3 



of Xt y, and z. 



— d2?«s<-^65 ^ to find the values 



i£iJ^=f=38 



•^n9« a^Bs 24, y s 9,^d ;r « 5. 



Ex. 5. Given < 



•21,3 . ■ 



> to find the 



Zx—^y+z =2 
talues of ar, y, and z< 

iln«. a; a 6, y ss 12» and a; s 8. 



SECTION n. . 

Qtieitiont producing Single Equations^ 

In solving such questions, it is impossible to give any 
rules that will guide in all, or even in a majority of cases. 
Almost every thing depends upon the ingenuity of the stu- 
dent, upon his habits of analysis, and a judicious selection 
of the quantity to be represented by the unknown. 

We should, after deliberately studpng the question, fix 
upon something as the quantity to be determined, and then 
operate upon the letter by which it is represented, as though 
it were known, and we wished to prove the result. We 
will thus arrive at an equation which, when solved, will 
determine the value oi the required quantity. 

Example 1. 

To find two numbers in the ratio of 3 to 5 ; such that their 
sum shall be equal to one-fourth the difference of their 
squares. 

This may be solved in various ways. 
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Ist. Let X represent the smaller number 
and y the larger ; 

"■■ 6 ■ 

then we have a? : y : : 3 : 5, or y = ^x 

< . . ■ o 

and jy'— 4^'— ^ + y» 

11 

dividing by ^y + 2; ^» we have . 

y — a? = 4: - 
or, substituting the value of y, above determined* 

g-a: — a? — ^ a? — ^ 
whence a?=s6 

and . y«=g^a?« 10 1 

or, more simply, thus. 

Let 5 X and 3 ar represent the numbers, 

then we have 5ar + 3a: = j(25a^ — 9a:«), 

or, , 8 a? = 4 a^, 

whetfce :2r ?= 2 

and '6a:= 10 

. 3a?«6 

as before. 

The above solutions lead tb the important remark, that in 
selecting the unknowns we should endeatour to embody as 
many of the conditions as possible ia the numbers assumed. 

The following example afibrds a further illustration of this 
rule. 

Ex. 2. To divide the number 1 16 into four parts, such that 
if the first be increased by 5, the second diminished by 4, the 
third multiplied by 3, And the fourth divided by 2, the reaults 
shall be equal. ^ . 

'X ' 

Letar7-5, a:-|-4, ^ and 2 a? represent the parts. It is 

isyident jthat^all the conditions, except the first, viz., that the 

11 
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parts make 116, are .ful6lled by these numbers, whaterer 
value X msLj have ; the result in each case being x. It only 
remains to fulfil the other condition, which leads to the equa- 
tion • - 

ar_5 + a? + 4 +~ + 3 a?« 116; 

or 13a? = 361^ 

whence . dp =27 

and the parts are 22, 31, 9 and 54. 

Ex. 3. Divide the number 49 into two such parts, that 
the greatet, increased by 6, may be to the less diminished 
by 11 as 9 to 2. 

Let 9 a;—- 6 = the greater 

and 2x + 11 sss the less. 

These fulfil the last condition, since the first .+ 6 a 9 a? and 
the second — 1 1 » 2 a?, which results are as 9 to 2. 

The first condition gives ^ 

9a: — 6 + 2ar+ll or lla: + 6 «49, 
whence a? =4 

9ar — 6 =s30 
and 2a?+U=sl9. 

r 

Another Solution. ' . 

Let a; as the greater, and 49, — x^ the less, then we 
have 

a? + 6 : 38 — a? : : 9 : 2, 

whence (Art. 47) aj + 6 : 44 : : 9 : 11 
and (Art. 45) a? -(- 6 : 4 : : 9 : 1, 
whence a? 4- 6 s= 36 

and aps30 

.-. 49 — x = 19, 

Ex. 5. A courier having b^en gone 6 days, travels 60 
miles per day. A second is then sent to overtake him, and 
travels 80 miles per day. In what time will he overtake 
the form>sr, and how far "will they have travelled ? 
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Let . X = the number of days the second travels ; 

then a: ,+ 6 == the number the first travels ; 

80 0? SB the number of miles the second travels ; 
and 60 (a? + 6) = 60 a; + 360 => the number the first travels. 
Hence 80 a; = 60 2r + 360 
and 20ir^360, 

or X s=s 18, the number of days, 

80 a; as 1440, the distance. 

Ex. 6. Says A to B, give me 10 dollars of your money, 
and I shall have three times as much as you. What wais 
the amount each had, supposing the whole amount is $110. 

Let X =s the number of dollars A had, 

then 110— a; ;s the number Bhad, 

Then, after B had given 10 to A^ they would have a? + 10 
and 100 — a:, respectively. 

.*. by the question 

a: + 10 = 3 (100— x) a 300 — 3 27, 

or 4.a;tB=2d0 

and xp^72i the number of dollars A had, 

110 — ar B 37i the number B had. 

Ex. 7. A gentleman whose property is all invested in se- 
curities bearing 5 per cent, interest, spends-} of his income 
in his household expensea ; I of it in clothing. The balance, 
which is $820, is hud out for charitable purposes. What is- 
the value of his estate. 

Let. a? be the value of his estate in dollars, 
then |7w|-c » — is his yearly income, 

3 X Sx 

.'. c" 0^ 5H =* 77u;'= *^® ^^^ spent for household purposes, 

1 XX' 

— of — a=s — a the sum laid out in clothing. 

Conseqiiendy J -^ +1^ + 830. 

Multiplying by 300, to clear of fractions, we have 
15 a? « 9 ar + 5 ^ + ^6000, 
wbpnAP. X ?Bi 246000, the value of the estate. 
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Ex. 8. A can petfonn apiece of work ia 20 days, B and 
C can together do it in 12 days. Now, if they all work for 
6 days, C can finish it in 3 days. In what time would B 
or C have done it alone ? 

Let X ai the numher of days which B would require, 
and y ma the numher C would require, 

then —and — are the parts of the work which each will 
a? y 

perform in 1 day. 

The thF^ will therefore, in the 6 days, do 

ao^x + y* 

f^ ., 6 , 6 , « , 8 6,6,9 ., - 

present the whole work. 

can do it in 12 days. We have then the equations 

12 12 
X y 

and s^H h-=i. 

w X y 

Multiplying the last by 2, and transposing, it becomes 

12 18^7 

X y^^' 

whence, by subtraction, — =» -- 
^ y 5 

and y x= 15, the number of days C requires ; 

aiso, X SB 00, the number B requires. 

2d Solution. Since B and C can do the whole work in 
12 days, it is evident they will do the half of it in 6 days ; 

6 3 

also, A in 6 days does ^s ^ of the work ; hence the three 

13 4 

will perform ^+ — = — of it in the 6 days; 
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3 . ' 

and since C in three days does the — th part we will have 

3 4 

whence - b= -. - ^ 

and 2/ s 15, as before ; 

also, since (< — ss 1 we have, by substituting the value 

of y, and cleaving of fractioiis, 

2r»60. 

Ex. 9. The specific gravity of tin being 7*4, and that of 
lead 11*5* Required the number of pounds .of each metal 
in a mass of solder weighing 12Q lbs., of the specific gra- 
vity 8f. ^^ . 

. Note. The specific gravity of a bodv is its weight com- 
pared with that of an equal bulk of distiUed water, at the 
temperature of 40° of Fahrenheit. 

The specific gravity is obtained by determining the w,eight 
of the body in the air^ and then weighing it in water, the- 
loss being the weight of an equal bulk of water. Having 
thus fo^nd the weight of the body, and also that of the same 
volume of water, the former of these is divided by the latter 
lor the specific gravity. 

Thus, suppose a mass of a cfertain mineral weighs 14 oz. 
in the air, and 12 oz. in water ; the loss, 2 oz., is the weight 

14 

of an equal bulk of water. Hence — = 7 is the specific 

- <w 

gravity. 

In \he combinations of difierent metals, the specific gravity 
of the compound is not generally the niean between those of 
its constituents, as the present question supposes, but it 
is rather greater in most cases. The amount of conden- 
sation in each instance can be determined otily by ex- 
periment. 

Let X be the number of poundis of tin^ 
and y of lead. 

11* 
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Then the weight of thcf water displaced hy x poands of 
tin and y pounds t>f lead, will be respectively ^ 

and ^ 



7-4 11-5 

4 

Also, 120 lbs. of the solder, of the specific gravity 8^, 

4 * 

will displace 120 -?- 8 =- ss 14 lbs. of water* 

We therefore have the eqtiations 

a? + y = 120 

7-4^11r6""*^' 

Clearing the last of fractions, it becomes 

115aT + 74y»119H, 
bat 74 a? + 74 y == 8880, 

whence 41 a> = ~ 3034, ' / 

and xsss74=B number of pounds of tin, 

y SB 120 — X sn 46, number of pounds of lead. 



••* 



Ex. 10. A person has f 10000 invested in the stock of 
two banks, A and B. The first year the institution A, in 
which the smaller sum is invested, divided 2 per cent, more 
than the other. The second year the dividends nmde by A 
were decreased, and those made by B were increased 1 peF 
cent. ; the receipts from both together being thus increased 
by ith of their former value. The third year B divided the 
same as the second year, and A the satne as it did the first, 
the whole being by this means increased by id of its originsd 
valae. What was the sum invested in each bank, and the 
rate per cent. ? 

Let, ;r B= the less sum, 

.•• - 10000 •'^ X 8s the greater. 
Let y -f 1 = the rate of dividend oa the less, 

y ^^ 1 c^ the rate on the greater. . 

100 ^ 100 50 ^ "^ " 

— 100 M the whole amount of dividend the fint yev. 
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and j^ + -i inhT ' "^ lOOy « the amount of divi- 

dei:f4 the second year. 

.-. ^+100y-100 + i(^ + 100y-100)-,100y, 



0? 



and a? + 1000 y = 5000. ^ (A) 

Again, the whole diWdepd the third year is 

x(i/ + l) {lO060-x)y X Q. 

; 100 ^100 lflO+*""y* 

And this being equal to th« l9t year's dividend, incRasecl 
by jd, we have . . •■. 

£ + i60y-100 + 1 (^+100y-lb0) - ^ + lOOy, 

or '^+100^ = 400. 

SubtraGting 10 times this from eiguation (A), we obtain 

- 2^ ;?; == 1000, 

whence x =5s 2000 « the sum m the Wnk A, 

and 10000 — a? = 8000 = the sum in the bank B. 

Subistituting the value of x thus obtained in equation A, 
we obtain '- ■■ 

whence y + J = 4? tj^^ ^^^^ 6f mterest. 

Ex. 11. A mijler had some wheat, which cost him $1.10 
per bushel, and some oats, which cost 75 cents per bushel. 
He ground them together, and made 1^ barrels of flour, 
which he sells for #5.997 per barrel,, thus clearing 14 per 
cent, on the cost; ^h© value of the bran being coii^sidered 
equal to the cost of grinding, packing, ^&c. Now, supposing 
5 bushels of grain make a barrel of flour, how many bushels 
of each kind did he grind ? 
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Let 0? SB the number of biisliels of wheat, 
and y 8s the number of rye, 

then x+y«19x5«95. (A) 

Also 110 a; B the cost of the wheat, 
and 75 y tss the cost of the rye. 

% 110a? + 75y + ^(110a: + 75y) 

1254 171 
«s — — a?^+ '"o'tf ■* ^® Pr^^ *^ which the 

flour must be sold. 

1254 171 

i^ a: + i^y = 599.7 X 19 = 118M.3, 
llr , Z *' 

or 1254 a; + B55y=: 113943. 

But (A) 855a; + 855y«:81225, 

hence 399 2r» 32718, 

and a; Bs 82 a the number of bushels of wheat, 

.*. y BBS 95— a; as 13 :;;£ the number of rye. 

Ex. 12. Required to find four numbers in arithmetical 
progression, which, being increased respectively by 2, 4, 8, 
and 15, shall be in geometricd progression f 

Let X — 2, ay -^4, ay"— 8, and a:y»— 16, be the num- 
bers. It is eyioent these fulfil the last condition, since in- 
creasing them by 2, 4, 8, and 15, makes, them 

ar, ay, ay, and ay«, 

which are in geometrical progression. It only iiemains,.then« 
to determine x and y, so that the numbers shall be in arith- 
metical progression. 

We shall, therefore, have (Art. 58), 

ay«-|-a? -.10«:2ay— 8 

ay» + ay — 19 = 2 ay» — 16. 
Multipljring the first by y, it becomes 

ay» + ay— 10y = 2ay« — 8y, 
whence lOy — 19=Sy — 16^ 

or 2y«:3, 

3 

and y«-. 
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Substitutiog thi$ in one of the original equations, we obtain 

Whence the numbers are readily found to be 

6, 8, 10, and 12. 

Ex. 13. Divide the number 26 into two such parts that 
one may exceed the other by 5. What are the parts I 

Am. 10 and 15. 

Ex. 14. The sum of $5500. is to be divided between 
A and B, in such proportion that A will receive an eagle as 
often as B does a dollar. What will each man's share be ? 

Am. A's « $5000. B's =» $500. 

Ex. 15. The number 75 is divided into two parts, such 
that three times the greater exceeds seven times the less by 
15. What are the parts^? 

Ans^ 21 and 54. 

Ex. 16. 1200 dollars is to be divided betweep A and B, 
1^0 that A's share shaU be to B's as 2 is to 7. How mttch 
should each receive ? 

Am. A, $260|, and B $d33f. 

Ex. 17b A vintner wishes to fill a cask containing 125 
gallons with wiae, on which he will be ^ble to clear 15 per 
cent, by selling it at 92 cts.per gallon. He has two parcels 
which cost 70 cts. and $1.50 per gallon respectively ; how 
Qiuch of each kind must he tsdce ? 

Am. 15| galls, at $1.50, and 109| galls, at 70 cts. 

Ex. 18. Required to find four numbers, such that i the 
1st, I the 2d, twice the 8d, and i the 4th, may be 21d ; 
twice the 1st, i the 2d, \ the 3d, and ? the 4th, may be 15 ; 
the first, twice the 2d, three times the 3d, and i the 4th, may 
be 40 ; and the sum of the numbers may be 26. 

Am. 4, 6, 7, and ?. 

^ * . t 

Ex. 19. A and B desiring to purchase a house jointly, 
have just. sufficient money in bank to pay for it. A says to 
9, If I had twice as much as I have, and \ of yours, I could 
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purchase it alone. B sajSy If I had half yours, and $1000 
in addition to what I have, I could pay for it. What had 
each? 

Am. A $2000, and B $3000. 

Ex. 20. Purchased 25 Ihs. of si^r, and 36 of coflee, for 
$8.04, but the price of each having &llen 1 cent per pound, 
I afterwards bought 2 lbs. more of the first, and 3 lbs. more 
of the second, for the same nioney. What was the price of 
each? a^^ C Sugar 12 cts. 

'^^^ ^Coffee 14 cts. 

Ex. 21. A aqd B agree to reap a field in 12 days, A be- 
ing able to work only | as fast as B. Finding they would 
be unable to finish it, at the end of 6 days they call in<]), by 
whose aid it id performed in the stipulated time. Now had 
C wrought from the beginning, they would have rea(>ed it 
in 9 days. In what time would each have done it alone ? 
AnB. A in 31 i days, B in 42 days, and G in 18 days. 

Ex. 22. A can perform k piece K>f work in a days, B in 6 
days, O in d days, and D in d days. In how many days 
will they finish it working together ? 

abe + abd + acd + bed ^' 

£Ix. 23. A and B engage to finish a piece of work in 15 
days, but after 7 days, finding they would be unable to ac- 
complish it, they call in C, by whose aid it is cornpleled. in 
14 days. Had C worked with them from the beginning, the 
three would have done it in \0i days. In what time would 
C alone have done it. ^ 

Ana, 21 days.' . 

Ex. 24. Boug'ht linen at 60 cts. per yard, uid muslin at 
16 cts. per yara, amounting in all to $11,40. I afterwards 
sold I of the b'nen and i of the muslin for $3.89, having 
cleared 29 cents by the bargain. How many yards of eacH 
did I purchase ? 

Ans, 15 linen, 16 muslin. 

Ex. 25. Bought 10 cows and 15 sheep for $215. I after- 
wards purchased 5 cows and 7 sheep for $107.50, the cows 
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costiag $1 a head more, and the sheep 50cts. a head less than 
before. What were the prices of* the first lot? 

Ana. Sheep $3, cows $17. 

Ex. 26; There are two numbers in the ratio of 5 : 4« but 
if each be increased by 20, the^ results are as 9 : 8. What 
are -the numbers f . Ana. 25 and 20. 

Ex. 27. What fraction is that to the numerator of which, 
if 1 be added, the. fraction will equal ^, but if 4 be added to 
the denominator, the fraction becomes \ ? Ana, ■^^. 

Ex. 28. A and B can do a piece of work in 15 days. 
When it was 4 done, they called in C, with whose aid the 
work was finished m 1^ days. In what time could G alone 
,haye done it ? Ana. 15 days. 

Ex. 29. A can do a piece of work in 20 days, and B and 
C can together perform it in 12 days. Now, if sill three 
work for 6 days, C can finish it in 3 days. In what time 
would B or C have performed it ? 

Ana, B 60 days, C 15 days. 

Ex. 30. A, B and C can perform a piece of work inl2 days. 
But afler A and B had worked together 7 days, finished 
it in 21 days. I^ what time would each have done it. sepa- 
rately, supposing A can do as much in 4 days as B can in 5 ? 

Ana, A in 33|, B in 42, and C in 33|. 

Ex. 31. Two men, A and B, agree to finish a piece of 
work in 12 days. But after they have worked together 6 
days, finding they will be unable to accomplish it, they call 
in O, and the three finish the work in 12 days. Now, if C 
had worked with A from the beginning, the two would have 
accomplished the work in 14 days, and B and C would have 
done it in 11 days. In what time would each have done it 
alone ? Ana. A in 53^, B in 26 J-, and C in 18^f . 

Ex. 32. A sets out on a journey, and travels at the rate 
of 25 miles per day. When he has been gone 10 days, B 
starts in pursuit, and travelling each day 10 miles further than 
he did the day preceding, overtakes A in 10 days.. How 
far did B go the drst day ? Ana. 5 miles. 
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Ex. 83. Four tiumbers in arithmetical progression, whose 
sum is 32, and the sam of theiic squares 336. What are the 
numberis ? ^iis. 2, 6, 10, 14. 

Ex. 34/ The sum^of five numbers in arithmetical progres- 
sion is 160, and the sum of the square roots of the extremes 
is 12. What are the numbers ? ^ns. 16^ S2» 48, 64. 

Ex. 35. The stlm of the square roots of the means of four 
numbers in arithmetical progression is 19, and the difilerence 
of the extremes 171. What are the numbers ? 

4ns. 7, 64, 121, 178. 

Ex. 36. There are. four numbers in arithmetical progres- 
sion, such that the difierence of the extremes is to the sum 
of the means as 3 to 11. The sum of the first and third is 
30. What are th^ numbers ? Jlns. 12, 16, 18, 21. 

Ex. 37. There ate five numbers in arithmetical progres- 
sion, whose sum is 40, and the sum of the square roots of the 
first and last 12« What is the common dinerence ? ~ 

Jlns. 6 V— 26. 

The question is therefore impossible. 

Ex. 38. There are six numbers in arithmetical progres- 
sion. The sum of the second and' fifth is 148, aijd the dif- 
ference of the square roots of the extremes is |0; What 
are the numbers ? Jins. 4, 32, 60, 88, 116, 144. 

Ex. 30. There are four numbers in arithmetical progres- 
sion, which, being increased by 2,3, 9, and 25, respectively 
become in geometrical progression. What are the numbers ? 

- Ans. 3>7, 11, 15. 

Ex. 40. There are two numbers in the ratio of 2 to 3, 
and their sum as to the sum of their squares as 6 to 78. 
What are they? jlns. 12 and 18. 

Ex. 41. A certain number is equal to 4 times the sum of 
its digits, and if 18 be added to it, its digits will be inverted. 

What is the number j •dna. ' 24. 

■- >• . '. 

Ex. 42. A traveller states that he has, during the last 
week, travelled 1326 miles ; and that he has gone 2J times 
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as^far in steamboats as in stages, and ^ as far in railroad ears 
as in steamboats. How many miles has he travelled id each 
of the three ways? 

' ^ns. In stages 306 miles, in steamboats 
76& tnileS) and in cars. 255 miles. 

Ex. 4B. A butcher slaughtered f of his sheep, and then 
bought 4 more ; he then killed ^ of what he had, and bought 
3 ; after this he killed ^ of what he then had ; after, which 
he has but 20 left. flow, many had he at first t 

Jins, SO. 

Ex. 44. A and B' can finish a piece of work in 15 days, 
but after working 6 days, B was taken sick, and A finished 
it in 30 days. In what time would either have done it 
alone ? ^ ^ns. A in 50 days, and B in 21^ da3rs. 

Ex. 45c A farmer has mixed a certain number of bushels 
of corn and oats. Had he had 6 bushels more of each, 
there would have been 7 bushels of corn to every 6 of oats ; 
but if there had been 6 bushels less of each, then be would 
have had 6 bushels of corn for every 5 of oats. How many 
were there of each ? •^na. 78 of corn and 66 of oats. 

Ex. 46. Divide 198 into five such parts, that the first in- 
creased by 1, the second by 2, the third diminished by 3, 
the fourth multipHed by 4, and the fifth divided by 5, may 
all be equal.^ ^^ns. 23, 22, 27, 6, and 120. 

Ex. 47. A certain number consists of two digits, and is 
equal to the difference of the squares of its digits. If 36 be 
added to it, the sum will be expressed by the. same digits in 
an inverted cmier. What is the number ? ,^ns, 48. 

Ex. 48- Ther€i, are four numbers such, that the .first mul- 
tiplied by the sum of the other three, is equal to 26 ; the 
second multiplied by the sum -of th^ others is^equal to 36; 
the third rtiultiplied.. by the sum of the others is equal to 44; 
and the fourth multiplied by the sum of the others is equal 
to 54. What are the numbers ? ^ns.2, 3, 4 and 6. 

Ex. 49. , A grocer mixed tea which cost 76 cents per 
pound with some which cost 55 cents per pound, and sold 

12 
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the whole for t77.62i, gaining thereby 12i per cent. How 
many pounds were there of each sort, the whole number 
being 100 lbs? Jim. 70 lbs. at 75, and 30 at 55 cts. 

£x. 50. A certain number, consisting of two places of 
figures, is equal to seven times the sum of its digits, and if 
18 be subtracted from it, the digits will be inverted.. What 
is the number? ^n». 43. 

Ex. 61 » There are four numbers in aritkmetical progres- 
sion such, that the product of the extremes is 36, and that 
of the means 54. What are the numbers ? 

' ^ns. 3, 6, 9, 12. 

Ex. 52. There are four numbers in arithmetical progres- 
sion, whose common difierence is three times the first num- 
ber, and whose sum is 44. What are the numbers ? 

Jlns. % 8, 14, 20. 

I * 

Ex. 53. A and B commenced trade with equal capital. 
A gained 25 per ceht. of his stock, aad B lost a sum which 
was 2500 dollars more than A had gained, when it was 
found that A's money was double B's. What was their 
capital? Am. $20,000. 

Ex. 54. There are 4 ntimbers, such that if the first be 
increased by 1., and the last diminished by 2, they will be in 
arithmetical progression : their sum is 29. Required the 
numbers. Ans. 3, 6, 8, 12. 

Ex. 55. The sum of the first and third of four numbers in 
geometrical prc^ression is 60, arid that of the second and 
fourth 180. Required the numbers. 

^7iJ. 6, 18, 64, 162. 

Ex. 56i Some smugp^lers found a cave that Would exactly 
hold their cargo, consisting of 13 bales and 33 casks ; while 
they were unloading, a revenue cutter appeared, on which 
they. sailed away with 9 casks, and 5. bales, having filled | 
of the cave. How many bales, or how many casks, would 
the cave contain ? Am. 24 bales, or 72 casks.^ 
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Ex. 57. Hiero, King of Syracuse, having ordered his 
jeweller to make him a crown of gold, and suspecting that 
he had put in some silver, directed Archimedes to examine 
it. When weighed in w;ater, it was found to lose l\ lbs. 
Required the number of pounds of silver it contained, the 
specific gravity of gold being t9'64, and of silver 10*6, and 
the weight of the crown 20 lbs. ' ^ns, 6*22 lbs. 

Ex. 58. Wishing to obtain the specific gravity of a mine- 
ral lighter than water, I first found its weight to be 15 oz. 
Then, having attached it to a mass of lead weighing 20 oz., 
the whole was found to lose 21 ounces when weighed in 
water. Required the specific gravity of the mineral, that of 
lead being 11 '5. •^ns. -779 nearly. 

Ex. 59. A piece of alloy weighing C pounds, of the apecific 
gravity of c, is composed of two metals, A and B, whose -spe- 
cific gravities are a aqd 5, respectively. How many pounds 
of each does it contain ? 

Ans. — ^7 1 C pounds of A, 

c {b — a) ^ 

«uad, — 71 1 C pounds of B. 

c^o — a) ^ 

Ex. 60. A and B engage in trade. A gains $1500. and 
B loses $500, when A's money is to B's as 3 to 2 ; but, 
had A lost $500, and B gained $1000, then A's would have 
been to B's as 5 to 9. What was the stock of each ? 

Jim. A's $3000 and 6's $3500. 



SECTION m. 

Pure Equaiioni and others which can be iohed wil^oui eampleting 

the Square, 

126; The only difiiculty in solving equations of this class 
consists in redacing them so that the power may stand by 
itself. This being often difficult, we have appended a num- 
ber of examples, the solution of which will bring before the 
student most of the methods which are efnployed in such 
cases. As he will probably require very frequent assistance 
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from his teacher on first passing over the subject^ he should 
be required to review his work until the methods have be- 
come thoroughly £euniliar. He will thus hav« acquired a 
knowledge of analysis which will be of great service, not 
only in pursuing the remainder of the work, but also in the 
study of the higher branches of pure mathematics. 

Ex. 1. Given a'+2ax+a?*=s6*, to find the value of ^i 

Here the first member being a square, we extract the 
square root, and obtain 

whence- af^dbft — «. 

Ex.,. G™. ^(^) + » V(4^) =*.^(jf-J 

to find the value of a;. ^ 

Multiplying by ^x . (x + a) to clear of fractions, we have 

a: + a + 2 >/ aJ"= 6% 
Extract the iroot, and \/ a: + ^hi == zt iV ^* 

whence y/x^ 



and ^ == 



— 1 dc 6' 



(- 1 ± 6)»- 



Ex. 3. Given ir^ + a?y3 = 180 > to find the values of x 
and a?8 + y* = 189 \ ^xA y. 

Adding three times the first to the second, we have 

0:8 + 3 a:«y + 3 rcya + y3 = 729, 

whence, extracting the cube root, 

X +y = 9. 
This divided into the first, gives 

ary = 20. 
But, «!«4.2a!y + y*«»81, 

and ^ 4a?y=s80, 

whence a;" — 2^ + ya ^= 1^ 

and X — y — ±1. 

But a? + y = 9. 



.-. 2 a? = 10 or 8, 

and 2y = 8orl0. 

Hence a? =« 6 or 4> 

and y ss 4 or 6. 
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Ei. 4. Given a? — y = 6 •^ 

^^^ f! — . ^ — 21 P° ^^ ^^® vajues of x and y. 

y a? J 

Clearing thfe last of fractions, we hare 

a* — y3 = 21ay, 

whence, by dividing by the first, 

7 

But a:" — 2ay+y* — 36, 

7 
3a?y=-ajy— 36, 

and ory s 72, 

• ' "' 7 - 

also, a:" + iBy+y*«-^a?y = 252, 

a^ + 2iry + y««32i, 
and ar + y ass 18, 

from this, and or — y » 6. 

* . ' ' 

we obtain a? =9 12 

and y&ss6. 



X 



of a? and y. 
Dividing the first into the second, ^ 

a?«— ay + y« = 37, 
whence 2ary:^66 

and xy «= 28, 

ic» + 2ay + y««121 
a^ — 2ay + y»«9, 

Consequently ^ + y = H? whence ^^ = 1 

and X — y=a 3. J ^ys=4, 

Ex. 6. Given -^ — \,) ( =s — :— , to find the va- 

4/x — \/ {X'-a) X — a 

lue of af. 

If we multiply the numerator and denominator of the first 

member of the equation, by ^Z ar + V x — a^ we will have 

( v^a?+v!^(a>^-a)) < nHt 

a a?-— a* 

12» 



{•«+V^r-a)« = ^^Zi 



Extnctiiig the aquaie root. v^x + %/jp — •"^i^^jp-^y 
Claiing of firacti ons V^x* ~ or + 3C — • == zb ita 

ii^ x«— «r = (lin)V— a(l±n)iix + ac- 

whence (1 ± 2 fi)x =« (1 ± n)^ 

'" l±2f»- 

Ex.7. Giten ^ f^lJ^^-- ^ (---^^ 
If we mahiply each member of the eqnatioQ hy 
^ (?!±5^ + ^ ^^:^*!). lemembeiing that the diffi^ 

ence multiplied by the sum gives the diflference of the 
sqnaieSy we will have 

whence v^^— J— ) +V(^ j— )-^^l- 

Adding the first equation, we have 

squaring ae* + 8 6* aw -j— j- + S ft» + — • 

Whence, cancelling 3 ft*, and clearing of firactions, we hare 

4 car* :« 9 6V + 4 6x* 

96»c« 96V/ 6^\ 

"^ =^="4(i=:^=~rte6y' 

whence '^y^T^^^T^ 



3 
•" -2 
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/■ 

Ex. 8. Giren ;py « 320 7 , c jt\x, 

and a^-y» : ix^yY :.: 61 : IC *^ ^^ *^^ 

valuer of X and y. 

Dividing the Ist and 2di tem^ of the proportion by 
i— y, it becomes 

a?* + a?y + y" : a?*— 2 ay + y» : : 61 : 1, 

whence «• + a;y + y" = 61 a?*-^ 122 ay + §1 y», 

4)r 60 a?« + 60 y« i;;^ 123 ay = 39360, 

ir» + y»«=,656^ 

but Zay^eiO^ 

whence a;« + 2 ay + y« == 1296, 

and a?»^2ay+^=*|6. 

GonsequenUy ^ + y-86> ^j^^^^^ Ca. = 20 
and X — y=a 45 ^y s 16. 

Ex. 9. Given (;)?*•— y») X (ar --.«/)=« ^ «v ? * ^ j 
and , (^-y^i X (^--y-i =45^»5 *^ ^^ 

the values of a? and y- 

Dividing the 2d by the 1st, we have 

(a?«+y»)x(ar+y)=16ary, 
or a^+a:^+ay?+yWl5a?y, 

butfrom 1st a?»~ar^— ay^+y8sai3ay, (A) 

whence 2aJ^+2ay*=Bl2^, 

or -, a^-f-ys^^O. ^ 

Dividing this into (A), we have 



' 


a?«-.2 xy+y'::^ ^ ay, 


but 


a^+2ay+y««36, 

1 1 


m 
• • • 


4a:y=36— ^ay, 


and 


ay«8,. 


T^heBice (B) 


ar»-2ay+y«=4. 


and 


ar— y=2. 


But ^ . 


a?+y=6, 


consequently 


a;iBs4andya=2- 
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Ex. 10. Given ^+^^^-^^1 to find the Taluea 
of X and y. 

Assume x « vy. This substituted in the equations they 

loecome vy+vy^-^D «208, 

and y"+ y«^»*=. 1053. 

Dividing the latter by the former, we have 

v'±v^ ^^ ^^^v^+^ 16 ■ 

1 + ^t)» 1 +^v* ^ 81 

a? 8 , . 8 
whence » = — sa:--And a:=s;r-t/. 

y 27 27^ 

This substituted in the 1st equation, gives 

64 16 208 

y* = 729andy=»=t:27, 
consequently x a=g-y = i8. 

2d Solution. The equatipns may be written 
^ar* (^ar« + ^y») = 208, 
and ^y* (^a?« + ^y«) *= 1053, 

, , ,. . . ■ ar* 208 16 

whence bv division <^ — ^ ^ ^ s: -— -. 
TTucuw wjr uAT«9*vu V ^ 1053 SV 

and - = 255 as before. 

y ^ 

Ex. 11. Given a:-y = 4^^ t^fi^^tt^^j^^gof^^^y^ 

•^n«. xbs9, ys=5. 

Ex. 12. Givea a' + y = 10^tofindthevaluesofxandy. 

w3n*. a? = 7, y = 3. 

Ex. 13. Given 6a; + 3y = ^10 find the^ values of « 

a?y ^633 
and y. wf iw. ^ = 9> y = 7. 



lEx. 14. Given 7ar + ^y-23 ) . , ,, , ' - 

7 V to find the values of x 

xy =42 i . . 

and y. •^ns. a; = 3, y =s 14. 

Ex. 15, Given .aa: + ^y=ic> ^^ ^^^ the vdues of a: 

xi/. ^dS ■ ^ 

and v« ^ 



c + v^c^ — 


-4^abd 


2a 


c^x^c^-- 


Aabd 


iib 





Ex. 16.. Given ar + y : a? - y :: a : * ^ to find the values 

xy ^i €^ i 

of a? and y. ^ , y«+*\ «, _l /. /(^^^\ 

. Ex. 17. Given ar« -ary = 21> ^^ g^^ ^j^^ ^^^^g ^f x 

and ay — y* =125 

andy. -Am, x^ly V^.^* 

Ex. 18. Given »» + y» :,ar« ^ y« : : a : 6 ? ^^ ^^^ ^i^^ ^ 

a:y" = c® 5 

lues of X and y. ^ ^ .y/^+^N « _ /. ey/ ^—^ N 



;« + a? , .a — a: 



Ex. 19. Given V^^^ + ^/^V^ = ^» ^ find the va- 

Ex. 30. Given 
the value of X. w2««. x = ^. 

Ex. »1. Given >^r + a + ^f-<' = j, to find the value 

26 ^ ' 
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Ex. 22. Given / * ^ « ^,to 

find the yalue of ar. I 



Ex. 23. Given '^ ^ = a, to find the value of ;r. 

^a+va — 0* 

Jim, X asB f — ?L "Sa, 



Ex. 24. Given ^j^^ + ^/^ 5 ^ 9^ ^^ g^^ t,^^ ^^^ 

V4ar— l-^v^4a? 
ofa?. ^ 4 

.^7I«. a?s: ~. 

Ex. 25. Given 1+1«^5L + v^T— + -")? 
to find the value of a?. Jlns. x^2a. 

Ex. 26. Given a;" + a?v= 60 > ; /: j *i. i /. 

X and y. w^iw/ ar = 5, y « 7. 

Ex, 27. Given v'(^ + ^) — V{J— ^) = 6; to find 

the value of a?. ^ 2^^ 

•an*, a; = db 



Ex. 28. Given ^pf-^^y| ^o find the values of 

'"^^' ^«,.«-16or~f. 

. 12 

y = 4 or — . 

Ex. 29. Given v'^^ + 2V-4- = ** ^— ^, to 
find the value of ir. a 

MM. X =: 



Ex. aO. Given JJ^ v;^= J^^ to find thf^ul' of 
a?andy. ^n». ar«±l, y*s±4. 
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Ex. 31. Given (x^ + y*) (x+y) « 2336 ? ,^ fl', ,t. 

J;^Z:j.j^ar-yV=576 5 ^ find the ra- 

lues of 0? and y. ^ns. x a 11 or 5 

y =a 6 or 11. 

Ex. 82. Given al' + i/' : ir» — «» :: 660 :'iafr> »„fi„jiK„ 

., * ^-294 - jtofindthe 

values of x and y. Ana, a: = 7f y » 6. 

Ex.33. Given a:« + y + w(ar + y)-68 > g^^ j^ 

values of or and y. ' '«dn«. 4? ^ 4 or 2 

y B 2 or 4. 



T-^x— y l^x — y 1 
4 y 4 5 ^""OJ 



to find tho 



values of a? and v« ^97 

^n«. ar = -,y = -. 

127. Problems producing Pure Equations. 

Examples. 

Ex. 1. It is required to divide the number 24 into two 
parts, whose squares shall be as 25 to 9. 

Let ' a? = the greater part, 

then 24 -i^ ar » the less part, 

and ar" : (24 — a?)» : : 25 ^ 9, 

whence x : 24 — x :: 5 :3. 
Or 3a?=s: 120— 5ar, 

**' , , ^ ~ ^ f the parts required, 

and 24— ars9 J *^ ^ 

Ex^ 2. The number of square feet in a right-angled tri- 
angle is equal to the number of feet in its three sides, and 
the square of the number of feet in the hypothenuse is less 
than the square of the sum of the other two sides, by half 
the product of the number of square feet in the area, by the 
number of feet in the base. Required the three sides. 
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Note.— The square upon the hypothenose is equal to the 
sum of the squares on the ^her sides, and the area is equal 
to half the product of those sides. 

Let X = the numher of feet in the hase, 

and y « the number in the altitude, 

then v^a?" + y« a= the number in the hypothenuse, 

and ^ ^s the number of square feet in the area. 



and 



a?« + y» = ar« + 2 ay + y«— ^, 



by transposition -^ = 2 xy^ 
and X a=8. 

f 

Hence, from the first equation 4 y == 8 + Jif + ^64 + yV 
wherefore 3 y — 8 = v^64 + y*, 

and squaring 9 y» — 48 y + 64 = M + yS 

9y = 48, ... 

and , y =a6. 

Consequently the hypothenuse =s 10. 
•*. the sides axe 6, 8, and l& feet respectively. 

Ex. 3. A farmer has two cubical stacks of hay, of which 
one contains 1 17 cubic yards more thail the other. Required 
the dimensions of each, the side of the larger being 3 yards 
longer than that of the other. 

Let X = the number of yards ih ,the side of the other; 
and y =? the number in the side of the smaller, 

then a? — ys=:3 

and a?» — y'ssllT, 

dividing the second by the first, a?" + ^ + y' == 39, 

and squaring the first a?^ — 2 xy + y" == . 9, 

.•. by subtraction 3ary?=30, 

and ary = 10, 
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now a;3 -[- ay 4- ya = 3 9, 

.'. by addition a^ + 2 ay + a?* = 49, 

whence ar-fyfc=7, ^ 

but . X — y » 3, 

.-. " a? s= 5 and y =? S^ 

Elx. 4. There are fouT numbers in geometrical progres- 
sion, such that the sum of the extremes is 56 and the siim 
of the means 24. What are the numb^rs4 

Here let x and y represent the means, 

" . a?" v' 
then the extremes will bd — and^, 

y X 

a? + ysf*24 

^ + ^=56. 
. 2/ a? . 

Clearing the last of fractions, ' 

a:8 + y»«56ay, 

cubing the first a^ -f 3a^ -f 3ay« + y' = 13824 , 

.•. by subtraction 3a?^ + 3ay^= 13824 — 66ary, 

T 

dividing this by the first equation 3 ary ■= 576 — q'^» 

clearing of fractions 9 ay = I72is — 7 ay, 

whence 3^ = 108- 

But from the first ar« + 2 ay + y» = 576 

and 4'ay = 43^. 

.•. by subtraction a?" -^ 2 ay + y* = 144, 

and X'^y^ 12. 

But a? + y = 24, 

.•• a?=18, y= 6, 

^=54,2^« 2, 

•*. 54, 18, 6 and 2 are the numbers required. 

Ex. 5. A person has two. pieces of land, one in the form 
of a right-angled triangle, and the other in that of a rectangle, 
the longer side of which is equal to the hypothenuse of the 
Jriangle, and the other to half the greater side ; but wishing 
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to have his land in one piece, he exchanged for a squave 
piece of equal area, whose side was twice as long as the 
shorter side of the rectangle. By this exchange he has 
saved 25 poles of fencing. What are the areas of the tri- 
angle and rectaiigle, and what is the length of each of their 
sides T 

Let 2 X SB length of the greater side of the triangle, and 
y a that of the less ; . 

then \/4 aj« -f- y" = that of the hypothenusef 
.*. jcy ss the ar ea of t he triangle, 
and X v^4 a:* + y' = the area of the rectangle ; 
also 2 x » the side of the square, 

4 ar« ^_xy + x v^4 ar» -f y", 

or 4 x = y + \/4 a?" + y\ (A) 

Again 8 a: = the perimeter of the square, 

%x + 26= 2a:+y+^4ar»+y«+2ar+2i/4a^+y", 

or 4ar + 26=:y -f 3v^4a:«-|-y«, 

but (A) 12a? =3y + 3\/4ar» + y«, 

8j? — 25==2y, 
and by transposition 8 a? — 2 y = 25, 

but from (A) 8 a:— 2y = 2 >/4ar« +y«, 

2 \/4 x' + y« = 25 

and 16a:a + 4y« = 625; 

and substituting the Value of 2 y, obtained above, 

16 a:" + 64 a?« — 400 ar + 625 =s 625, 

whence 80a?»400 

and ar ss 5, 

, 8 a: — 25 ^, . 
also y = —^ = 7^. 

.*. the sides of the triangle are 10, 7i and 12s rods; the 
sides of the rectangle 12^ and 5 rods ; and the areas of the 
triangle and rectangle, 37i and 62i square rods respectively. 

Er. 6. It is required to divide the number 14 into two 
such parts that the quotient of the g^^eater divided by the 



PURE EQUATIONS. 147 

less, may be to the quotient of the less by the greater as 16 
to 9. . Ans. 8 and 6. 

Ex. 7. Bought a number of oxen for 1 406-26 dollars, the 
number of dollars per head being to the n^umber of oxen as 
9 to 4. How many did he buy, and what did he.gi ve for each ? 

•^««. 25 oxen, at $56*25 per head. 

Ex. 8. There are two numbers whose sum is to the less 
as 90 is to the greater^ and whose sum is to the greater as 
40 is to the less. What are the numbers ? 

Ana. 36 and 24. . 

Ex. 9. The sides of a rectangle are to each other as 5 to 
7, and its area is 26 A. 1 r. 35. p. How many rods are 
there on each side ? Ana, 65 and 77 rods. 

Ex. 10* A' has a rectangular tract of land, the four sides of 
which measure 336 rods, from which he sells a rectangular 
portion containing 2 A. 3 r. ?8p. Required the dimen- 
sions of the smaller piece, its length being \ and its breadth 
\ of that of the whole tract ; and what is the content of the 
whole? 

Ana. Length 31 and breadth 16 rods ; contents of 
whole tract 43 A. 2 r. 16 p. . 

Ex. 11. A merchant purchased two pieces of cloth, ono 
of which cost \ and the other \ as many dollars per yard as 
there were yards in its length. Now, had the whole been 
bought at the price of the first, the cost would have been 
$316. But had he only paid as much per yard for the first 
as he did for the second, they would have cost $270. What 
number of yards was there in each ? 

Ana. 21 yards in the first, and 24 yards in second. 

Ex. 12. There are two numbers whose sum is 40^ and 
the difference of whose squares is equal to 4 times the square 
of their diiSerence. What are the numbers ? 

Ana. 26 and 16. 

Ex. 13; A and B engaged to work for a certain number 
of dayi;. At the ena of the time, A, who had been absent 
4 days, received $18*75, while B, who had been absent 7 
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days, received only $12. Now, had B been absent 4, anj 

A 7 days, each would have been entitled to the same sura. 

For how many days were they engaged, and at what rate ? 

AfU. They were engaged to work 1§ days, and A 

zeceired $1*25 and B $1*00 per day. 

Ex. 14. A and B hare two rectangular tracts of land, their 
lengths being as 7 to 6, and difierence between their areas 
150 A., B's being the greater. Now, had A's beei^ as broad 
as B*t, it would have been 672 rods long^. But had B*s 
been as broad as A's, it would hare been 900 rods longi 
How many acres were there in each ? 

Ans. A's 2100 acres, and B's 2250 acres. 

Ex. 15. A person has a cask of wine containing 256 gal* 
Ions ; from which he draws a certain quantify, and then fills 
the vessel with water. He again draws olf the same quantity 
as before, and so on for 4 times, filling the cask with water 
after every draught, when there were only 81 gallons of 
pure wine left. How much wine did he draw each time ? 

Ans. 64, 48, 36 and 27 gallons. 

Ex. 16. There are two numbers, whose difiTerence multi- 
plied by the less produces 42 ; but when multiplied by the 
sum, the product is 133. What are the numbers ? 

Ans. 13 and 6. 

Ex. 17. Required two numbers, such that the sum of their 
cubes may be to the cube of their sum as 7 to 25, and tii^e 
sum of their squares multipHed by the greater may be equal 
to 1053. Ans. 9 and 6. 

Ex. 18. What two numbera are those whose diflference 
multiplied by the greater makes 60, but when multiplied by 
the less makes 44 ? Ans. 15 and 11. 

•■ _ • 

Ex. 19. A person iaid^out a certain sum of money upon 
a speculation, upon which he found he had gained J869 the 
first year. This he added to his stock, and at the end (^ 
the next year he found he had gained as much per cent, as 
in the year preceding. Proceeding in the same manner 
for four yeans, he found that at the. end of the time his 
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Stock was to the sum first invested as 243 to 48. What 
was the sum laid out, and the gain per cent. ? 

^ns. Stock, i^ldS; gain per cent., 50. 

Ex.' 20. The sum of three numbers in geometlrical pro- 
gression is 26, and the sum of their squares 364. What are 
the numbers ? ^ns» 2, 6, and 18. 

Ex. 21. There are four numbejs in geometrical progres- 
sion, such that the sum of the extremes is 140, and the sum 
of the means 60* What are the numbers ? 

^ns. 5, 19, 45, and 135» 

Ex." 22. Required four numbers in geometrical progres- 
sion, such that the difference of the extremes may be to the 
difference of the means as 19 to 6, and the sum of the means 
may be 30. Ans. ^y 12, 18, and 27. 

Ex. 23. The sum of two numbers multiplied by the sum 
of their squares, is equied to 13j times their product: and 
the sum of the squares multiplied by the difference of their 
fourth powers, to 88|- times the square of the product. What 
are the numbers 2 .^n^. 3 and 1. 

Ex. 24. The difierence of the extremes .of four numblr^ 
in geometrical progresision is 15|, and the difference of the 
means 5. What are the numbers t 

Ana. 16^ 20, 25, and 3U. 



SECTION IV. 

Adfected Quadratics. 

128. Adfected qiiadratics are such as contain the square 
and first power of the unknown, with an arbitrary quantity. 
Of this class are 

5 ar* + 3 a? = 10, 7 a?" + 6 == 10 a?, &c. 

In order to find the unknown quantities in such equations 
We must so arrange the left hand member, that it may be a 

13* 
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fquaii^ ; liieny extiacting the root, the equation is led^cej to 
a ilmple equation, which may be solved by the rules already 
laid do va^ 

# 

1S9, The square on the left member maybe completed 
in various ways ; there are, however, three principal me- 
thods, either of which will apply to any case that can pre- 
vent itself. These rules are founded on the formulas 

1. (^x+by^x^+2bx+b\ OT{x+^by^o^+bx+j 6«, 

8. ( ar+6)«=a«ar« +2abx+b'. 

If then we have an expression similar to ax^ + bx^ it may 
be rendered a complete square by either of tbue following 
methods, vi^., 

1st. Divide by the coefficient of a^j and then iidd the 
square of half th e co^dent of x m the quotient. This rule 
evidently changes 

bx b* - / b \ 

«p» + 6a?, mto a:* + f-i— .«(a? + H-r» 

a 4a* \ 2 a/ 

2d. Multiply by the coefficient of x^^ and to the product 
add the square of half the co^cient of x in the original 
expreaeian. TUs evidently changes 

nar* + bx into c^X* + €fibx +V «* ( OJ? + oV» 

3d. Multiply by 4 times the coefficient ofx*, and add the 
square of the original coefficient of x. This changes 
ax^+b^ into 4o«x« + 4(i6a? + 6«=s(2aa? + 6)*. 

Either of these rules, as has b^en remarked, will apply to 
every case. The one which it will be most convenient to 
employ will depend upon the co^^ients of the di^rent 
terms. 

Examples. 

Ex. 1^ Given as*— 6 a? = 40. In this ease we shaSK 
use method 1; adding 3^ = 9 to each member^ the equation 

becomes o^ — 6 a: + 9 = 49. 

Extract!]^ the square root, a? — 3 = zt 7, 

whence a; ss 10 or — 4* 



Ex. 2. Given 3 ar» — 3 a? = 40B, to find the value of x. 

Here, by method % we have 

9a:»_6a?+ 1 = 1235, 
whence 3 a? — 1 = db 36, 

and a? =s )2 ot — 111, 

Ex. 3. Given Sor^— 27 a? + 70 = 36, to find the va- 
lue {£ X. 

Transposing Jox^ — 27 a: = — 34. 

Whence, by method 3, we have 

100 a;«— 540 x + 729 == 49, 

10a:— 27 = d=7 

10 a? =34 or 20, 

• -2 
and X =s3-or2, 

5 

Ex. 4. Given aa?*— 2 hx = c, to find the value of x. 
Here, bv method 2, we liave 

a«ar»— 2«6a? + ^ ^ ac + 6», 

whence : ax — 6 = ± ^ac -|- ^, 

and aa?=s6db v^ac + ^» 

'I _ •■ - 

a? =s -i —\/ac 4- 6*. 
a a . 

Ex. 6. Given 6a? + ??^=^ =« 59 + ^±5, to find 4he 

. X X 

value of a?. 
Clearing of fractions and transposing, we have 

5a;a_fela: = — ,12. 

Completing the square, (Method 3,) 

and 100 a?«— 1220 a? + 3721 =8481, 

whence ' 10 a? — 61 = d= 69, 

and X = 12-6r -=■• ^ 

o 

Bx.«, Ghrein 5 a?— W««)r + tB,tofind the vAtm 
of a:. , Sm. 6 or -^2. 
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Ex. 7. Given 6 a? • =■ M, to find the values 

X 

of X. Am, 6 or — 1. 

Ex.8. Given -i^+|j=| 18l.»o find the ya^ 

•'•«'°^*' ^n..7and-^. 

T, „ ^. 27 . 84 33 , _ , . 

*"«»°^*- Aw.9or||. 

11 

Ex. 10. Given 14 + 4 a: —^^ - 3 « + ^^^^, to 

find the values of x. Ana. 9 and 28. 

X 7 

Ex. 11. Given — —3;= « =5 =, to find the values of a?. 

x + W SX'^5 

Ans. Hand — 10. 

'40 
. Ex. 12. Given ^7^ — ? — — a 8 x, to fijid the values of x. 

\/« , 

Ans. 4 or (— 5)». 



Ex. 13* Given x + 5— ^/a? + 5 =» 6, to find the values 
of a?. 

Assume y/x + 6 = y» and we have 

Whence 

ys«3c*— 2, 

and . a: + 6say»s=s9or4, 

a: aa^4 or — 1. 

The last value, if substituted in the equation, gives 

4 — ^/4 = 6, 
•which al fiist may appear incorrect. In this case, however, 

5/5T5«v4 — — 2> 
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the minus sign being giFea to it in accordance with the va- 
lue of y. 

, 130. Wo not unfrequently have cases similar to the 
above, in which one of the values requires to be taken with 
some limitation, and sometimes there are new values intro- 
duced in the course of the operation, which, though they 
satisfy the equation from which they are immediately de- 
rived, will not satisfy the original equation. It is therefore 
necessary, when the solution has been a^ complex one, to 
tei^t the results by substitution^ 



Ex. 14. Given a? +16-.7 \/a: + 16 = 10—4 V'x+l^, 

to 'find the values of or. 
By transposition we have 

X + 16 — 3 ^/a: + 16 = 10. 

If we consider ^x -f.l6 aa the unknown, we will have, 
by completing the square, 

4 (ar + 16)— 12 %/5Tl6 + 9 = 49, 
whence 2 ^\x + 16)— 3 *= db 7, 
and a; =3 9 or — 12. 



Ex. 15. Given a?» -|- 6\/ a?«— 16 ar = 16 a? + 800, to find 
the values of x. Ana, 25, — 9. and 6 ± 4 v^29. 

Ex. 16. Given 3 a:»— 2 a? + 5 \/6 ar« — 4 a? + 1 =* 6 x» 

'. — 4 ar -|- 5, to find the values of x. 

Ana, 4, 3-, ^ andO. 

Ex. 17.. Given [x + 6)« + 2 x^ (a: + 6) = 138 + a?^, to 
find the values, of ar» 

An8. 4, 9 and 5 . 

Note. In this example, consider a? + 6 the unknown, and 
complete the sq^uare without transposition. 

Ex. 18. Given a?* — 2 a:» -h a? ■:; 132, to find the values 
oix. 
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In this case if we endeavour to extract the square root, 
we shall find said root to be or"— x, with a remainder 
— a:* + ^* '^^^ original expression is therefore equivalent to 

. {x»—xy—(x»—x) ?= 132. 

Completing the square 

4 (a:»— a:)» — 4 (a?»— a:) + 1 = 529, 

whence 2 (a:*-^a:) — I = ± 23, 

and a?" — x=s 12 or — 11, 

4a:« — 4ar + 1 =49 or — 43, 

, . ^ i±V=:^ 

and a?=a4,— 3or . 

19 " 

Ex. 19. Given ar* — 6 ma:^ + 27 m^x = -j m*, to find the 



values of a?. 

2 



Jlna. ^(3±v^47) or ^.(3iv/7). 



Ejx. 20. Given ,x^— 2a?^ + 2ar— v'a? = 6, to find the 
values of 07. 

.tfn«. 4, 1 or — . 

r 

8 7 

Ex. 21. Given ^/^ =— ; ^iJ^ofiodthevaluesofa:. 

,0? v^a? — 2 

•5/15. 16 or 1. 

Ex. 22. Given Jl2— ^+ far«— i^==: aj», to find the 
values of x. Ans. ± 2 or ± v^ — 3. 

13 

Ex. 23. Given ar* +-^ ar> — 39 a: = 81, to find the values 

- o 

- a ^^ -13±V^=n[55 

of x. Jina. ± 3 or r — . 

o 

Ex.24.Given ^"^^^ + i= + 5 ^7^^ to find the 

X — x/x 2 a: + v^a? 

values of a:. /» ^ 9 

•tf/w. 9 or -tt;. 
49 
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Here, if we multiply both membeirs of the equation by 
7-, we will haye 

c x + ^x ^^ 1 c x+^x y ^ 

Ix—^xS ^^U-x/xS'"^\ 

u x+ x/x '5 

whence, — —-- — = 2 or — — 

tUlearing of fractions, we have - 

a: + v/a? == 2 a? - ^^x or — ~ar + ^^x, 

3 

whence ^x k 3, or — , 

a: = 9, or --. 
49 

Ex. 25. Given ^^±^^ = 3l-.3^^:i^^ t„ fir.H 

the values of X. .\ ^n«. 4 or — . 

16 

Ex. 26. Given -tj*— - +^l_.L=ar to find the va- 

El. 27. Given ^5 + « + ^30— ap== 5, to find the va- 
lues of a:. • • ^ ^ ^n*. 3 or 22. 

Ex.28. Given Jx«-| + Ja» - J- f , to find the 
values of x. Ana.±a»^^SE- 

•Ex. 29. Given . ^L a. »„ <;„ j .u 

" (2a!_4)» 8 ^ (2ar — 4)4 ' '° °'»<1 '•»« 

^•^^'of^- ^m.3andl. 

Ex^ 3a Given -1®^ =. ?05_±i _ ^^ ^ «„. 
,. , ■ , 6(3-*) 10-7 x\ 4(3— a;)''°^"'* 
the values (tfx. - 1 90 

^n. 2^ and 7j^. 



Ex. 81. GiTen a:-* — Qx"* +20«0,tofeidtlieiahie8 
®^ ^- Ans. ±g-^6 and i-i. 

Ex- 32. Let a? + v^a? : a: — v'a? '• ^ v'^ + ^ = ? Z^- 

What are the vahies of a? T -an*. 9 and 4. 

Ex.33. Leta?»— 7a?+Va:* — 7ar + 18 = W, to find 

the values pf 0?. ^,^ 

« 7*^/173 
^iw. x=»9or — 2 or 5 . 



6 861 ar-« 



, to find 



Ex. 34. Given a-(x»— 4)-« + ^Jir5 -— 25 
the values of x, 

Ans. ±3 and ± jj ^429. 



Ex. 3 5. Giv en « Var + 4 + 4ar»+16a: ^21 x\/x + 4 
+ 84 Va? rf 4, to find the values of ar. 

o 49±^/ai85 
w*n«. — 4 12 or —3 or ^ . 



Ex. 36. Given J a — ^ + J*'^-^^ ^' ^^ ^°^ *^® 

values of a?, 

w4n«. zt: v^(^rh-%/4a + l). 

Ex.87. Given ^:^--|§+f-S-3^+^'^'^fi-^ 

the values <rf x. 2 1 

^n«. 2 or —g or -^ _± g-^/— 266. 

Ex. 88. Let ^(^) +ly?=^=| to find tha 
values of x. jjng. ± |-^/a±3;/6. 
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Ex. 89. Given 

16 — 4^/ar 88 + 33 Va? a:'-^5ar + ll 

'I 



%—Zy/x 4-hVa? ^(8 — av'aA(4+v'a:)' 
to find the yaiues of or. •. Am. 93 or 7. 

3 1 

Ex. 40. Given 2 ar^(a:» + tf)a^ = 2 a^(a? + 2a)+a»(a? r- tt), 

to find the valaes of 0?. zi ^ 

■/z?t9. rr- or •— a. 
2 



181. The ihost general^ form in wl^ich a quadratic con- 
taining two unknown quantities can be presented, is one 
which contains the squares of the unknowns, their producli, 
and first powers, besides .an absolute quantity. Such an 
equation is 

aa^ + 6a?y + cy* + rfa? + cy -f/ = 0. 

132. If between two such equations we eliminate one of 
the unknowns, the resulting equation will be of tl\e fourth 
degree* We cannot, therefore, in general^ solve equations 
of this nature. There are, however, many cases in which 
such reductions or combinations may be jaiade as, shall re- 
duce the result to a quadratic form. The methods of per- 
forming this must depend on the ingenuity of the student. 
If, however, he has thoroughly mastered the preceding sec- 
tion, and that on pure equations, he will find comparatively 
little difficulty. He will also see, in the examples which 
follow, most of the lyiore important artifices employed. . He 
should study the examples that are solved, carefully, until 
he has made these artifices his own : his own ingenuity must 
then do much of the rest for him.. 

In all cases where one of the equations is of the first 
degree, the equatidn resulting from the elimination cannot 
exceed the second degree^. Such equations are, therefore, 
readily solved. 

Examples. 
, Ex. I. Givenjx + « = 18|j^g^^jj^^^^^3^f^^^jy_ 

Here, from the first equation y = 18 — 3 af, 
whence y« « 324 — 108a? + 9aj«- 

14 
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SabstittitiDg this ia the second eqaatioa, 
we have 2^+648^B16 x + lSa^^4$j 
whence 19 a^ — 2162;» — 60S» 

.*. completnig the square 361 3f—4lMpe + 11G64 ^ 168^ 
and 19x — 106 = ±13, 

whence 19 d; s9d or 121, 

and OP Bs 5 or -r^-- 

Ex. S. Giyen 2ar+^^10>to find the Values 

fVom the first equation yslO-^SoS 
Whence y" « 100 — 40 a? + 4 a*. 

Substituting this in the second equation, it becomes 

2a:i— lOx + 3ar« + 300 — 120ar +,12a:« = 54. 
Whence 16i»— I30ar = — 346, 

•*. completing the square 

256 a:* — 2080x +4325 »289, 
and extracting the root 16 a? — 65 » ik 17, 

whenee 16 or « 82 or 48, 

and ys«10 — 2a;=B-^^or4. 

Ex. 3. Let icy =» 15 ' 

and — I- ^ SB IOt-^ to find the yalues of x kni v. 

y • a? 15 ^ 

Multipl^ying the two equations, we haye 

a?» + y» «152, 
whence a:" + a^y = 152 a?*, 

but - a:»2/8a=3375, 

.-. by subtraction ar« *= 152 ic» — 3375 
and «•— 152 a:»:?=— 3375^ 

iDonisequehtly aJ»s='27 or 125, 

and X a 3 CHT 5, 

y Ba5 or3. ( 



Ex. 4. Let ar+yr=10 J^iij^i , ^ x. 
and a^+y*= ^483y t^nnatheYalueapf xaady^ 

Put j!^3SL(2>f ;r and^aa — z^ 

then ' 2; + y a2c](a:^ 10. 

Also (ATt.86,)^«;3a*+4«':5-^6a^; + 4a«* + aS 
and y* =1 a*— 4 a^jr + 6 (^z'^4a2* + a^ 

and by transposition, &c., z* + 6 (^z» = 1241 — «*, 
or substituting the value of a 

«*4l505r««616. 
Completing the square and extracting tliQ i:oot. 

whence z«± V'— i54or ±2, 

and a? « a + a: « 5;*= y'-.lM or 7 os a, 

y »a — 2:r=:5=p\/— 154 or 3 or T, 

Second Solution. From the 1st w€ have 

(a?+y)* = i* + 4a^+6a?«if« + 4ay»+y = 10000 
but x^ ^ ' 4y^=»^Sg 

.•• by sukiactioi^ 4 a:^ + 6x^^ + 4 icy* xs-TQlg. 

Multiply th^ square of the fijst equation by 4 asy, and we 
have 4 ar»y + 8 a^« + 4 ay* = 400 ary. 

Subtracting .this from th^ preceding, and transposing, 
and 2a«y«— 400ay = — 75l8i 

whence .^»Tr:..200«y «r^875»^ 

ay = 179 or *1. 
But from the 1st a?" + cby » 10 ^, 

a?"— 10 a? = — 179 or —21, 
and a: « 6 db v^— 164, or 7 or 3, 

y«5=f;vC;i6ieif3«r7. 

Jx.6. Given - +y - J ^ to find the values of a. + y-, 



but the prodaetof 
the 1st and 2d 
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but 2xy ss2p. 

.". by subtraction a:* + y* = *" — 2 p. (A) 

.•. by subtiaction a^ + y» =a» — 3 «p. (B) 

Multiply the equation ? - , . il. « « 

(A) by the 2na and f '^^^^ => '»-g^ ' 

.•. by subtraction a?* + y* =«*— 4a^+3jp».(C) 

»•. by subtracting ^* + y* =«^— &«^+5«p*.(D) 

The general formula is 

af» + y* =8 «" — n«*-'j» + n . fi"-*|)«_n . -r--- — 

n — 5 , . , , n — 5 n — 6 n — 7 . « , 
. -3— » V + n . -^^ . — g— . —^ a^-^p*— &c. 

Ex. 6. Given :» + y = a 

a^s-j- y'*= ^> to find the values of x and y. 
Put xy=sp. ^ 

Then (B) Ex.4, ofi + y^ =a»— 3«p, 

08—6 

But from the first a;* + ay = or, 
.•. by subtraction . a;' = ao? — —rz — • 

and by transposition «• — ax = — — w— • 

o a 
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46—0^ 
C/on^l^tipg the wcpaxe 4 a"-r-4 ac + a^ « — ^ 

and V gg— flp:J;i/( ^^ ^ 

a ' a /4 b — a\ 



and 



4 6— a'^ 



a a ^/4 0— a'\ 



Ex. 7, Gttven «r — y = 5^a 

^— y*= ^» ^<^ fi^d *^® values of a? and y. 

Put ^ ^ 2: rf a and y = «>— a, 
then afi = z»+5 az*+ JO ^z»4- 10 <jt»2:'=^r5 o^arMrCf*, 

and y«3p:i??«— 5fl2r*+10a*z»— 10a»2;*+5fl*2:— a*, 

x^r-j/^f^ 10 a2*+20 a»z"+« a* « 6*. 

Tnauspc»in^ aiid completing the aquojrey We have 

Consequently a? = a d=v^ 5 r^ff df^^i-^rr^ — r,J i , 

and y=-ir:zfcv'|-«»±v/(^t±|^)|. 

Second Solutioi^. .Divide the second equation hy $h^4ii^ 
and we have ) ' b^ 

«• + «% -f Vy^ + «^ -f y* « gj. 

But (a?— y)* = a^— 4a:^+6afy'— 4a?y»+y*a«16a*, 

^ 32af 

.*. hy suhtraction 6a;*yr-^6apy+5a:y* = — 5 . 

Multiply the square of the first hy 5 gsy, and we have 

14* 
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■ 

by sabtractioa Say «= ^- SOuray, 

5a:«y» + 20a«ay= — ^^— , 

^^ ^j 6*— 32a» 

or ay + 4fl'ay« ^^^ . 

Completing the square a^ + 4 firay + 4 a* = ^q^ » 

/6« + 8a*\ 
consequently ay^s — 2^d=^^ — ^ Jr 

but from the. 1st ar« — :ry«2ax, 

/ft» + 8a*\ 
a*— 2tfar = — 2a«d=^(— ^-^), 



and 






and 



Ex. 8. Given 



a* +ay = 70> ^^ g^^ ^1^^ ^^^ ^£ jj, 
ary— -y* = 1»3 



and y. 

Asi?ume a: = vy, then x^ = t?y and xy =s ry'. 

Consequently we have, from the 

first equation vV + vy« = 7Q, 

and from the second vy« — y» = 12. (A) 

Dividing the -first by the second, 

»« + V 35 

we have r ^ -s-> 

V — 1 o ' 

6t;* + 6v «85v — 36. 
Consequently 6 1;' — 29 » = — 35, 

7 5 
and ^^3 ^^2* 

Substituting the first value in (A), it becomes 

7 
3 



Jy»-y-i% 
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or 7y«— 3y» = 36, 

whence y r= i 3, 

and a? =Z5 t?y = ± 7; 

If the second value oft; iasabstitated in (A), it becomes 

whence 3 y" = 34, 

and y«db2^/2, 

These equations might he solved by finding the value of 
X in the last equation, and substituting in the first. Thus, 

From the second a? = h y, 

y •^ 

144 

a:» + ay=i=^ + 34+y«+ia + y« = m 

Clearing of fractions and transposing 

2y*— 34^* = — 144, 
whence y =» ± 3 or i 2 V'^i 

and a;== h y , 

= 4:7or±5-v/.2. 

Ex. 9. Let a? + y +i/(a?+y)= 12 > to find the values 

a^ + y^ =1895 of a? and y. 

Put aj-f y=s», 

then from the first 8 + ^9 = 12, 

whence 4« + 4x/« + l= 49, 

and -v/« = 3or— 4, 

>• - » . ■ 

a? + y = 9 = 9 or 16, 
consequently a* + 3 ar^ -h 3 a:y» + y*f= 729 or 4096. 
But a* +y'=« 189. 

By subtraction 3 a^ + 3 ay* = 540 or 3907. 

But 3 a:«y + 3 a?y« =B 3 ay(x +y) = 27 ay or .48a!y, 

consequently 27 ya? = 540, 

or 48a5^=i3907, 

^j on ^907 o,19 

tf^d ay = 20or-jg--.8l3g. 
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Bat gaf y^ 9or 16, 

1 I 836 

whence a: « 5 or 4 ; or 8 ± |^ g- 1 

, . ^ 1 J sag 

Ex. 10. aiTeiix + ay + «y» + «y'=16?to find the 

Takes of x and y . 

Multiplying the equations respectiYely by 1 — yt and 
1 — y« they ^come 

ap^«3^-15(l^jf), 
and ai«-^«y«86(l-y). 

.-. by dividing the second bytfee first, we h«v^ 

17 ^ 

Dividing this into the first ec^u^tion, we hare 

Clearing of fractions and transposipg, this becomes 

28y*— 84y»— 343^ — 34y + 28«0. (A) 

Assume y" + 1 = wiy, 

then ,28y* + 6^ + «8 = 28my, 
vd ^34y'-^34y»i-^»4fny>, 

.•. by ad^tion 
28 y*— 34 y» + 66 y«— 34 y + 28 =8 28 wiy — 34 my». 

Subtract the equation (A) from this, 

and 90y*=28wy — 34niy", 

or MfiJ* — 17m=!46, 

whenc , «-=|«-.^ 

^ . 6 9 

consequfiutijy y" + I = g^y Py-^yy* 



^1 -.9±sA:-n6 

and 1/^ 2or ^or ^^ ^ ' , 



a; 



V-1 , o (23::^V^-116)T». 
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EqTiaticm (A) m the above sdation belongs to a class of 
equations wnich will be treated of more fully hereafter. 
(See Recurring Equations. \ It is sufficient to remark 
here, that such equations, which are characterized by the 
coefficients recurring in regular order, may always be re- 
duced by a substitution Uke the above, or by its equivalent, 

y 

Ex. 11. Given xtfi + x-ss9^1 . ^ 4 ,, 

and «y* + a^ + jc/^-ay*=905'°.^**** 

valuer of X and y. 

Here, if we divide the second equation by the first, we 
have 

y^ + y^+y + y _io 

y« + l "11' 

ucing —————— ^—, 

Whence, clearing of fractions and transposing, 

10y* — 21y»+10y« — 21y+li0f = O. (A) 

Assume y^ + 1 =■= my 

and 10y* + 20y?+10 = 10my, 

also —21 y»-^21 y=^— 21 my«, 

.-. by addition^ 10 y* — 21 y^ + 20 y« — 21 y + 10 = 10 my 
— 21 my». 

Subtract (A) from this, 
and 10 y« = l6my — 21 my", 

whence 10 m" — 21 m = 10, 

g" - . ■ - 

but y* + i=»>ny==-oy» 



consequently y = 2or~, 



2 

[ 
2' 



99 

and a?=5---— =- = 3or96. 

y*+i 




TIm other Tahio of m leads to imagiimiy lesnks, ajpd is 
therefore omitted. 

. 4a? ' 

and jf« — V a?y" -s -g-» 

to find the valaee of x and y. 

Conaidering a? «e a known quantity in ih^ feoonA eijiia- 
tion, we havot by c^Mopleting the aqoaie, 

y X 25 a? 

whence Jf — ^^^'^^g'^*' 

If in the fir^t eqmitiQa we make the fixst fir^ct^pn Qa^4} t^ 
ar, we hare 

1 _86 

^+7^40' 
whence 40«»— 8§ z s^ -:. 40, 

8 5 

Consequently __^^=«-g or -g. 

4 

Substituting in this th^ $rst value of y, viz., -^ v^ x^ we 

have 

X + l^X y/X + l g ^ ' ^ 

— ^— -—pj^g-org. 

17 
whence </x « 8 or •"*'-«■» 



• • 



y 
68 

' ' ^ ■ ^ 1 

-Similarly firom the second value of y, viz. — o V *» *^re 

obUiitied tii6 values* 

14 

198 
whexice Jtsss-^orlO, 

14 4 

and y«__-org-. 

Ex. 18. Given x +j = . > ^^ g^^ ^^^^ ^^j^^^ ^^ ^ ^^^ 

^ «±>/««_4» , ^ ,»=F%/5 — 4» 
- ^n#. ^ss 5 — =— rTaAdy^^ ■ ■ ~ 1. 

^_J^ = 98 C ^o^'^^ *^® values of arandy. 

^H8k a? a g or -^8, 
y as 8 or-;— 5. 



Ex. 14. Given 



Ex. 15. Given ^ + «^ = l^U find the values of 

a: + yas 123 

il?ittidy. 

•^»«. 0? s= 7 or 5 or 6 ± 6\/2, 

, ya=5or7or6=F6-s/»» 

E. 16. d.«. 4^-|g,-B^„,.,^,^^^ 

X and y. 

Ansi a? 8S5 ± 2 or ± - v^» 

' 8 

y=:=fc:lor=p-^v^r. 

Ex. 17. Given a? + ^'s=: 10 > . « , ,, ^ ^, - 

and y. .£n«, or « 7 or 8, y s 8 or 7. 
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Ex. 18. Given ^f + y + ^^^-fy-W^ tofind the va- 
lues of X and y. 



1 I 836 
^ns. ar=s6or4or 8d=j-^— -g-, 

. - „ 1 835 

y=4or5or8=Fjg--3-. 

Ex. 19. Given x + y - JZ ^ find the values of x 

andy. 

7_t3\/3Tr 



•dn«. a? a 4 or 3 or 



2 



y=3 or 4 or 7 ^B\/-^ 11 

^5 

Ex. 20. Given i/y +\/a; : \/y —s/ x : : ^/ a? + 2 : 1 



%/y + 2 ._ 



3^a: + l + ^/|[- 



^x s/y 

to find the yaiiies of a? and v* 

wtf/w. a? = l_pr -Q» y == 4 or -TT-. 

Ex. 21. GKven x + y + 2^ 35 "j 

ary=s 6 v to find the values of ir, 

yVs=»60j 

y,and;t. - 

Q 3Q 

Ans. a?=2 or — ,y ^=3 or 22, and ar = 20 or ^. 

Ex,22.Givena:^ + a^= 258)^^ ^^ the values of 

ary = 2187 J 
a: and y. 

1 1~1 

Am. a: = =fc:9ordb9i/— lor^/zfcg-or ±^— gx/3, 

y« ±i or ±|-^/- 1 or ± 27 4/|-or d= 27 J-J^3. 
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Ex, 23. Qiven y* —432 = 12 xy^ , ^ , ,, , 

y» = 12 + 2ary \ ^^ *^® ^^^"^^. ^^ 
ar and y. -^ w^n*. a? *= 2, y s=s i?. 

Ex. 24. Given xy + ^r^y « ~ j 

> to find the vdues of 

0? and y. r 3 7 1 

a: = -or — -, 1/*=- 

^«*-l 1 1 21 

Note. — ^In the foJlowing^ examples but one result is 
giv^n ; the student, however, should always obtaip all the 
answers, 

Ex. 25. Given ar*y» + a?y == 2900 \ . n . x. 

ary + ar*y« == 64100005 ^^ "°^ ^'^^ ^■ 
lues of X and y. ^na. a? == 5, y = 2. 

Ex.26. Given a?» + y«— a?— y = 249740?. , ^ ,_, 

a^y + a? + y = 8516 5 *^fi«^*^ 
values of x and y. Ana. x = 500, y = 16. 

Ex. 27. Given 9 ~ + 36 - =85 

y y K^ 

3 a!y» . 51 - 102 ^ Mo find the 

values of a: and y. Ana, a: = 3i,.y = 2* 

Ex. 28. Given 7ar — 3y =-29? ,^ , ,, , . 

2a?« + 4y«=;66S *^ ^^^ ^^^ ^^^^^^ ^f 

iP and y. , Am. ar = 5, y = 2. 

Ex. 29. Giveii a^y .+ ay» = 120 > ^^ ^ ,_ 

a:^9 -f ^ =1800 5 nn^.tne values 
of X and y. Ana. x ^ 5, y = 3. 

Ex.30. Qiven ^ + y + fy-94> ^^^^^ ^j^^ ^^,^^^ 

a?» + yV =525 
of a: and y. Am- a? = 6, y « 4. 

16 
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Ex. 31. Given (x-y) (^-yj =^ J ^ g^^ ^^^ 

(x + y) (a?» + y«) = 3060 5 
values of x and y. ^ns. a: *= 11, y = 7. 

Ex.82. Given ^ + y^^^ -a%tyl \ 

ar + y — -v/a:* — y« oy > 

and (ar« + y)» + a: - y = 2x (a?»+y) +506J 

to find the valaes of x and y. .^nf. a; = 5, y =a: 3. 

133. Questions producing Quadratic Equations. 

The following questions, though giren under Quadratic 
Equations^ may many of them be solved by simple, or by 
pure equations. The student should endeavour to work 
them out in as many different ways as possible ; it being far 
more important to acquire the command of analysis which 
such exercise will give him, than jnerely to solve any given 
number of examples. 

Examples. 

Ex. 1 . A merchant sold a quantity of cloth for $39, gain- 
ing thereby as much per cent, as the cloth cost him. What 
was the cost, of the cloth ? 

Let x s= the price of the cloth, 
then x as the gain per cent. 

X* 

Consequently — rrr -f a? . = 39, 

lUU 

and a?* + 100 ar « 3900. 

Whence we readily obtain 

ar = 30 or — 130. 

The last value being exduded by the nature of the prob- 
lem, the price was 30 dollars. , 

Ex. 2. A bought linen and muslin for $10.50, the whole 
number of yards being 50 ; and each cost as many cents 
per yard as ther6 were yards of ^he other. How much of 
each did he purchase ? 
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Let ^ X «= the number of yards of linen, 

then 50 — a: ^ the number of muslin, 
also 60 a; — or' st= the cost of the linen in cents, 
and 60 X — o:^ = H^e cost of the muslin, 
.-. lOOa?— 2a;« = 1050, 
and ar* — 50 a: = ^525, 

X == 35 or 15 the number of yards of linen, . 
and 50 — a? ss 15 or 35 the. number of muslin. 

- \ 

Ex. 3. The plate of a looking-glass is 36 inches by 27, 
and is framed with a frame of equal width all round it, the 
aresLof the frame being half that of the glass. What is the 
width of the frame ? 

Let X = the width of the frame m inches. Then the 
length of the glass to the outside of the frame is 

36 + 2 ar, 

and its breadth 27 + 2 x. 

.-. (36+2ar)(27+2a?)=972+126ar+4a^=thewholearea, 
and 36 X 27 = 972 = the area of the glass. 

Consequently 4 aJ* + 126 x =s 486 = area of the frame, 

and 4 a? + 63 = d= ^^6913 = rfc 77 yery nearly. 

Hence 4 a; » 14 or — 140, 

and a? SB di the breadth required, the negative 

result evidently not answering the conditions of the problem. 

Ex. 4. A and B hired a pasture, in which A put 4 
horses, and B as many as cost him $4.50 per ^eek. B 
afterwards put in 2 more horses, and found he must pay $5 
per, week. At what rate was the pasture hired ? 

Let X ss the number B put in at first, 

then — ss the cost per head in cents, 

X . ^ 

. . ^ 450 1800 . A •> 

and 4 X = = the sum A paid. 

XX '^ 

.•. \- 450 = the price of the pasture. 
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In the second case the number of horses is a? +-6. 

moo 

*•. a? + 6:;r + 2::i^^ + 450:500 

X 

r:.1800 + 450 ar: 500 a?, 
consequently, (Art. 43,) 

500 a:> + 3000 a? « 450 0^+ 2f700 ar + 3000. 
Transposing 50 a:* + 300 x » 3600, 

whence «■ + 6 ar » 72, 

and a? s 6 or — 1% 



• • 



X 

Hence $7.50 was the4)rice of the pasture per week. 

Ex. 5. There are four numbers in arithmetical progres- 
sion, the product of the extremes being 22, and that of 
the means 40. What are the numbers ? 

Let X — 3 y, x^y, x + y, and x + Sy represent the 
numbers, then we will have 

ar« — 9y«==22 

a:« — y« =40. 

Whence x and y are readily found to be 6i and U. The 
numbers are consequently 2, 5, 8, and 1 1. 

Ex. 6. A starts from Philadelphia, towards Pittsburg, 
traveling uniformly at the rate of 30 miles per day. After 
he had been gone 2s days, B starts in pursuit, travelling 
15 miles the first da3r, 20 the second, and so on in arithme- 
tical progression. In what time will he overtake A ? 

Let X as the number of days required, 

then a; + ^ as the number A travelled* 
Also 30a;4-75 tss the wjiole number of miles A travelled, 
and. (Art. 59.) |(30 + (x-l) 5) -^^ + ^ = the 
distance B travelled. 

-^ + -3-— ?0a; + 75, 
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or transposing, &c., a^ — 7 a? = 30, 
whence a? = 10 or — 3. 

The first of these answers the conditions required ; as for 
* the other, it would indicate that B overtook A 3 days before 
they set out, which is manifestly absurd. H^d the question 
been stated as below, both results would have applied. 

A and* B are travelling the same road. A, proceeding 
uniformly 30 miles a day, arrives at Philadelpiiia 2i days 
before B. The number of miles B travels each day forms 
an increasing arithmetical progression, the common differ- 
ence being 5, and the number of iniles B travels the day he 
leaves Philadelphia being 15. How many days from the 
time B was at Philadelphia were they together ? 

This question will give the same equation as the former, 
and the results, 10 and — 3, indicate that they would be 
together at two points on their route, viz., 3 days before and. 
10 days after B left Philadelphia. 

Ex. 7. It is required to find font numbers in proportion, 
such that. their siun.may be 20, the sum of their squares 
130, and the sum of their cubes 9S0. 

Let ^^^, cr, y, and z represpilt the numbers. Then we 
have 

w +x +y +z/=20 

«?' + a5* + y* + ^=l30 

t(fi + xi^ + y^ + z^^ 980. 

Assume x ^y s-^ and xy ssp. 

Then , i£> + ar == 20 — 8 and wz saep. ^Art. 45.} 

Also (Ex. 5, page 159,) 

a?" + y« = »« — 2 j7 

w« + 2r« = (20 — «)» — 2;? = 400— 40« + «• — 2j», 

;•. w» + x» + y«+ z" = 400 — 40« +2«« — 4p =130. (A) 

Again, (Ex. 5, p. 159,) af^ + y^ ^ ^ --• S ap^ 

ii;* + z» = (20 — «)8— 3 (20— «)j3, 

»8000-^ 1200* + 60 *»—«»— 60j» + 3«p, 

.-. u;» + a:»4.y» + z« = 8000 — 1200 «+60««— 6C!p= 980. 

From (A) , 6000—600 g+30g«— 6(^=195 0,' 

2000— 600« + 3Q«« a — 970i 

and ^1.20^ a —99, 

15* 
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consequently 
whence (A) 
or 
and 


XisbII ot9, 

x+y s= 11 or 9 and a?y « 18, 
a? = 9 or 6, 






y = 2ora. 


also 




UKT » 18, 


• 
• • 




u? a 6 or 9, 


and 


A tViA nnm' 


z=:3or2. 

kATfl nm ft. 0. Q. nnri il. 



Ex. 8. The sum of five numbers in geometncal progres- 
sion is 31, and the sum of their squares 341, to determine the 
numbeiB. 

/■ 

x" z* 

Let — , X, t/» *> — he the numbers. 

Then ^ + ar + y + 2: + ~=31. 

and g + x« + y« + a:»+^ = 341, 

also xz^f^j 

put . a?4-2r«s«, 

then a?» + ««««■ ^ a y», (Ex. 6, p. 159r) 

, a^z» *«, ^ 

and — + — as— — 2y, 

y y y • 
^— y + » = 3i, 

or Sly— «» + y«— jy=sO. (A) 

But, from the first equation — 4-^^=^l — *^y> 

y y 

>. 5+2a!^+^ = 961— 62a— e2y + «« + 2^+y, 

and ?^+ J = 061 - 62 » - 62y + «» + 2 ay -y«, 
but a?" 4- y» + 2r» ■= ^r— y* 



.-. by addition, 

if u 

To this equation add twice (A) , . 

and 961— 62»=;341, / ' 

whence 62« = 630, 

and » = 10. 

S^ubstituting this value in (A,) we have 'by reduction, 

whence y = 4 or — 25. 

The latter value will lead to imaginary results. 

We.have also a: + i: *= 10, 

and' ax^=y9 = 16, 

whence x :*» 2,. and t = 8,' 

a?* • z* 

.*. — =a 1, and — it^K^ ' 

y y 

and the numbers are 1, 2, 4, 9 and 16. , 

The above solution is from Simpson's Algebra, and is re- 
markiEtble for the beauty bf some of the reductions. The 
following, on the pritcipleof recurring equations, though not 
shorter, is more direct. 

Let a?, a?y, xyS xy\ an^ xy^ represent the numbers, 
ihen X "^-xy + xy? + ocy^ +J30y* = 31, 

and {x^ + x'y^ + x^ + a^^ + x^^ = MU 

divide the second by the first, 

and ^ x^^<cy + xy* — xy* + xy^ «* 11, 

add this to the first, 

arid is ar + 2 a?y« + 2iri/* == 42, 

also by subtraction 2a?y + 2a:y* «=» 3D, 

20y* + 20y» + 20 «= 4ey8 + 42y^ 
and by transposition 20 y^-42y3+20y«— 42^+20=0, 
or lOy*— ?Jly8+10y«— 21y+J0««»0(A). 

Put 2/* + 1 = w^> 

then -^ 10 y* + 20 y» + 10 = 10 my. 

SuVt (A) from this, and 21 y' +10y« + 21y =: 10 mYy 

but ^ly^ +21;y^«= 1» ti^ 

••. by subtraction 10y» = M) my— 21 my», 
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or 


10 m'— 21m » 10, 


whence 


5 2 


consequently 


y+i = |y. 


and 


y = 2-0'o- 



This, substituted in the first equalion, will give 

or 3= 1 or 16, 

whence the numbers are 1, 2, 4, 8 and 16. 
The second value of m will lead to imaginary results. 

•■ - 

Ex. 9. It is required to divide a line of 15 yards in length, 
80 that the rectangle of the whole and less part may be 
equal to tbe square of the greater. 

/. mv 15 . 15 ,^ , 45 16 -^ 

Am. The parts are — ^ -^ + -^ v^5.and — — ~ v<5» 

Ex. 10. Bought some cloth for $24, for which I paid $2. 
more per yard than there were yards in length. • How many 
yards were there? ^m. 4. 

Ex. 11. There are two numbers whose prodiict is to 8 
times their sum as 3 is to 5, and the difference of whose 
squares is 80. What are the numbers ? Ana. 12 and 8. 

Ex. 12. Divide 100 into two such parts, that if each be 
divided by the other, the sum of the quotients may be 2---, 

An8. The pairts are 35 and 65. , 

Ex. 13. The length of a room exceeds its breadth by 8 
feet, and the ntimber of yards required to cover it with matting, 
fo^r feet wide, exceeds ^ the number of feet in the breadth, 
by 20. Required the dimensioQs of the room. ^ 

Ans. 28 feet by 20. . 

V 

/ 

Ex. 14. A gentleman has a rectanffular yard, 100 feet by 
80; and i^isjshes to make a gravel wsuk of equal width half 
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round it. What must be its breadth in order that it may- 
occupy A of the ground? Jins. 11 '8976 feet. 

Ex. 15. The product of two numbers is 156, and their 
sum added to the sum of their squares is 338 ; what are the 
numbers ? ^ns. 12 and 13. 

Ex. 16. The fore wheel of a carriage makes 6 reyolulions 
more than the hind wheel in going 120 yards ; but if the 
periphery of each wheel be increased one yard, it will make 
only 4 revolutions more than the hind wheel in the same 
distance. Required the circumferepce of each. 

• ' ^n». 4 yards and 6 yards. 

Ex. .17. A certain number consisting of three digits in 
geometrical ^progression, is to the sum of its digits as 124 to 
7: and if 594 be added to it, the digits will be inverted. 
Required the number. ^ns. 248. 

Ex. 18. A sets out from Philadelphia to triavel east, at 
the rate of 20 miles per day. B starts west at. the same 
tifiCie, and travels 1 mile the first day, 4 the second, and 
so on in arithmetical progfression. In how many days will 
they meet, and how far will each have, gone, supposing the 
parallel of ktitude through Philadelphia to be 18921 miles 
in length ? «^ 

Jins. 106 days. A's distance =2120 m.; B's =16801 m. 

Ex. 19. A sets out from New York towards Washington, 
and travels 1 mile the first hour, 2 the second, 3 the thirds 
and so on. B starts 5 hours after, and travels uniform^ 12 
miles per hour. In what time will they be together ? 

^n8, 3 or 10 hours. 

Ex. 20. A and B engage to reapf a field for #18*00; and 
as A could <reap it in 9 days, they promise to complete it in 5 
days. Finding, however, they were unable to finish it, 
they called in to assist them tke last 2 days, in conse- 
quence of which B received 75 cents less than he otherwise 
would have done. In what tim« could B or C al«ne have 
reaped the field ? 

Jins. B ia 15 day43, and C ia48 dajs. 
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Ex. 21. A man bought two cubical stacks of hay for tl^S, 
each of which cost ^^ as many dollars per solid yard as there 
were yards in the side of the other. Now, as the greater 
stood on 9 square yards more than the other, what was the 
cost of each ? Arts, t75 and $48. 

Ex. 22. There are three numbers in geometrical pro- 
gression whose sum is 7, and the sum of whose squares is 
21. What are the nun^bers ? Ans. 1, 2 and 4. 

Ex. 23. The sum of two nuinbers multiplied by the 
greater is 104, and the sum of their squares 89. What are 

13 3 

the numbers ? Am. 8 and 5 or — v'2 and o-v^2. 

Ex. 24. There are three numbers in harmonical propor- 
tion whose sum is 191 ; and the product of the extremes 
4032. What are the numbers ? Ans^ 56, 63, and 72. 

Ex. 25. What two numbers are there whose sum, pro- 
duct, and difference of their squares are equal f 

Ans. 2-±3\/6 and -db-v'^. 

Ex. 26. There are two numbers, the sum of the squares 
of which is 58, and the cube of their sum is tor the sum of 
their cubes as 100 to 37. What are the numbers ? 

An8, 7 and 3. 

Ex. 27. A starts upon a journey, trayelling 7 miles the 
first day, a:nd increasing his day's journey in arithmetical 
progression so that at the end of a certain number of days 
he has iravelled 282 miles. Now, had he gone but 3 miles 
the first day, and increased his day's journey by a number 
of miles one greater than in the former case, he would have 
gone 300 miles in the same time. Required the number of 
days occupied by the journey. Ana, 12 days. 

Ex. 28. Required to divide a line of 134 yards in length 
into three such parts that the sum of their squares ma^ be 
6036, and ihat^ the first, twice the second, and three tmies 
the third may together make 278. 

Ans. The parts are 40, 44, and 50. 
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Ex. 29. Theire. are four nunAers in arithmetical progres* 
sion, sadi that the product of .the extrentes is 3250, and of 
the means 3300. What are the numbers? 

Jim. 50, 55, 60, and 65, 

fix. 30. The sum of six numbers in arithmetical progres- 
sion is 33, and the sum of squares 19.9. What are the 
numbers ? Ans. 3, 4, 5, 6, 7, and 8. 

Ex. 31. Bacchus caught Silenus asleep by the side of a 
full cask, and seized the opportunity of drinking, which he 
continued for two'thirds of the time Siienus would have 
required to empty the whole cask. After that, Siienus awoke 
and drank what Bacchus had lefl.. Had they drunk both 
together it would have been emptied , two hours sooner, and 
Bacchus would have drunk only half what he left Siienus. 
Required the time in which each would have emptied the 
cask separately. Ans. Bacchus in 6 hours, an)i Siienus in 3. 

Ex.. 32. There are three numbers in arithmetical pro- 
gression, such that the squar^ pf the first, added to the pro- 
duct of the othfer two, is 16, and the square of the second, 
added to the product of the other two, is 14. What are 
the numbers ? - JIns, 1, 3, and 5. 

Ex. 33. A man being asked how many years be had 
been employed where he then was, replied that the first 
year he had occupied the post he had received $500, and 
that his salary had been increased $75 every year. Not- 
withstanding his expenses each year had absorbed the inte- 
rest on his former earnings, and half his salary, he had laid 
by $8500. How many, years had he been employed ? 

^ns, 16 years. 

Ex. 34. The arithmetic mean between two numbers ex- 
ceeds the harmonic mean by 25, and the geometric by 13. 
What are the numbers ? ^ Ans. 104 and 234. 

Ex. 35. The sumpf two numbers is 8, and, the sum of 
their fifth powers is 3368. What are the numbers ? 

- Ans, 3 and 5. 

Ex. 36. What number is that, which being increased by 
12 and the sum divided by ^ the product of the digits, 
the quotient may be equal to 2? times the difierence of the 
digits ; and if 27 be added to the number, its digits will be 
inverted? Ans, 58, 
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Ex. 37. If the values of gold and silver are as 13 to 1, 
what. is. the proportion of the two metals in each of two mix- 
tures, such that the value of an ounce of the first may he to 
that of an ounce of the second as 11 to 17 ; hut if the quan- 
tity of gold in each mixture he douhled, then the value of 
one ounce of the first would he to that of one ounce of the 
second as 7 to 11? 

Ans. The proportion of gold to silver in the first 
mixture is 1 to 9, and in the second I to 4. 

Ex. 38. The sum of four numhers in arithmetical pro- 

25 

gression is 20, and the'suih of their reciprocals — . What 

are the numhers? Ans, 2, 4| 6, and 8. 

Ex. 39. There are five whole numhers, the first three of 
which are in geometrical progression, and the last three iix 
arithmetical progression, the common difference being the 
second number. Th6 sum of the last four is 40, and the 
product of the second and fifth is 64.^ Required the num- 
bers. Ans. 2, 4, 8, 12, a^d 16. 

Ex. 40. There are four numbers in arithmetical progres- 
sion, which being increased by 2, 4, 8, and 15, respectively, 
the results will be in geometrical progression. Required 
the numbers. Ans, 6, 8, 10, and 12. 

Ex. 41. Ther6 are three numbers, the difference of whose 
difierences is 3 ; their sum is 21 ; and the sum of the 
squares of the greatest and least is 137. Required the 
numbers. w^/i^. 4, 6, and II. 

Ex. 42. The sum of four numbers in geometrical pro- 
gression is 30, and the' sum of their squares 340. What 
are the numbers ? Ana. 2, 4, 8, and 16. . 

Ex. 43. The sum of five numbers- rh geometrical pro- 
gression is 242, and the sum of their squarfes ,29524. Re- 
quired the numbers. Arts, 2, 6, 18, 54, and 162. 

Ex. 44. The sum of the first and last of six numbers in 
geometrical progression is 488, and the sum of the four 
means is 240. What are the numbers ? 

Ans, 2, 6, 18, 54, 162, and 486. 
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CHAPTER Vn. 

ON THE PROPEBTIES AND SOLUTION OF EQUATIONS. 

SECTION I. 
On the Fundamental Propertied (fJSqwUions. 

134. Any value of the unknown quantity that satisfies 
the conditions expressed by the equation is called a root of 
that equation. We have already seen that quadratic equa- 
tions have two roots ; we shall hereafter show that 6very 
equation has ad many roots as there are units in the number 
of its degree. 

135. If a be a root of the equation, 

or + Aa?»"' 4- Ba:"-' + . . . . Pa? + R = 0, 

then will the left member of this equation be divisible by 
(x — a). F^r if said division leave a remainder s, we will 
nave (d representing the quotient) 

of" + Aaef^"^ + &c., «s(ar — a) a+ « =0. 

But a: — a = .•. a = 0, 

Cor. The converse of this proposition is evidently true. 

For if a? -- a be a factor of the equation, 

, Va=af.+ Aaf-». . . .Pa: + R=:0, 

the quotient being €t," we have 

V = (a? — a) a = 0, 

which miay be satisfied by making a? ^ a = 0, that is 
a? = «. 

136. Every equation has as many roots as there are 
units in the index of the highest power of the unknown 
quantity. 

Let a be a root of the equation 

^ + Aar»-». . . .Px + R = 0. (A) 

Then by the last article this expression is equal to 

(a: — a) {af""^ f A^a?"-? . . . + N^a; + P^ « 0, 

16 
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Now this equation may be satisfied either by making 

ar — a = 0, or x"-» + A4ar-». . ..N,ar + P^=:0, 
the former of which gives xsssa. 

If 6 be a root of the second equation^ this may be written 

(ar — 6)(a:*-' + A,ar— • N^«0. 

Pursuing this investigation, the original equation will be 
decomposed into the factors x-^a^ a? — 6, &c. So that we 
will have 

35" + Aa:-^» + Baf-"r- . Paj + R-i(3?— a) («— 6) 

{x — c) • . . . (a: — />) « 0* 

Bot this last equation is satisfied by making 

X ^s a, b, c . . , or p. 

Consequently these are roots of the equation (A). 

This demonstration assumes that every equation' has at 
least one root. 

Cor. 1. It must not be understood that these roots are ne- 
cessarilv all different. In fact any number of them, as a, 6, 
C» may be equal. In such cases these are still considered 
separate roots. If two of the roots are equal to a, the equa- 
tion will evidently be divisible by (a? — a)*. If there be 
three roots . equal to a, by [x — a)' ; and so on for any 
number. 

Cor. % Since the equation . 

of* + Aa?" ■'.... Pa: + R as is equivalent to 

{x-'a){x — b){x — c)..,.{x -^/>) a= 0, 

we must have, (Art. 81,) 

A as the sum of the roots with their signs changed. 
B =a the sum of the products taken two and two. 
C ss the^sum of the products taken three and three. 

P « . . . . (w — l)and(n— 1). 

R s thd product of the roo^s. 
The signs being understood as being changed in every case. 

137. Na equation has. more roots than there are units in 
the index of the highest power of the unknown quantity. 
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Let V =: af + Aar»-^ Par + R == 

be an equatioki whose lOots are a, &, c . . . . J9, tV'e will have 

V = (a: -^ a) (a? — 6) (a? — c) . . . . (a? — jo) = 0. 

Now, if possible, let a' be a root differing from either of 
these, then ; we will have, by substituting t£[s value in the 
above, * ' . " ■ 

V =^ (a' — a) (a' - 6) («'— c) . . . . (a' -p) « 0. 

But this equation is impossible, sinee none of the factom of V 
is equal to 0. 

138. If an equation has integral coefficients, Jthat of the 
highest power being unity, the root» cannot be rational 
fractions. 

' • IK 

Let, if possible, xs^ =-i€i a^d 6 being prime to each other^ 
be a root of the equation, . - 

V = a?" + Aaf* + Ba:"-' &c., = 0. A, JB, &c.,being 
integ^irs : then we wijl have, substituting ^ for a?, 

Multiplying both members by 6'^*, the equation becomes 
^ + Aa"-' + Ba"-»6 + . . .. R6"-» =0. 

Now thiB first term, t-, is a fraction, while the remaining 

-N 

terms are integral, consequently the function catinot equal Q» 
and, therefore,^ is not a root. 



> y 

Cor. It follows from the above, that the roots of an integral 
equatioii, of which the first coefficient is unity, are either 
integers, surds, or imaginary quantities. 

Note.— ^We shall, in what follows, consider the first co- 
efficient unity, and the others integral. The propositions 
will in this way lose none of their generality, as we shall 
find hereafter that any equation, whose coefficients are frac- 
tional, may be transformed into a'nother of the kind required. 
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139. If the signs of the alternate terms of an equaticm be 
changed, the signs of all the roots will be changed. 

Let a be a root of the equation 

af + Axr-' + Bsf* Par + R = 0. (1) 

Then will — a be a root of the equation 

af — Aa?— ' + Bx— « =bPa?=FR«0. (2) 

or — a" + Aa:"-> — Ba:^-* .... =FPariR»:0,. (3) 

These last equations are eyidently identical. 

If now we substitute a in equation (I), and — a in (2) 
and (3), the results will be 

tf* + Aa"-» + Bo»-« . . . . + Fa + R, in (1) 

and either a" + Aa"" » + Ba*— * + Pa + R, 

or — a" — Aa"-* — Ba"^* .... — Pa — R, in each 

of the others. But these expressions being identical with 
the first, are each equal to zero, and therefore — a is a root 
of the equations (2) and (3). 

140. Surds and imaginary roots epter an equation by 
pairs. So that if a + x/b be one root, a — ^b will be an* 
other. 

For, if (a + %/6) be substituted for x in the equation, 

Y^3r + Ax—' + Bx"-' . . . . Par -f R « 0, 

it will become 

V=(a+^&)"+A(a+v^6)"-'+ . , &c.' = 0. (A) 

If, now, we expand the powers of the binomial in this equa- 
tion, it will evidently, consist of two parts, one rational, and 
one composed of surds. . So that we will have 

V==S + Uv/6 = p. (B) 

Now, this cannot be equal to zero, unless we have separately 

SsO,andUv'6i;=0, • 

and consequently S -^ U v^ft =s 0. ' 

If we examine the structure of equation (A), we will 
readily perceive that the irrational part, 11^/6, of equa- 
tion (B) arises from the odd powers of ^/6 in the develop- 
ments of the binomials, and must therefore change its sira 
with v^6, this boing, moreover^ all the change tluit will be 
produced by substituting — x^b for + ^b. 
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The substitatioQ of a ~ ^6 for x in the equation 

V-0, 

will therefore give 

S - U ^6, - 

which we have shown to be equal to zerp. 
Consequently a — \/b is a root. 

The 6ame demonstration wilf apply to the case of ima- 
ginary roots. These are of the form 

< 

141. From what has been said in last article, it is obvious 
that if a + 6 y^ — 1, be one imaginary root, o ^- 6 ^ — 1 
must be another. The equation will therefore be divisible 
by Of — « — b y/ — 1, and also byx — « + 6\/— 1. Con- 
sequently, their product 

aj» — aa» + a« + 6", 

must be a quadratic divisor of the equation, and thi^ factor 
is necessarily positive, whatevCT value we give to a?, for it is 
evidently equa^ to [x — df + 6*, thci sum of two squares^ 

Cor. 1» The i^oots of an equation pf aft even degree may 
be all impossible ; but if they are not all impossible, two at 
least must be real. 

Cot. 2. Sinice the quadratic factors containing the corres- 
ponding pairs of impossible roots are essentially positive, it 
is clear that when all the roots are impossible, the product 
of the quadratic factors is essentially positive, and therefore 
the absMute number R must be positive. (Art. 136, Cor. 2.) 

Cor. 3. Every equation of an odd degree has at least one 
rational root of a contrary sign to that ^ the last term ; and 
every equation of an even degree, the last term of which is 
negative, has at least two real roots, with contrary signs. 

142. An equation cannot have a greater number di posi- 
tive roots than there are variations of signs, in successive 
terms, nor can it have a greater number of negative roots 
than there afie oontkiuatiomi of the saine aigpa fiom one term 
totbenext 

16* 
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Let + ^ 1- (-4" + ^ *^® order of signs in any 

equation. If, then, we introduce a new positive root a, we 
must multiply the equation hy :c — a ■» 0. The signs ia 
the operation will he as follows : 

+ - + 

+ d:- + — + =fc±-, 

in which it is apparent that each permanency is changed 
into an amhiguity hy the introduction of the new root, so that 
the number of continuations of the same sign cannot be in- 
creased by the introduction of a positive root, and the num- 
ber of signs being increased by unity, there must be at least 
one more variation. Hence the introduction of a positive 
root increases the number of variations, by one at least. 
Now, since in the binomial equation x — a ss we have one 
variation and one positive root, it follows from what has been 
said above, that the number of positive roots can never ex- 
ceed the number of variations of sign. 

If we change the signs of the alternate terms in the 
above, the continuations will become variations, and the 
variations, permanencies. But, by this change of sign, the 
signs of all the roots are changed. (Art. l!^9.) Hence, since 
this equlition cannot have a greater number of positive roots 
than there are variations of signs ; it follows that the original 
equation cannot have a greater number of negative roots 
than therb are continuations of sign. 

Cor. 1. If all the roots are real, the number of positive 
roota will he ^qucd to the number of, variations, and that of 
negative roots equal to the number of permanencies, of sign. 

Cor. 2. This rule, which is due to' Descartes, will some- 
times enable us to determine whether there are impossible 
roots in an equation. For example, suppose it were desira- 
ble to know the nature of the roots of the cubic equation* 

Supplying the second term so as to make the equation com- 
plete, it becomes 

a*=bOa:"-(-Air + N = 0. 

Now, if we take the upper sign, there are ihree perma- 
nencies, and, consequently, there are no positive rooti* 
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But, if we take the lower sign, there are two variations, and 
therefore can. he hut one negative root. The other two 
must then he imaginary. 



I 

I 



SECTION n. 

-^ TranrformaUon (f EquatioM, 

143. To transform An equation into another whose roots 
shall he euual to those of the original equation increased or 
diminished hy a given number. 

Let a?» -f- Aa?*— * -f Bx"-* + Ca??-» . . . Pa? + R = M) 
he an: equation. If in this we substitute y-^r for t, the 
resulting equation will evidently have its roots equal to those 
of the equation increased hy r. But as this operation is very 
tedious, especially for equations of a high degree, we shall 
point out the following shorter method of arriving at the 
same result. 

By the substitution ahove proposed we will arrive at an 
equation 

y"+A'y"^+B'y^+C^y"-*...P'y-f R' = 0. (2) 

If in this we put [x + r) instead of y, it becomes 

(a? + tY + X'(x + r)»-' +..... . P'(a:+r) + R' « 0. (B) 

^ow, this equation must he identical with (1), since (2) was 
ohtained hy substituting ^^ "— r for ar in (1^, and (8) hy sub- 
stituting X + r for y in (2), which is nothing more tlmn re- 
versing the operation. 

Since, then, (8) and (1) are identical, if each he divided 
hy (x + f)r the quotients and remainders must be the same. 
But (8) divided by (a? + r) gives for quotient (ar+r)""* 
+'A'(a: + r)L"~' .\ . . P', andfor remainder R'. If this 
quotient he again divided by ar + ^* the remainder will be 
P'. This operatioil may be continued, dividing each quo- 
tient hy X + r, and the several remainders will be the coeffi- 
cients of the various terms, beginning with the last. 

Thus let j't be required to find an equation whose, roots 
shall exceed by 4 the roots of the equatfon 

a:* — 6a!*+ 12aj»H-7a:— 12 = 0, 
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diriding by a? + 4, the opeMioa will be na bekuvr. 
ar+4)x»— 605" + X^afl + 7a? — 12 («•— 9«* + 4ga: — 186 

ac*+4g' 
— 9flc»+12a* 

^9g« — seg* 

^^9"+ 7a: 
48 a;* + I W ay 

— 186x— 12 
^186 a? — 740 

72S» Ist xseiaahMlef « 

« + 4) a* — 9 «■ + 48 X — 1 86 (*■ — 18 a: + «» 

a« + 4g' 

— 13a:« + 48i 
->. 13 g» — 62 ag 

iOOi— 186 ^ 
100 OP + 400 

^ 686, aeeoad tern. 



« + 4)«« — 13a?+100(a?— 17 

g»+4a? p 

— 17X + 100 

— 17a:^ 68 



, + 4);P_17(l 

x+ 4 



— 21« 4th rem. 



^■1 rii ■ »i 



168, 3d rem. 

Hence the transformed equation is 

«*-. 21 «• + 168«» — 586 « + 728 -sO. 

By using S3rnthetic division, this operation will be much 
shortened. Thus: , 

11-6+ 12 +7 *. Id 
— 4 -4+ 36-192 +740 ^ 

1—9 + 48 — 185, + 728, 1st rem. 



1st quotient, 
21 quotient 
Sdquodent, 



_4 +62--400 



n; wttt 



1 -- 13 + ICO,*. 586, 2d remaind^. 
1 -4+68 

1 — 17, 168, 8d femahider. 

-4- . • - ■ 



1,— ^1, ^ remainilaf. 
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And the equaticm is as above, 

a*^%l a* + 168ar«— 586a? + 728 = 0. 

The operation "may be still better arranged thus, placing 
the — 4 to the right, in the place occupied in ordinary divi- 
sion by the quotient, and omitting all the numbe]:^ in the 
left hand column except the first. Thus 



1 -5 
-4 


12 7 — 12 (- 4 
36 -192 740 


-9 
-•4' 


48 . ..-186 728 1st rem. 
52 —400 


— 13 

- 4 


100 — 585, 2d remninder. 
68 


-17 
- 4 


168, dd remainder. 



— 21, 4th reniainder. 

To transform the equation 3 a:*— 4 3^"+ 7 a« + 8 a?— 12=0 
into another whose rooCB shall be less hy 3 than those of the 
given equation. 

3 -4 7 8 —12 (3 

9 16 , 66 ^ 

6 22 74 210, Istren^ 

Jl 42 192 

14 ,64 266, 2d remainder. 

23 133, 3d remainder. 

Jl 

32, 4th remainder. 

and the equation ia 

3 ar* + 32 x» + 133a:»+266 a?+210= 6. 

Examples. 

Ex.1. Diminish the roots of the equation 

4a» — 32;c«— a? + 8=Q 
by 4.8. 

The operation will stand thus, - 
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4-32 - 1 + 8 ( 4.8 

16 -64 — ^ 

— 16 — 66 — 252 

16 ^ 

^ "^ —06 

I 16 

{ 16 - 66 — 262 

i ^ 16>36 - 30.712 

■ 19.2 —49.64 — »1.712 

8.2 17.92 

22.4 — STtS 
8.2 



26.6 



Hence the transformed equation is 

4 «» + 26.6 a^ — 31 .72 a: ^ 291.712 -s a, 
or a»+ 6.4a*^ 7.93a:— 72.928 = 0. 

Ex. 2. ^Transform the equation ^ ' 

a?_10a?» + 27a: — 18«0 
into one whose roots shall be less by 3 than those of the 
given equation. .^719. x" — a;*— 6a?ssO. 

Ex. 8. Diminish the roots of 

a:* — 8 a:» + 1 4 «» + 4 a? -- 8 ^ 
by 6. ^ns. 

Ex. 4. Increase the roots of 

a* + 6a^ + 7a? + 29=s0 
by 7.3. w3n5. 

. Ex. 6. Diminish the roots of 

2a:» + 3:r^ — 4a? — 10*0 
by 7. Jim. 

Ex. 6. Diminish the roots of 

a:^— 8 ar» + 16 ^ + 7af — 12 «0 
by 2. yftw* ar* — 8a?» + 7a? + 18sa0f 

144. The solution of the last example of the preceding 
article makes known the method of transforming an equation 
90 as to eliminate the second iezm. 
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It is only necessary in the equation 

a!* + Aa!*-'+ &c.,BaO 

A 
to increase or diminish the roots by — , according as the co- 
efficient of the second term is positive or negative. 

Examples. 
Deprive the fbllowi|)ig equations of their 8»c(mi terms. 

Ex. 1. a:*» — 6a;« + 8a? — 9«0. 

Ex. 2. ar* + 10:r»,— 4aj« + 8a?— lli*=0, 

Ex. 3. x^^9 s^ + 26x —^ sa 0. 

kins. 

£x.4. a:* + 8aj»— 6a?— 17 = a 

•aUS. 

Ex. 6, ir» — 5 a?« + 8 a? — 12 «0. 

1^ t 

Am. af^^ — x— 162;=; ^0. 

o 587 

145. ThQ removal of the second term of a qttadratic equa- 
ticm leads at once to the general formula for i^ solution. ^ 

Let ar« + Aa: + B = 

be any quadratic equation. 

If w« transform it so that the roots may become x' + r, 
the result will be 

a?'»+ (A + ar)a?' + r» + Ar + B=aO, 

and that the second term may vaixish, we must have 

A + 2r«0, orr«-:|^ 

1 

whence f« + Ar + B a? — j A» + B, 

the equation therefore becomes 

aJ'»-jA«+B — 0, 
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-*4*- 



whence «' — r db ^ j A* — B» 

and a?-aj'+r--.:^=hJlA»-B, 

which are the values resulting from tiie oidiiiaiy mode of 

solution. 

146. To transform an equation into another; whose raHs 
shall be the reciprocals of those of the given equadoa. 

This is done by substituting - for x in the given eqoatioa 

and clearing of fractions. The result will evidently have 
the same coefficients in an inverted order. 

Thus, if Aaf + Bx"-»+Ca^-". . . Pa:* + ax + R*=0 
be an equation, the reciprocal equation will be 

Cor. Hence we may transform an^ equation into another* 
whose roots shall be greater or less than the reciprocals of 
the given equation, by applying the process pointed out in 
Art. 143, to the coefficients taken in a reverse order. 

For example, let it be required to transform the equaticm 

8ar*— 13a* + ra?» — 8ar — 9 = 

into one, whose roots shall be equal to the reciprocals of 
those of the given equation, increased by 2. 



-9 


-S 


7 


-13 


3( 


— 2 


• 


18 


-20 


26 


— 26 






10 


— 13 


13 


-2a 






18 


— 56 


138 




r 




28 


— «9 


151 


• 






18 


— 92 


• 


* 






46 


-161 


V 


. • 


f 




18 




. 








64 










and the transfolmed 


equation is 




- 





— 9 or* + 64 x» — 161 ar8 + 151 ar — 23 = 0. 

147. If the coeMcients of the proposed equaticm be the 
same when taken in an inverted order, it is evident that the 



trans!formati6n of equations. 193 

equation, whose roots are the reciprocals of the roots of the 
given equation, will be identical with it, and will therefore 
furnish the same series of roots. The roots of the original 
equation must therefore be of the form 

a, - ; 6, r- ; c, -, &c. 
a o c 

If the equation be of an odd degree, and the coefficients 
taken in reverse order be of like magnitudes as when taken 
in direct order, but with signs all different, then will the 
roots of the transformed also be identical with those of the 
original equation, for by changing all the signs df the original, 
which of course produces no change in the roots, the signs 
tof the corresponding terms will be the same, and the equa- 
tions will therefore be identical. 

The same reasoning will hold with equations of an even 
degree, provided the middle term be absent, ^ . 

Such equations are called recurring equations. 

448. A recurring equation of an odd degree has one of 
its roots equal to.+ 1» or — 1, according as the signs of the 
like coefficients are different or alike. 

For, since every power of +1 is positive, if the signs of the 
like coefficients be different, the substitution of -f 1 for x will 
render the corresponding terms equal,'and of contrary signs, 
they will therefore destroy each other ;, but if the signs of 
the equal coefficients be the same, then, since one of them 
will belong to an even power^ and the other to an odd one, 
the substitution of — 1 for x will make the corresponding 
terms equal and of opposite signs. 

149., A recurring equation of an even degree, in which 
the like coefficients have different signs, and whose middle 
term is wanting, is divisible by a?^— 1, and has of course 
two roots, viz., + 1 and — 1. * 

For,leta^"+Aa?««-.»+Bi!«»-». . '. — Bo?"-. Aar«l — 

be a recurring equation of the kind required. It may be 
written -' ~ 

a:2«_ 1 + Aar (a?'^'?-« — 1) +.Bara (a:"-*— 1) +,<fcc., « 0, 

the first member of which is evi^ntly divisible by a?"— 1, 
It is moreover evident that the depressed equation will be 
a recurring one of the (2 n — 2)th degree : 

17 
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For the reaulting equaUoa is 



ar«"-M-A;«**-*+B|aJ»-*+A 
+ l| +C 



+Cj +1] 

which is a recurring eqaation of an oven degree, the equal 
coefficients having like signs. 



IQO. To transfozm an equajdoa into another whose roots 
are some multiple or suhmultiple of the givea equation.. 

Let sT+Aaf-^+Bar-*. . . . Pa?+ft«C> be an equatioQ. 
Put y «s nix or x n^ and we have 

!»• mr * tnr " • «» 

clearing of fractions, and 

y+Amy"-»+Bm^— « Pm— *y+am* = 

is the required equation. 

This equation is evidently formed by multiplying the 
second coefficient by m, the 3d by tn^ &c. 

Cor* K If an equation have fractional coefficients ; it may be 
changed into one with integral coefficients, by thinsfbrming 
it so that the roots shall be equal to those of the proposed 
equation, multiplied by the least common multiple of the de 
nominators. 

L ... 

Cor, 2. If the successive coefficients of an equation \» 
divisible by m, m^ &c., then m is a common ooeasure of the 
roots. 



SECTION m. 

On ike Limits cf the Boot$ efEquationa, 

151. In the numerical solution of equations it is often of 
importance to determine the limits between which the real 
roots must be found. The limits oc jind 0, are evidently the 
extreme limits, between which all positive roots must lie ; 
and and — oc are equally limits to the negative roots. But 
in order to obtain the numerical value of the roots it is ev^ 
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dent we must discov^ mucli naitowejr lini^its llian these. 
The principal means of obtaining these will Be found in the 
following part of this section. 

A sttperiiur limii to the positive i*Qots is a number nume- 
rically greater than the greatest positive root ; and an inferior 
limit of the negative roots is. one numerically greater* ab- 
straction being made of its sign, than the greatest negative 
root. 

A superior limit Is characterized by the ptbperty^ that 
it or any number greater than it, when substituted ibr x 
In the equation, causes the tesult to be positive; and ah infe- 
rior limit necessarily ^produces a negative result^ as likewise 
do all greater negative numbers, provided the equation is of 
an odd degree. 

152. In f^ny equation whose second term is negative, and 
bU the other terms positive, the coefficient of the second 
term, taken positively, is a supeiior limit to the foots. 

Let the equation be 

«"— Aic*-»-fBj*--*+ . . .v.4-Na? + R = 0. 

Now it is evident, that fiubstituting A for x renders, the 
first two terms equal ; the equation will therefore be re- 
duced to 

BA'-'H-CA'*-* +NA+B. 

The result of the substitution is therefore positive, unless 
A is a root of the equation 

BA«-« + CA"-»... . +NA + R = 0, 

which is impossible, because it has no changes of signs, and 
consequently no positive root. (Art. 142.) 

If any number greater than A be substituted for x, the first 
two terms, s^ — Aa:"""*, give a positive result, and hence the 
w:hole resuk is also positive. A is therefore a ^tiperior limit. 

153. The matest negative coefficient increased by unity 
is a supeiior limit. 

Let — D be the greatest negative coefficient of the equa- 
tion 

ar* + Aa*~^ + Bo*^'* + &c + Na: -f- R — 0. (1) 

Then D 4* 1 is asuperior limit. 
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CompariDg the equation with the foliowing^ viz., 

af — Dx*-* — Dx"^« — Da: — D = 0, (2) 

it is evident that any numher which is a superior Hmit to 
this will likewise he to the other. 
- Now the latter may be written 

a-*— D(i»-*4-ar— •' a? + l)«0, 

ar^D^^^^l^O.^ (Art. 63.) 

If» now, D + If he substituted for x in the first member 
of this equation, it becomes 

(D +1)"- D ^ ^ "^D '~^ ] -(D+1)--(EH-1)-+1-1, 
a positive quantity. 

But if 8t a greater quantity than D + 1, be substituted 
for ar, the resuU 



OK 



^ 



for *"— 1 = («»— 1). 

Therefore, inasmuch as « > D + 1 or « — * 1 > D, 



and ^_D^^^|>1. . 

D is therefoile aisuperior limit to the equation (2), and there- 
fore "to (1) likewise. 

164. In any equation of the nth degree, if — Ga?""' be 
the first negative term, and — P the greatest negative coeffi- 

cient, then will Pr + 1 1>g &- superior limit. 

Conceive Q and all the subsequent coefficients to be nega- 
tive and equal to — P, which is evidently the most unfavour- 
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able case. Then, if we substitute Pr for x in the inequality 

ar">P(ar*— '+a:?^»-' . +1), (1) 

it becomes 

n C n — f n — g—l 

P7>P{P~7-+P"T7— ..*:* +1). (2) 

Now, the kst member tt this inequality is equal to 

Pf+P^. .^ . +P> 

which, being greater than Ft , renders (2) impossrble. 

The second member of the inequality (1) is equal (Art. 
63) to 

- far •—'+•* .*=- 1 "> 

wHch becomes^ by the substitution of P7 +1 for X, 

(pI-+1)"'»+'— 1 



ri 



mm P^' \ (P^ + ly-^"*- «^ i I 

« p^(f4+ i)— »-^ •— p S^, 



^Pr+1^ 



f 1 



which is evidetilly less than (Pr+ !)*» an* therefore Pr +1 
sul^tituted for x satisiSes the inequality (9), and as it is plain 

that any number greater than Pr-f 1 will likewise satisfy 

(l),Pr+lisa superior limit. 

Ex. 1. Required a superior limit io the roots of the equa- 
tion, 

a:* — 5 a« + 37 a?» — 3 a? + 3d = 0. 
Hefe P«5, g=t=l, 

.% Pf^f. 1^6, the limit required. 

12* 
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Ex. 2. a:» + 7ar*— 12a«--49ar« + 52ar— 13«0. 
Here P » 49 and g » 2, 

pi + 1 sa 7 + 1 = 8, the limit required. 

Ex.8. aj* + ira:«— 25a? — 67 = 0. , 

^na. The limit is 67^ + 1 =6. 

Ex. 4. St* — 2a:«— 11 a? + 4«0. 
Divide by 3, and 

3 3 T3 

and the limit requit^ed -^ + 1 b 6. 

o 

155. To determine the inferior limits to the negative 
roots, it is only necessary to change the signs of the alter- 
nate coefficients, by which the signs of the roots will all be 
chanc^ed (Art. 139) ; inferior limits to the hegative roots 
thus become superior limits to ihe positive roots, and may 
be determined as above. 

156. If a, 6, r, ^c, be the real roots of an equation ar- 
ranged in the order of their magnitude, so that a > 6, 6> c, &c.; 
and if a series of numbers a^, &^, c^, &^c., be taken, such that 

at>^^<*> *i» ^1 > ^» ^ > c^, c, > c, &c. ; then, if a,, b^, c„ 
&c., be substituted for x in the equation, the first result will 
be positive, and the others alternately negative and positive. 
^The original equation is equivalent to 

(a? .— a) (a? — 6) (x — c) . . . . . =0. 

This, by the substitution of a^ for a?, becomes 

(«i-«)K — *) («i — c), 

the factors(^ which are all positive, and hence their product 
must be positive. 

If 6^ be substituted, it beJ^omes - 

(6^_a)(6._6)(6.-c). 

the first factor being negative, and all the rest positive, the 
result is therefore negative. 

The substitution of c^ for x renders ttvo of t&e factors posi- 
tive, and of course the product is positive, and .so on. 
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Cor* 1. Hence, if we find two numbers, which, when 
substituted for the unknown quantity, give results of differ- 
ent signs, we may be certain that there is an odd number of 
roots contained between them^ 

Cor. 2. By the substitution of the natural series 0, 1, 2, 
3, &c., t^en negatively , as well as positively, we will gene- 
rally be enabled to discover the real roots. Sometimes, how- 
ever, there are tw;o Or four or some even number of roots 
contained between two consecutive terms of the natural 
series ; in such cases their eidstence will not be indicated 
by this substitution. If, for instance, one of the roots was 
<v/3yand another y/% these both being contained between 
1 and 2,. the subjSlitution of these latter numbers would afford 
no indication of them. ' 

Cor. 3, If the equation be of an even degree, the substi- 
tution of a quantity less than the least root will produce a 
positive result ; but if the degree be odd, the result will be 
negative; 

157. To find an equation, who^e roots are intermediate 
between the roots of the equation, 

V = x" + Aaj"^*-fBx"-»+. . . .N:c« + P:»-f-a=:0. 

The roots of such an equation being limits to those of the 
proposed,, it is called the limiting equation. 

In the equation Ys 0,- make x^^y+r^ and we shaU have 

n— 1 

Aa?^'=a Ay'^''+(nT-:l)Ary'^-f-...(»i— l)Ar^y+Af^' 
Ba?"-'=5: By^ -f ...(n— 2)Br*-*y+Br»^? 

Pre =. Py +Pr 

g =^ -^^ g 

... V =y"+AV"-' + B'y^ -f ... P'y+Q''=0,(l) 

in which A', B', &c., are put for the sum of the coefficients 
of the different powers of y; so that 

F«nr"-'-f- (n— 1) Ar''-^+ (n— 2)Br'-'+ . . . +P. 
If, now, Oy hf Cr d, &^n be the. roots of Y =s 0, arranged 
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ia tlie Older of th«ir magnitudes, tbe roots of equation 1 will 
tea — r^b^r^c-^rtd^fi &c* 

Conaequeutiy (Art. Id6, Cor. %) 
P-. (r-.6)(f — c) (f — rf)lo (n — 1) factors 
^.(r — «) (f -^ c) (r — d) to -^ 

+ (r^fl)(f-6)(f-(l)...- « 
+ (r — a){r — *)(r — <J).»*. " 

If,, BOW, we make tmtn,h, «, Jbc., ttkeceetively in tiM 
abore, we shall bare the following resullsy vis., 

p'«(<i-6)(a-c)(a-rf). ...=+ - + . + - + 

F« (6 — a) (6- c) (6- rf) =-. + . + = — 

F-«» (c - a) (c -6) (c -rf) ....«-.-. + «« + 

And since the substitution of a, 6, c, &c.,^or r, giro results 
alteroateljT positive uid negative, the roots of P'^ must 
be contained between a, \ c, &c. (Cot. 1. Ajt. 156.) 
Consequently, (writing x for r^ 

P'=rw?*-* + (n — 1) Aa:« + (n— 2) Ba:^ . . . . 2Na?+P«0 
is the limiting equation required. 

> 

168. If the equation V «» 0, iiare equid roots ; these must 
also be roots of the equation P's 0, and hence the two equa- 
tions must hflve a comm<m measure. 

Thus if a', 6', c', &c., be the roots of P' 5=s 0; and a » 6, 
we shall also have o sk a', and the factor a^ — a will be 
found in both equations. 

If a B 6 ss c, we shall also have a == a' «= 6', and {x-^ctf 
will be\the 'Common measure. 

To determine the equal roots of an equation, then, it is 
only necessary to form the limiting equation and find the 
common measure of the two polynomials.. This coodrnpn 
measure must be formed by factors containing the equal 
roots. If, for instance, there are four roots equal to a and 
three equal to h\ the common measure will be 
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Examples. 

r 

Ex. 1. Determine the eqiial roots of the equation 

3a:'- 10a:»+ 15ar+e£=:0. 
The limitiDg e(]^uation is 

I5a?* — 30a?»4-15. 

The common measure of these (Art. 35) is 

Hence there are three roots equal to — 1. 

l^Xk 2. Find the roots of the equation 

ar*-^14ir»+61a:« — 84rp+86«0. 
The limiting equation is , 

4 a^ -^^ 42a:a+ 122 a: — 84 = P, 
and their corbmon measure is 

a:- — 7a;+6 = (a? — 6) .(a?— 1.) . 
Hence the roots are 6, 6, l,^nd 1. 

Ex. 3. Th^ equation 

a?'^7a?+16a? — 12«0. , 
hjas equal root?. What are they? ^m, 2, 2. 

Ex. 4. What are the equal roots of the equation 
a^ — 13 ar* + 67 a:» — 171 ar« + 216 a? -- 108 == ? 

^ns. 3, 3, 3, and 2, 2. 

Ex. 5. What are the roots of the equation 

3 a:« -4 8 ar« — 24 ar* + 48 ar' + 29 a?« -r- 12 a? + 1 80 «« ? 

^ns. 3, 3, — 2, — 2, and 5^ di ^ \/— H. 

o o 

Ex. 6. Solve the equation . 

a?«— 2ar*+6ar*— 8ar»+l2x» — 8a?+8 = 0, 
which has equal roots. 

Ans. ar = ± ^— 2, =fc ^— 2, and! ± \/— 1. 

Ex. 7. The equation 

ar« — 8a:* + 26 a* — . ^38 a;« + 28 a?~ 8 == 

has equal roots. What are they ? 

^8. 2, 2, 2, 1, and 1. 
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SECTION rv. 

Imaginary and Meal BooU. 

169. Tbe detennination of the number of imagkiary 
roots in an equation has been considered a problem of great 
difficulty ; and though many methods of solution hare been 
discovered, yet as most of them fail in jsome cases, the prob- 
lem could not be considered as entirely solved. By the 
following beautiful theorem <3i M. Sturm thia ^y^ftuky ha* 
been completely overcome. 

Let Y = aj"+Aa:«-^^+. ., .Na:+P=sO 
be an equation of the nth degree, having no equal roots, 
and Y^ » 0, the limiting equation. 

If the^ are any equal roots in the proposed equation, 
these must first be determined by, (Ait. 166^ and the equa.^ 
tion depressed-. 

Operate with these as though their common measure 
were desired, calling the several remainders with their signs 
changed, Y^, Y,, &c., Y„. 

The primitive function Y, and the derived functions Y^, 
Yg 4i . . Y^ will be of decreasing dimensions in a?,, the final 
one Ym being independent of that quantity. 

Now to determine the number of reed root$ between any 
limits -p tmdq^ we have only to substitute theie values for 
X in the primitive and derived functions, noting the nuro' 
ber of Tnri€Uion8 of sign in the results. The difference 
in the nuridber of variations resulting from the two sub- 
stitutions will OB the number of rem roots bet weeri Ihose 
Kmiti. If + oc and — oc *c used instead of p and q, we 
will have the whole nurnberof real roots. 

Demonstration. 

1st. No two consecutive functions can vanish ioi the same 
value of a:. 
For from the mode in which the fancttons ate derived, 

we have T =a€t Y^ — Y, 

Yi «.a, Y, -y: 

Y. =a. Y3 -.Y, 

: i- i ■ 

Y,„«aa= Q^^gYufc-^l — Y,n. _ 
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Now if any two, as Y^and Y^ each = 0, we will hav€i 
Y^ cw 0, Y, =^ 0, Y« =» 0, and Y and Yj will have a com-, 
mon luea&uie, but this is impossible, as there are no equal 
roots. 

2^^ If one of the functions as Y, becomes 0, for a parti- 
cular value 4?f a?, We adjacent functions wiU have contrary 
signs for that value. 

For we have Y» = &» Y, ~ Y^. 

Butas^ Ya:^0, T^fe — Y^. 

Od. Let p be greater than the greatest, and q leto.than the 
least root (negative roots being considered less than corres- 
ponding positive ones) of the equations ^ 

Y«0,Y^=«0,Y, = 0/. ..Y;„_i=.a. 

If, now, we suppose q gradually to increase^ until it be- 
comes equaP^to the least root of the above equations, no 
change can have taken place in the signs of any of the re- 
sults. At this point, however, that, function to which this 
root belongs, (say Yg,) vanishes; and as^ in this case, the 
adjacent functions necessarily hav^ difieirent signs, no change 
in the number of variations of signs can be produced by this 
circumstance, and, consequently, every change in the num- 
ber of variations must arise from the change of sign in the 
primitive function. 

Let us suppose the value of q has changed until it has 
passed the least root of Y =0, but not arrived at that of 
Yj = 0, this being necessarily greater than the least of 
Y = 0, (Art. 157.) Now Y and Y^ produce results of op- 
posite signs if any number/ leas than their least root be sub- 
stituted in them, (Cor. 3, Art. .156.) Hence the change of 
sign that takes place in Y, by passing the least root of Ya= 0, 
must make tbem of the same sigh, and diminish the number 
of variations by unity. 

If we conceive q still to inCiPease until it has passed the 
least root of Y^^sO, this function will have changed its 
sign, and of course: Y and Y^ will have different signs. As 
q still increases, it will pass the second root of Y=a= 0, by 
"^^hich operation the number of variations will be again 
diminished by unity. .^ 

Now as np change in the number of variations ^ can arise 
from the vanishing of any of the derived functions, and as 
the number of variations is diminished by unity, whenever 
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q increasing passes one of the roots of Ys:^ i it follows tliat 
the whole number of real roots will be equal to the dinunu- 
tion in the number of Tariations, that is ' produced by q in- 
creasing from its original value to an equality with p. 

The calculation will be simplified by using + oc» and 
— oc, for D and 9, since it will only be necessary to note the 
sign of the first term oi each function, as in the first case 
the signs of the results will be the same as those of the first 
terms ; and in the latter the even powers will be the same 
and the odd powers difilerent from the signs of those terms 
in the functions. 

As an example, let it be required to find the number of 
real roots in the equation 

Here we have 

Y^=3««— 8 a? —6 
aa?«— 8ar— 6)3;r»^ 12r«— 18x+24 ( x 
3ar»~8x«--6ar 

— 4ar» — 12a?+24 

Xbyf — 8a?«— 9 a? +18(— 1 
— 3x*+8a:+6 

Y, = 17x-12, 

61a:«— 36 a: 



— 17x+ 12 ) 3a-— B x —6 ( 

51a:"— 136a:— 102(— 3a? 



—100 a?— 102. 

^ The final remainder will evidently be negative. Hence 

The substitution of + oc, and — oc in these will produce 
the foUowing results : 

+. a gives + + + + 
— oc gives -r -{ h« 

Now as there are no variations in the first line, and three 
in the second, the roots are all real. 

To determine the initial figures of these roots, we will 
merely have to substitute the numbers 0, 1, 2, and — 1, 
— 2, &c., in the functions, and note the signs of the results. 
Thus, 



IMAGINARY AND EEAL ROOTS. 



205 



+ + 

: + + 

- + + 



1 

2 
3 
4 



u 






2 variat. 

1 

1 

1^ 

I 





x=0 gives + + 

-2 " - + - + 



2 yariat 

2 « 

3 « 



Hence the roots are between and 1, 4 and 5, and — 1, 
and — 2. The initial figures .are therefore 0, 4 and -^ 1. 

Again, let the number and situation of the roots in 
X8 + 11 a?«— 102a? +.181 =5=0. 

The functions are 

Y=i« +lla?»— 102a?+181 
Y^^Sx^ +22x — 102 
Ya- 122 a? — 393 

The substitution of a gives all the signs po|sitive. 

of — oc gives three variations. 
Ilence there are three real roots. 

xj*s gives 4" — ,— + two variations. . 
"ar=i " +—— + 

:p = 2 " +— -^+ \ 

ar=»3 " H h two variations. 

^ ar sas ^4 " + + + + no variations. 

As there Jire two roots' between 3 and 4, we will trans- 
form the functions so that their roots shall be diminished by 
S, (Art. 1430 The result will be 

Y = x^ . + 20 a;»— 9 x-i^l 

Yj=3;r» +40 a? —9 

Ya=122a:— 27 

Y3=+. . . 

In these , 

X SB gives +1 • + two variations. 

x^.l « +- — -+ ' 

0? =3 .2 ** H -— + two variations. 

iC = .S " + + + + no variations. 

We thus find that diese roots are both contained between 

3.2, and3.3« 



1 
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Transforming these functions so that the roots may be less 
by .2 than those last used, they will become 

Y = a:» + 20.6 x»—. 88 a? + .008 

Y,= 3ir» + 41.2a?— .88 

Y.«12?a:— 2.6 

"Y,= +. 

In these . 

X as gives + + two- variations. . 

X = .()l . " .+ 1- two " 

. ar±±.02 »« ^— -^ hone 

x = . 03 '* -f -f. + + no 

So that the roots are 3.21, and 3.22 ; and as the sum of the 
roots is — 1 1^ the third is — ■• 17 A. 

3. Find the number of real roots in the equation 

a?«_2 X* + 6 iP* — 8 a* + 12 ar«— 8 ar + 8 « 0. 
The functions are 

Y = a:' — 2 ar» + 6 a;*— 8 a:* + 12 a*«— '8 a? + 8 
Y^^ 6 a:'— 10 a:* + 24 3:3 — 24 a?^ +^ a?— 8 
Y,= — 13 a:* + 24 ar»— 60 a?*'+ 48 a:— 68 
Y,=.a?' + 4a:* + 2a? + 8 
'Y^= — ar»— ^ 
Y.-O. 

Since ar' + 2 is the common measure, there are , equal 
roots. NoAv »« + 2 = (ar -f >/— 2) . (a? — v'— 2.) Con- 
sequently thtere are tw^o pairs of equal roots, equcd respect- 
iVely to ^— 2 and — v^^2. 

a? = oc gives the signs of the various functions. 

+ H — - H three variations. 

a* ■= — oc gives H -— one variation. 

The above would indicate two real roots, whereas all the 
roots are imaginary. This failure results from the theorem 
being applied to a case to which it does not belong. The 
demonstration was based upon the supposition^ that there 
were no equal roots, and upon this supposition one of the 
important steps was founded.- In the above equation, how- 
ever, there are two pair of equal roots, and of course the 



IMAGINARY AND REAL ROOTS. 207 

demonstration does not apply. The immediate reason of 
the failure in this instance may 'be found by substituting 
—4 for ar,. which renders Y3 = 0, Y^, and Y^, both being 
negative. 

Determine the number and situation of ^the real roots in 
each of the following equations : 

1. ar<— aiic' 4-22 a?«— 71 ar — 85 = 0. 

2. 2a^— 13a?»— 30 a:— 25 = 0. 

3. a:r*— 5ar*4.3ar»+ 17ar — 32 = 0. 

4. 3«*+17a:»— liar*— 22a?— 13 = 0. 

5. a:»— 7a?a + 9ar— 11=0. 

160. Let it be required to determine the conditions that 
all the roots of 

af^+px + q^O. 

may be real. 

Here Y = a^+/)a? + jr 

Y^=3x«+j} 
Y,=.— 2j9ar— 3^ 
Y,= — 4;?' — 27 5». 

Now in order that the roots may b^ all real, there must be 
three permanencies when -f- oc is substituted for x in these 
functions, and three variations when — oc is substituted. 
That the first condition may hold the value of Yg, viz. 

— 4p^ — 27 5^.' must be positive, 

or 4j^ + ^q^<0, 

and this cannot be unless p is negative. * 

If, then, p b^ negative, and Y3 positive, we will have by 
the substitution of — oc for ar, the following order of signs» 

viz. : - — + — +> 

giving three variations, and thus proving the existence of 
three real roots. The condition, then, 

4p» + 27g«<0 

is essential, and sufficient to indicate that all the roots are 
real. 
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CHAPTER Vffl. 

0gf THE VUXEMlCMIt' SOLUTIOIT .OF B<|tJATI09S;-. 

SECTION L 
Cardan's Ruh for solving CMe Eqaattof^. 

161. Lbt «• + Aa?» + Bx + C = 0, be any equation rf 
ibe third degree. In order to render it tnore manageable 
let it be deprived of its second term, (Art. 144,) and let the 
resulting equation be 

Assume x sy-f z. 

Then a^ = y' + ^ + 3y2:(y + 2:,) 

(V transposing 

OP* — Syarx — (y» + ;?') = 0. 

Consequently 3 yz ^ — ft and y* + aj* =3 -«• c. 

.-. from the 1st «• =fe — ^ . , 

whieh beinj^. substituted in the other, thb beoomes 

^-^27^ '' 

(HT clearing of fractions y" + ey' ^r ^* 

.\ solving the quadratic y^ ra — ^ + y'f -.^^ a a« A»r 

Consequently, as a? a=y + z, we have the following general 
formula for the roots of an equation of the third, degree. 

This is CardarCs formula. 

The above formula would appear to give but one of the 
roots. When, however, it ts remembered that the values of 
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y wd z are determined by extracting the cube roots of A* 
and H*, whrch operation is equivalent to solving the equa- 
tions 

y3_A» = 0, «« — B^ = 0, 

it will be seen that each of them must have three values, 
which are readily determined. Thus, 

The first of the above equations is equivalent to 

(y - A) (y« + Ay + A«) = 0. 

The first of these factors gives the root A, the other 
solved as a quadratic will give 

y = 2 " — ' *°^ ^ ^ — 2 — 

Similarly the other values of z are 

Z:li-^B,and=iz-^S. 

It might now appear that the three values of y combined 
with the three values of z would give nine values for a?, and 
that^ consequently, an equation of the third degree^ has 9 
roots. 

The reasoning, however, is incorrect, for the values of y 
^.nd z are subjected to the condition that 

Six, however^ of the combinations alluded to above give 
imaginary products, and are therefore to be rejected. 
The only values of a? are 

A + B • 
3— A + ^ B, 

-^-^^zL2A+-"^+y-s. 



2 

c" 6» 



162- If T + H^ ^ negative, that is, if 4 6» + 27 c" < 0, 



the values of x apparently become imaginary ;. although we 
know (Art. 160) that this is the only case in which they are 
all real ; and as no means have yet been discovered for re- 
ducing the complicated imaginaiy forms to real valaes» Caj> 

18* 
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dun^fli Imle faib to give the roots except when two of them 
nfe imftginary. The case in which the' rale Mh is Called 
the irreducible case, and has occupied much of the alt^n* 
lion of many distinguished mathematicians. 

EXAMl*I»E&4 

Lei the equation Ibe 

a* — 6 af* + 3 ar + 38 = 0. 

ttere it will first be necessary to remove the second terti^ 
for which purpose the roots must be diminished by 2. Thus, 

l_e"+3' +88 (» 
2 -8 —10 

-4 -6 28 

_ 2 --4 

-2 -9 
2 



Und the e^wdtidii «l 

y»-9y + 28 = 0. 

(^ 1^ ' 

Hence &»- 9 and ^<^28.'. ^ + ^>itil96-27Bi 160^ 

and y «= ^— 14 + 13 + ^-^14-13, 

« - 1 -- 3 = - 4. 

Ex. 2. Scire a:» — 6 x» + 3 x — 18 = 0, by Cardan's rule. 



feECnoN^ H. 

Recurring EqucUiana* 

163. It has been showti (Aft. 147, et seg.) that a recur* 
titg conation df ah odd degree has one of its roots =» + 1 
or — !, According as the signs of the eqtral coefficients ate 
diff^Vent or inlilre, and that the remaining roots are the one 
lialf recipf^cals of the other half; that ff the equation l» oj^ 
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•an eren degree, and hare the signs of. the equal coefficients 
alike, the same law holds good respecting the roots ; and 
that if the signs of the^qual coefficients he differefit, and the 
middle term be absent, twp of the roots are -f 1 and — 1, 
and of the rest one half are the reciprocals of the other half. 

1(l4. Oil account of these peculiar properties of recurring 
equations, they may always be reduced to others of lower 
dimensions ; one of aii odd degree may at Once he depressed 
to the next inferior degree, by divi<Jing by the factor x — 1 
or a? + 1, for which/purpose the method of synthetic divi" 
sion. is admirably adapted. 

. Thus, let it be required to remove the factor a? + 1 from 
the equation 

6 a?5 — 7 a?* + 6 a:» + 6 a^* ^ 7 » + 5 « 0, 

The operatioQ is . ^ 

5-«7+8 +8 -7 +5 (-1 
— 5 +J2; ^20 12 - 5 

— 12 20 -^ 12 +5 

The resulting equation is therefore 

6aJ*— 12;?* + 20a!«— 12a? + 5«s:0^ < 

a recurring equation of the fourth d^;ree« 

165. If the equation be of an even degree, the middle 
term being absent^ and the equal coefficients afiected with 
opposite signsi the factor od^-r- I may be eliminated, and the 
equation thus; depressed to a degree lowjef by 2. than ihe 
original one. 

For an example, let the equation 

ay6-_7is^-9a:*-^9ar3 + 7a; — 1=0 

be proposed. 

1 




1 


-7 . 



9 


1 


-^d 


—7 10 


7 ^ 

-7 


-1 
1 


i"" 


— 7 


10 


—7 1 







the resulting equation is therefore , 

»*— 7i^ + 10«*-*- 7a? + 1 «0, 

a recurring eauation of the fourth degree. 



^ 
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166. A recurring equation depressed as in the Jaat two 
articles, or one whose degree is even, and the equal roots 
affected with like signs, may he reduced to another of half 
its degree. 

To prove this, let 

a5"» + Aa:«»-»+Ba:"*^» +Ba:« + Aa? + 1 

be a recurring equation of the kind required. 

Dividing by fic", it may be written, 

(^+p)+^(^"'+i"-)+K*""+i.-.) 

+ &c., = 0. (A) 

Now, we have shown, (Ex. 5, p. 159) 
that if X + ysB8 and xy ^p^ 

«■ + y» «=3 «» — 8 «p, 

x* + y* = «* — 4*^ + 2j}», 

• • . . , 

. • • • 



3 

Let now a: + -»^ = ar, then aj . — ass 1, 

X . X ' 

and the above formulas become 

x- + ^=;r-_2 

^ + Jr-^-3* (B) 

1 

aj* ^ 



1 fi ^ 
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Which values substituted in (A) will give an equation of 
the nth degree in z, and if the roots of this be determined, 
those of (A) will be found by solving the quadratic 

X + — = Zj or a?" — zx = ■— 1. 

X 

The values of the different functions need not be calculated 
separately, as it is readily seen that any one rnay be derived 
by muhipiying the last by z^ and subtracting the otie imme* 
diately preceding. Thus, 

. 2:4 _: 45r« + 2 « («»— 3 5r) jr ^ («» — 2). 

167. Ex. 1. Let the recurriog equation 

4 a?« — 24 ar« + 57 X* — 73 ajs + 67 a^ — 24 (2? + 4 -t: a 

be given for soltKios. Dividing by o^, and arranging as in 
(A), it becomes 

or substituting the fuBCtions (B) 

4 {z^—^z) - 24 (;r«- 2) + 6T;r — 73 ?sO, 
that is 4 ir« — 24;2« + 45 r — 25 *= 0. 

,By trial, we readily find one root of this equation to be 1, 
and depressing the equation, we have . 

4z«— 205r + 25 = 0r 

for the equation contahiidg the other roots ; and this equation 

being equivalent to (2 z — 6) • (2 5r -* 6) = 0, 

has two equal roots, vizr, 

5 

Having thus obtained the values of z^ we have from the 
equation a:" — - 2: a? = — 1, 

the following a?*^ a? = ~ 1 and a:* — —a: = — 1, 

r . ' ** 

of which the first gives 
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and the second 

a: x= 2 or — , 

the roots of the given equation are therefore 

That the last pair are the reciprocals of each other may be 
shown by obtaining their product, which will be found to be 
unity. 

£x. 2. Let the equation 

x» — U a:* + 17 a?» + 17a?«— 11 0? + 1 «0 

be given. 

This equation has necessarily the root a? S3 — 1, and de- 
pressing, we obtain 

ar» — 12 a:* + 29 a:^— 12a? + 1 = 0; 

or dividing by a:", 

.'U" .a? 
which becomes by substituting the values (B), 

;?«— 12z+27 = 0, 

whence 

2: = 9 or 3, 

and from the equation , ' 

a:« — za? a= — 1, 
which becomes a?* — 9 a: = — 1 and a?" — 3 a? = — 1, 

9 1 3 1 

we obtain x =s ~:t--v/T7, and x s= 2=^-^6. 

Consequently, the five roots are 

Ex. 3. t)e):ermine the roots of the equation 

1 43 43 1 

ar* a?* a^ -4- ^ — a?"4- -^x 1=0. 

^m. 1, 2, ^, — 3 and —5. 
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Ex. 4. Determine the roots of the equation 

Am. — 1, — 5, — =^, 2 + s/% and 2 — v^3. 

5 

.Ex. 5. Depress the equation 
3 a;7 — 4 0?" + 17ar» — 25 a* -^ 25 a:» + 17a^r^ 4a? + 3 = 0. 
.4rt«. One root is —1, depressed equation 3y*— 7y' 
+ 15 y- 35 = 0. 

Ex. 6. Depress the equation ^" 

6 a?* — 2 1 a;8 + 1 5 a^ _ 2 1 a? + 6 = 0. 

w5n». 2y* — 7y + l=i0. 

Ex. 7. What are the roots of 

ar« _ 7 ^ a?* + 1 1 1 ;»« + 1 1 1 a?« - 7 i a? + 1 = 0. 

O O O ' 

^«. — 1, 5,-,^ + ^^/5and-~-^/5. 

Ex. 8. What are the roots of " 

20 ar* — 109 ar* + 146 a;8 __ 145 3,9^ X09 ar — 20 = 0. 

11 3 1 ' 3 

V 

Ex. 9. What are the roots of 

30 y4 — 91 y» + 30 y» — 91 y + 30 = 0. 

•^"»' 4- ^l + ^vr-391 and-^^^V-391. 

168. There is a class of equations very analogous to recur- 
ring equations that likewise admits of being depressed to 
others of half their degree. They are of the lorm 

Aar'^+Baj^^-^+Caj^^-^+Da;^"-*. . . ±Da?8=pCa?«zbBar 

=fA = o, 

the upper sign being used when n is odd, and the bwei 
when it is an even number. In equations of this kind tha 

roots are of the form a, , i, — ,-, &c. 
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First, let n be an odd number, as for instance 3, sp ifhat 
the equation may be of the form 

Aa* + Ba?* + Cop* + Dj:» — Cir« + Bx^A. =r 0. 
Dividing by stf", it becomes 

A(a:.«L)+B(a:.+ L)+c(x-i) + D^O. 



Assume now 


1 


then 


a-+^^z' + 2 




0?* . 



Hence by substitution, we have 

Az« + B2:" + 3A|ar+«B«=0 
+ C I +D 

an equation of the third degree. 

Next let n be even, or the equation of the form 

Aar8 ^ Ba?7 + Cx«+ Bar* + Ea:*— Da^+Ca?»-lBir + A as 0. 

Dividing by x*^ it becomes 
Assuming as before x = z, 

X 

1 * 1 

we have as before tfc*+ — -^=» ;?* + 2, a?"- — -^j2r» + 3z, 

ar. ' af' 

also ar»+-=;2f* + 42:« + 2- . 

Substituting these values, we have 



A«*+B?« + 4A' 



z^ + ^B 
+ D 



ir + 2Al 
-f 2C|«0. 

+ E J 

Having determined the value of z from the depressed 
equation, when it is possible so to dp, that of x may be ob- 
taioed from the equation. ~ 

X =s 2r, or a?* — zxtss 1. 

X \ 
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Examples. 

Ex. 1. Let it be proposed to, solve the equation - 

9a:* — 3a:» — 74ar« + 3ir + 9=:0. 
Divi<ling by ar*, and arranging, this becomes 

This, by ihe substitutiori above indicated, becomes 

9za_3z=5=56. 

Whence z = 3- or — ~, 

00 

8 7 

and the equations a^ — — a? = 1, and 4c* + 5- x t« 1, 

give the following values for ar, viz., . 

ar = 3,-l,-^+g^85and-g-i^85. 

£x^ 2.' Depress the equation 

a:4 ^ 6 a;4» _ 20 a?» — 6 a: + 1 = 0. 

^ns. ya + 6^—18 = 0. 

Ex. 3. What are the roots of ^ - 

4ar*— 17a:» — 4ar»+17a? + 4 = 0. 

1 1 

Jins. 2 db ^5, and g ± ^ \/65. 



SECTION ra. 

Determtnatian of Integral Roots hy Ike Method cf Divisors, /i^< i*t* 

V 

169. It has been demonstrated (Art. 138) that no equa- 
tion, in which the coeJ9icient of the first term is unity and 
the other coefficients integers, can have a fractional root. 
In such cajses the roots must* either be integers or intermina- 
ble decimals. It will be shown in the next section how we 
may approximate as near as we choose to the true value of 
those decimal rootd, which mejthod will likewise apply to the 
determination of the integral roots figure by figure. The 

19 
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following neat method of deteftniniDg the integral roots 
was proposed by ^JMewtoo, and is called the Method of 
Divisors, ' 

Let xT+Aar-' Fa;»+Gic*+Ha«+La;»+Na?+P =0, 

he an equation of the nth degree, the coefficients being all 
integers. 

Let a be an integral root, then 

a"-HAa"- ». . . .Fd*+Ga*H-Ha5+La«+Na+P = Q. . 

p 
••. — =— a**-*— Aa»'-*.. .— Fa*— Ga«— Ha«— La— N. 
a 

Hence every integral root must be a divisor of the last 
p ... 

term P. Call — = Ct,and we have by transposition, and di- 
viding by a,- 

Sl±^« _o«-2_ Aa"-« .... - Fa«— Ga'— Ha— L. 
a 

Consequently- — — — is an integer; Calling it R, and trans- 

posing L and dividing a, we have 

^iil = — a"-» — Aa»-* . . . . — Fa«— Ga — H, 
a . 

r- is therefore a whole number. 

a 

Proceeding in this manner, we shall evidently obtain 

? = Q.^±N = j^ R + L_ S + L^ ^ ^ 
a a ^ a a 

tegers, the last quotient being — 1. 

170. From the above it appears that if a is an integral 
root the last coefficient must be divisible by it, so must the 
sum of the quotient and preceding coefficient; of this quo- 
tient and the preceding coefficient, and so throughout, the 
last quotient being — 1. > 

Having, then, determined the integral divisors of the ab- 
solute term of the equation, we must submit all of those 
betweeni the limits of the roots found by the methods pointed 
oui in chap. 6, sec. 3, to the preceding tests; those which 
satisfy them alt will be roots of "the equation. 
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171. The preceding proposition has been explained 
above on the principles pointed out by Newton. The fol- 
lowing method is perhaps mOre direct, and, moreover, will 
serve to point out the formula for calculation. 

Let, as before, 

a?» + Aa?"-' +Gar* + Ha;» + Lara + Nx + P==0, 

be the equation, of which a is an integral root. The equa- 
tion is divisible by [x — a), and. of course by a — x. Writ- 
ing the coefficients in an inverted order and applying the 
method of Synthetic Division, the operation' will stand 
thus, calling the quotients as before, Q,, R, S, &c. 

a P ■+ N -t-L +H .+ G... .+A +1 
+ 1 q R .S A-g-^l 

P N-faL+RH-f-S — o 



quotients a . R S T —1 

In which it is at once perceived that the sum of each quo- 
tient and the next coeffici&nt must be divisible by A, and 
that the last quotient must" be — 1. 

Having found one of the roots,' we may use the depressed 
equation 

a + Rr + Bx^ . . . . ... 1^ a?"-^ =0, 

or its equivalent 

p + (N + a)x+ (L + R)a^ . .... — aat*^-' » 0, 

to determine, the subsequent roots. 

Examples. 

Let it be required to determine the integral roots of the 
equation , 

a?« + 5a^-f-a?«T-16a:«— 20ir— 16=s0. (1) 

There beiiig but one change of signs, there can be but one 
positive root. 

Now, the superior limit of thfe roots is (Art. 154) 

1 -f ^16 or 4j 

and if we change the signs of the alternate terms, the equa- 
tion becomes ^ 

V— 6a:*+.ar» + 16a:« — 20a? + 16=s0, 
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in which it is readily seen that 5 is greater than the greatest 
root ; •<- 6 is therefore an inferior limit to the roots of (I)- 
The only divisors of 16 between these limits are 

+ 2, +l,-lv-2,-4, 

all the others may be rejected. It is also at once seen 
that + 1 and — i, will not satisfy the equation; it is /oqly 
necessary, therefore, to try the remaining divisors. 

2) —16 — jJO —16 + 1+5+1 

- 8 ~14 -15-7 -1 r coeff'ts of tst de- 
-2) -16 -28 -30 -.14 -2 ^ pressed eqaation. 
+ 8 +10 10 2 ■ 

—4) —16 —20 —20 — 4 6, coeflfts. of 2d equation. 

4. 4 + 4 
IQ __16 16 0, coeflPts of 3d equation. 

Hence 2, — 2,- and — 4, are roots of the equation (1), and 
the depressed equation is 

16+ 16a? + 16a:»«5i0» 

or ar' + ir + 1 = 0, 

of which the roots are imaginary. 

Ex. 2, Detetmine the integral roots of 

ar* + a:3 _ 62a^— «0<r + 1200 = 0. 
Here 1 + -v/80 » 9 is a superior limit, 

and — 63 is an inferior limit. 

The only factors of 1200 that can be' roots, are therefore 

8, 6, 6, 4, 3, 2, 1, —1 —2 —3 —4 —5 —6 —8 —12, &c. 

Arranging the coefficients and trying the various divisors, 
beginning with 2,' since we can at once see that 1 is not a 
root, the operation will stand. 



2) 1200 


—80 


—62 


1 


1 


> 


600 


260 


99 


50 




520 


198 


100 


51 


and 2 is not a root. 


> 




. - ■ 


^ ■ 


3) 1200 


— 80 
40 


— 62 


1 


1 



—40 

40 not being divisible hy 3,-3 is not a rooit. Proceeding in 
the same manner we shall find 4 is not a root* 
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5) 1200 


—80 
240 


— 62 
32 


1 


1 
— 1 


^\ ■ 


160 
2P0 


— 30 
60 


—5 
- 5 





■ 


360 


30. 








Hence J5 and 6 are the positive roots. The depressed equa- 
tion 

30 a;» -f 3619 a; + 1200 « 0, ' 
or . a?»+12a? + 40 = 0, 

will furnish the imaginary rootSj 

_6d=2\/— 1.* 

Ex. 3. Determine the roots of 

^ aj*— 6x» — 5a:a + 45:r— 36 = 0. 

" - .1 

Ex* 4. Determine the roots of 

aH»— 10 a:* + 29 a;»— 10 a;«— 62 a? + 60 = 0. 

JBx. 5. Determine the roots of 

6 a:* — 43 a^s + 107 a^ — 108 a; + 36 = 0. 



SECTION IV. 

ffomer*8 Method for Approximation to the Value cf the Roots of an 

' Equation, 

172. The discovery of the best method of approximating 
to the true value of the roots of an equation, has been an ob- 
ject of much attention to mathematicians. Various expcj- 
dients have been proposed for- the pur pose j several gf which 
have acquired much celebrity. Amongst these, the method 
below, which was first published in 1819, by W. G. Horner, 
of Bath, Engl$i,nd, is by far the best, not^only on account of 
its simplicity, but also of its brevity. 

The principles upon ^hich, it is. based are the following. 

Let m be a number y^hich differs but httle from, the root 
of the equation 

V tts af + Aa?— *+.... Na? + P« 0, 

80 that, if a; SB m 4- f , r may be a small quantity. 

19* 
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Then, if the equation be transformed into anotheF, 

V' = r» + A'r"-* N'r + P' = 0, 

whose roots are less by m. than those of the equation 

V = 0. 

We may use the last two terms N'r + P' = 0, as a trial 
equation by whieh to find a near approximation to the iralue 
of r, which call 'm'. 

If we again transform the equation 

V = 

into one whose roots are equal to those of V =0 diminished 
hy m' ; we may use the kst two terms to find m'\ a near 
approximation to the vahie of m'. 

Thus proceeding as far as we wish^ and we will have 

Xmmm + m' + m'\ &c. -, 

173. On the above principles is founded the following. 

Rule 

For approximating to the trtie ikdue af the fof^ta of an 

Equation. 

1st. Find by Sturm's theorem, or by trial, the situation 
and first figfure of the real roots. 

2d. Transform the equation (Art. 143) so that its roots 
shall be those of the original equation diminished by the 
part of the root thus discovered. 

8d. With the absolute term in this (ransf(»med; eqaatioa 
for a dividend, and the coefficient of x for a divisor, obtain 
the next figure of the root, 

4th. Again transform the equa,tion so that its roots shall 
be diminished by the value of the figure last detiermined, we 
rhay thus find another figure, and so proceed until the root 
has been obtained to as great a degree of accuracy as is de- 
sired. ' 

Note 1. It sometimes occurs that the sign c^the absolute 
term will change in the course of the operation. Unless 
this change is accompanied by a change, of sign in the coeffi- 
cient ^f ar,>the figure which gives rise to this change must 
be incorrect 

Note 2. To detc^rmine the negative roots, chang*e the signs 
of the alternate tenns in the equation (Art. 13(^ «id |iSQ6eed 
as before. 
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£z. 1. What is, the root of the equation 

a8— 17 ar« + 542? — 350 = 0? 

The integral part of the root is found by trial or by Sturm's 
theorem to be 14. The subsequent operation will be as fol- 



350 (14.954 
168 



lows, viz. : 

• 


- 


1 —17 
14 


54 
-^42 


— 3 
14 

11 
14 


12 
154 

166 
23.31 



25.9 
9 

26.8 
9 



2|7.75 
* _5 

27.80 
5 



27.854 
4 

27.858 
4 

27.862 



— 182 
170.379 



— 11.621 
10.740 



189.31 
24.12 



— .88 J 
.865 



213,4 
1.3 



214.8 
1.3 



3 

875 

176 
900 



— 14 



875 

125 
275664 



849336 



216. 



216. 



216. 



2075 
111416 



318916 
111432 



430348 



The above operation has been carried on precisely ac- 
cording* to the directions of the rule. It will, however, be 
perceived that more decimals have been used than were 
necessary to give the root true to. the third decimal place. 
In fact, had all the figures to the right of the vertical lines, 
and those in the left hand column below the asterisk, been 
omitted, the result would have been the same, and the labour 
much abridged. 
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The operation woald then stand thus : 

1 —17 54 —350 (14.95407 

14 — 42 168 

— 3 
14 

11 
14 

25.9 
9 



12 
154 


— 182 
170.379 


166 
23,31 


— 11.621 
10.741 


189.31 
24.12 


— .880 
865 


213.4,3 
1.4 


- 15 
16 


214.8 
1-4 


^ 



26.8 
9 

2,7.7 

2,1,6.2 

The above contraction is performed by cutting ofi" from 
the coefficient of x, after the operation with the figure 9 is 
completed, one figure, viz. 3, to the right, and from the cor- 
respondihgxoefficient of x', the two figures 77, then proceed 
with the rest as before, until the operation with the figure 5 
is completed, after which cut off one figure in the column of 
0?, two in that of a^,~ three in that of a;', and so on. 

The following example will still further illustrate the rule. 
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Ex.2. Extract the root of the equation 

ars ^" 4 aj4 _ 3 a:« + 1 Q a^fl _ 2 a: — 962 = 0. 

■ . • ■ > 

Here the first figure of one of the roots is 3. 



1 4 
3 


—3 10 
21 64 


^2 

192 


—962 (3.385777 
670 


7 

3 


18 64 
30 144 


190 
624 


—392 
290.21 133 


10 
3 


48 208 
39 261 


814 
153.3711 


— 101.78867 
94.64260 . 


13 
3 


87 469 
48 42.237 


967.371 1 
166.6714 


— 7.14607 
6.18160 


16 
3 


136 611.237 
6.79 44.001 


1133.942,5 
49.090 


- .96447 
.86793 


19.3 
3 


140.79 556.2;^ 
5.88 46.792 

146.67 601.0,30 
6.97 12.6 


1183.032 
50.096 


— 9654 

86-82 


19.6 
3 


1233.12,8 
3.19 


— 972 

868 


19.9 
3 


162.64 613.6 
6.06 12.6 


1236.32 
3.19 


— 102 


20.2 
3 


(15,8.70 626.2 
12.6 


1239.6,1 
.4 




20.6 


63^.8 


1239.9 
.4 


- 



124»0.3 

The root has thus heen found true to six places of deci- 
mals. If aqother period had heen used, it would hare 
been ohtained to 1 1 decimal places. 

Ex, 3. Extract the root of the equation 

a:*_ 12x8+ 12a? — 3 = 0. 

jina. OP »" 2,868088, 

Ex. 4. Find a root of the equation 

;c» + 2 ar* + 3 3fi + 4 a^ + 5 a: — 54321 = 0. 

^na. ar as 8.4144547. 

Ex. 6. Find the root3 of the equation 

yji 23x 24= 0. 

Jlna. 6.250785, — 1.101601 and - 4.149184. 
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£x« 6* Required the roots of -the equation 

^ 12 X* 4- 12 X 3^0. 

.^iM. 2.85808, .60602, .44328, and — 3.90738. 

Ex. 7. Find all the roots of the equation 

2 a* + 3 ar» — 4 a: — 1 = 0. 

Arts. 1.624819, the others are imaginary. 

Ex. 8. Extract the cuhe root of 3 to 7 decimals, that is, 
find the root of 

Am. 1.4422496. 

Ex. 9. Extract the fifth root of 7.624 to 7 decimals. 

Ans. 1.5011932. 



SECTION V. 

Binomial Equations. 

174. Binomial Equations are such as consist of hut two 
terms ; the one being the power of some unknown quantity, 
and the other an absolute number. , The most general form 
under which such equations can be presented is 

which, by the substitution of x for — , is reduced to 

a 

af* ± 1 =• 0. 

It is in this form that they are treated of in this section. 

Cor. Since a: ^^.y^ax^x^^. 

175. If n be eyen, the equation ar" — 1=0 ora:" = l, 
has two real roots, viz. + 1 and — 1. The binomial a?" — 1, 
is therefore divisible by (a? + 1) (ar— 1) = a:»-7- 1. , Per- 
forming the division, the equation is reduced to 

a-— «+ar'— * + a?»-« + a?« + i=:0, 

all the roots of which must be imaginary. 
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With respect to the equation a?" -f 1 = 0, or re* «a — 1, 
all the roots are imaginary, two of them being ± -%/ — 1. 
The expression a?** + 1» is therefore divisible by (a? + ^— 1) 
(x -T- \/ — 1) =0(^ + 1; the division leading to the equa- 
tion 

^n-2_<jp«-4_|_^-6_ dbar*=f:ar»±l=0. 

If n be odd, the equation af*+ 1=0 ora:"=-— 1 has 
one real root," viz. — 1 ; the remaining n — 1 roots ' be- 
ing imaginary. 

Similarly, the real root of the equation ic" — . 1 s= is 
a? 5= 1, (n being odd,) the others being imaginary. 

176. No two roots of a binomial equation can be equal. 
For a?'»±l==0 

being such an equation, its limiting equation (Art. 157) is 

naf—'?=0, 

which evidently has no root that belongs to the original 
equation. (See Art. 15S.) 

177. If a be one imaginary root of the equation 

aj»— 1=0, 

then will every power of a likewise be a root. 

For, since a" = 1, a*" = Ij a?" = 1, &c. ; therefore, 

a', a^ a*, &c., 

are roots of the equation. 

The roots of the equation may therefore be represented by 
the various terms of the series, 

. . i a""^ a~*, a""', 1, a, a^ &c., 

in which, however the terms may differ in form J they can- 
not present moreihan n values, otherwise the equation would 
have more than n roots. ^ 

178. If a be one imaginary root of a?" + 1 = 0, then will 
every odd power of 4i likewise be a root. 

For, since a" *= — 1, every odd power of a" will be equal 
to — 1 ; consequently, the difierent terms of the series 
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«^*, a~*, «"*, a a», u^, &c., 
will all be rooCs of the equation 

z"-|-l=.0. 

179. If n is a prime niunber, and a one rook of the equa- 
tion 

tben will 

1, a, fl^ flT-* 

be all different, and therefore will form the complete series 
of roots. 

For, if possible, let i^ s df, /i and.g both being less than 
n, then 

in which p — qis less than n. 

Now, \eip — qhe contained in n r times, leaving a re- 
mainder /i', which will be less than j9 — q, 

then fl"=sa''*~«^ + ''=x5ii'**~«^ . a''=s 1 

If p" be the remainder arising from dividing ri by p'y we 
will have in Uke manner 

a^' = i. ^ 

Proceeding in this manner, we shall finally arrive at the 
equation 

a = l, 

which is manifestly absurd. 

Therefore, a** = a' is impossible. 

Since, then, 1. a, a"....a"~^ are all different, and each 
is a root, they must form the complete series of roots. 

Cor. Since a" = 1, we will likewise have 



for the roots. 



a^'^a'*-*-^ a'"-' 



To illustrate the above theory, let it be required to deter- 
mine the roots of - 

One root is 1, therefore, dividing by a: — 1 =» the equa- 
tion becomes 

0?* + a* + ar« + a? -h 1 « 0, 
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a recurring equation of the fourth order, whose roots may be 
found by (Art. 166.) 

180. If JO and g are prime to «acti other, then a:' — 1 ssa 
X* — 1 =0, have no common root except 1. 

For, if it be possible, let a be a common root, so that 

a'z^l, a« = l. 

Let p ss fnq + 9', in which q! i$ less than q^ 
then aPs=a'*«xa«'=a«'=l. 

In like manner, if q = nq' + 5", we will' have 

a'" = l, 

q*'. being less than q\ Proceeding thus, we will finally ar- 
rive at the equation 

a=sl, 

which is impossible. 

181. If n=p, q^ r, (p, q and r being prime numbers,) 
then the roots of a?" = 1 wiU be the roots of x^ = 1, a:« s= 1 
and af = 1. 

For af = 3f^^ («*)«• = 1, 

similarly x^ — \j 

and a?''=l. 

The roots of these equations will therefore satisfy the 
equation 

a?"— 1=0. 

182. When n is the product of two prime numbers,/) and 
q, the roots of ar" — 1=0, will be expressed by the products 
arising by multiplying every root of iC'' — 1=0 by every 
root of a:« — ^1=0. 

Let the roots of of — 1 = be 

1, a, a\ a^ . . . . fl^~\ 
and those of sfi — 1 = be 

1, 6,^»»,6». . . .0?-*, 

then since (a*)" = 1, and (6*)" = 1, 

therefore (a*6*)" = 1, and a*6* is a root 

of the equation a?" = 1. or a^ — i- 1 = 0. 

20 
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MoieoTer, these producU aie all diflferent, far, if possible, 

let «^^ « o'ft', then we will have «^~»-aB«6^-*, 

hat a* ~' is a root rf 05* — IsO, 

and ft*-* is a root of a;* — 1=0. 

The two eq;aatioiis have therefoie a mrqjnm root, hut this is 
impossible, (Ait. 180.) 

Since, then, all the products aro roots of 2* — 1 := 0, and 
since no two aro eqnal, and their number is /ig as n, they 
foiin the ebmplete series of roots of the given equation. 

If /I s g, the above demonstration faib to give the series 
of roots. 

In this case let the roots of 3Cf — 1 » he 

1, a, a", 11^ ... • i^~'. 
If, then, we form the series of equations 

2^=1, af^Oj af^a^9 afa=:a», &c., 

the pp roots of these equations will he roots of a:"— 1 « 0, 
and as they will evidently he all different, they compiiBe the 
complete series of roots. 

Now the roots (A af^^oF ar& (Art. 174) equal to those of 
^e' sfi 1, multiplied hy ^(/a'. 
The complete series of roots of a:* — I » 0, is theroforo 

1, a, a" . . . . e^""' 

^a.aya^al'^a fl'-'^a 

^fl*, a^c^, cfi.^€^ . . . • €t-^^a\ 
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CHAPTER IX. 

SCRIES. 

, SECTION I. 
Method cf Indeterminate Coefficients, 

183. If there are two series, 

Ax* + Bar* + Cof + &c., 

and Ma?"» + Nx» + Pa?p + &c., 

^ in which the indices are arranged in the order of their mag- 
nitudes, beginning at the least, and which are eaual, whatever 
value may be assigned to x; the indices ana likewise the 
coefficients of the corresponding terms must be equal. 

For if a be not equal to m^ one of them, as a, must be the 
greater. Dividing by a?"* we- shall have 

Aa?— -+Bx*—»+Caf-"'+&c., =M+Naf — »+Paf-*^+ 

&c., 

whatever value we assign to x* But if or &= all the terms 
except the first iii the second series will vanish, we shall 
therefore have M s= ; but this is impossible. Hence 

M^ nit 

and the equation above becomes 

A + Ba:^-,« + Caf— +&C., =M + Na:"-» + Paf-* + &c. 

If in this a; =3 0, we shall have 

A=:M. 

Again, since the first terms of the series are identical, we 
have also 

Ba?* + Caf + &c., -= Na;" + Paf + &c. 

The same reasoning will evidently show that 

6 «=s n, and B = N, 

and to for the other coefiicients and indices. 

184. If a series 

Aa:* + Ba?* + Ca:* + &c., 
in which the indices are arranged as before, be equal to zeio» 



1 
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whatever value may be assigned to Xj each of the tenns 
must be equal to zero. 

For since Ax* + Bar* + Cif + Ac. = 0, 

we have A + Bar*— + Caf — + &c. = 0. 

In which, if we substitute for a?, we will have A = 0, 
and, consequently, 

Bar* + Car* + &c. = 0. 
If we divide this by x^^ and make x = 0, we shall have 

B = 0, 
and so for the rest. 

These two propositions being of great importance in the 
development of functions and the summation of series, we 
shiill illustrate them pretty fully by examples. In applying 
the method we are generally able to detect the nature of the 
indices, and thus avoid the trouble of calculating them. 

Examples. 

Ex. 1. Let it be required to develop^ -— - in a series. 

ji ■y~a» 

Here if a: == 0, the value of the function is 1. Conse- 
quently, the first term of the series is 1. The other terms 
can have no negative indices. For if one of them is of 

M 
the form Mar~", or — -, this would be infinite, when o^ssO. 

In order to moke the demonstration general, we. will 
assume - 
1 
:— — = 1 + Aar* + Ba^ + Caf + Da-« + &c. 

Clearing of fractions and transposing, we have 
1 _a:_ Aa-*+ ' — Ba:*+ ' — Caf + ' 
= 1 + Aar* + Bar* + Caf + Dar^. 
Equating the exponents, we have 
a = l, 6 = a + l«2,C«6+l=3, (f = 4,&c. 
Also, A = — 1,B = — A«l, C=xs_B=:— 1D«1.: 
Substituting these values, we obtain 

rr-r— = I — X + X* — a:» + a:* — &c., 
1+a? 

which may be verified by division. 
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£^. 2. Develope 



X 



14- a? 
Assume ^^^ = 1 + Aa?- + Ba* + Car* + &c. 
1— a? 

Clearing of fractions and transposing, we have 

t=s l+Aar+Ba^+Cxr+Dzf^+Ac. 
Whencie J0 » 1* 6=2, c «sb 3, &c., 
and A = 2,.B=;hA«=2,C=2,&c., 



• • 



l—x 
Ex. 9. Develope 



{i+xy 



A««"">^ (ij^, or ^^./^^^, «^ 1 + Aar + Ba^ + Co^ 

+ Daf* + &C, 
Clearing of fractions we have 

1 = 1 + At + Ba:* + Ca:« + Da?* + &d. 

+2a: +2Aa^+2Ba«+2Ca;* + &c. 

+ 9^+ A^+ Ba:* + &c. 

or = Aa:+ Ba:« + Caj»+ Da:* + &o. 

2a? + 2Aa:»+ 2Ba« + 2Ca?* + &c. 
+ «•+ Aa?8-h Ba?* + &c, 
Whence A + 2 =OorA = — 2 

B + 2A+1=0 <MrB*» 9 
C + 2B+A=:0 orC=:— 4 
D-f2C4-B»OorD»B 6,^ 

■ 1 — 2a? + aa?» — 4a?» + 6a?»— 4e, 



{\+xr 

Ex* 4. Pevelope 



ikSBXime diis equal to the series 

a + Aa?" + Ba?* + Ca;*' + Da;* + &c., 
and dear of fractions. Then 

a8 as o» + Atfsf + Ba«a?* + C««af + &c. 
^ ax» — Aa?"+» — Bar*-^' + dbc, 
20* 
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Whence ns=%6 = ii+2 = 4, e^b + 2^69 

also Ac^. = a or A = — 

a 

Ba'sAorB=^ 

Ca« =s B or C = —. 

a* 

Hence «a^ h-r+-:i + -;» w- 

Ex. 5. Deyelope v^'^^^. 

Assume >/^+l^--o + Aa: + Re* + Ca* + Dx^+dbc. 
Squaring a^+a:« =stf" + Kax + Baa:" + Caa:*+. Daar*+&c. 

+ Aflu? + A»a:« + ABa:» + ACa:*+&c. 

+ B«a:« + ABar» + B«a:*+&c. 

+ QaTf" + ACa?*+&c. 

+ Dax*+&c» 

Whence 2Aa = orA = 

2Ba«l orB = ii- 

21a 

2Ca = C=0 

2Da=:— B«orD=:— g^, 

and ^/5rf? = A + |l-^ + &c.. 

The operation woald haye been shortened had we 
assume d . 

Vc^ + af" = a + Aa?» + Ba?* + Ca?" + Da:» + &c. 

Squaring we have 

tf» + a^a _ fls + Aax" + Baar* + Cax^ + Daa:» + &c. 

+ Aaa;» + A'x* + ABx« + ACa?« +&c. 

+ Ba»*+ABar»+ B'xl^ + ^. 

+ C(wc® + C Aa?8 + &c. 

+ Daa?« + &c* 
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Whence 2 Aa = 1 or A == -— 

2a 

2Ba=:— AS orB=-^ ^ 



3ea==— 2AB orC = 



8a8 
1 



2Da== — 2AC — B»orD=. — 



16 o« 
5 



128 dr* 



Hence ./^ + «. = «. + ^-^+j^-^_ + 

This series is defective since the law of variation of the 
terms is not manifest. If we write it as follows,- this defect 
will be remedied, though the law can still hardly he con- 
sidered as demonstrated. 

• — a? a?* 3a« 3.5a?» „ 

^ 2 a 2.4 a» ^ 2.4.6 a* 2.4.6.8 d? ^ 

/" 

-Ex. 6. Develope 



1 .+ a? + a?« 
Jim. 1— 2a?+x«+a?»— 2a^+aH»+x8— 2a?5^+a:»+&c. 

Exr 7. Develope 



1 — 2-a? + a:** 
Am. l+5a?+9ic"+13a:r«+17a:*+&c. 



t j{^ -L. ^9 

Ex. 8. Develope — ^. 

a?^ ~^ I* 






Ex. 9. Develope ^+?^ 



1 — a? — ar** 
^n*. 1 +3 ar+4a?»+7a^+ II ar*+&c. 



Ex. 10. Develobe ?! . l . 
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185. Derelope {l+x)\ 

ABsame (1 + x)" = 1 + Aar + Ba?« + Ca* + Dx^ + Ac. 

If we sqaaie both ndes, we will hare 

(l + x)'*«l+Aa:+ Ba*+ Ca5«+ Dx«+ d«., 

+ Ax + AV + ABx« + ACa:» *• 

+ B2* + ABx»+ BV *• 

+ Cx»+ACx* ** 

+ Da:* « 

This aeries is evidently perfect so fiir as the last colaioii 
inclusiye. 

Now, (1 + x)*- 8=s {(1 + x)*y = {1 + (2 a? + a*)}"; 
and since the coefficients A, B, fte., are entirely independent 
of x^ we shall hare 

{ 1 +(2ar+ar*)}-=l + A(2ar+a*)+B{2a?+a!*)-+C(2aH-4")*+ 
&c. =l+?Aa:+Aa* 

+4Baj«+4Ba*+ Bar* 

+8Ca:»+12Ca?*+, &c 
+16Dar*+,&c. 

Now, as this series and the former must be identical, we 
have 2A»2A, 

2B + A»«:4B + AorB«^^i^^^ 

2C+2AB=8C+4 B or C^^.f^ ^A,(A-l).(A-2) 
2D+aAC+B'=16D+iaC+Bor d^ A.(A-1)(A-2)(A-8) ^ 

^» o. 4* 

whence the law of the coefficients is plain. ' 

186. It only remains to distermine A, which may be 
done as follows. 

1st. Let n be a positive integer. 
If we multiply the equation 

(l + ar)''=«l+Aar+ &c., 

by (1 + x) we shall have 

(l+ar)»+'=«l + (A + l)a?+ &c. 

From this we perceive that increasing the indnx by unity in* 
creases the coefficient of the second term of the development 
by unity. Hence, as the index and coefficient of the second 
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term are the same ill the first power, since (1 + a?)* = 1+3? 
they will also be for any positive integral value of n. 
In this case, therefoxe, 

(1 + a?)'' == 1 + na? + &c. 

2d. Let n be a positive fraction as ^ ; jd and q being positive 

integers, then we have 

p_ 
(1 + ar) « s= 1 + Aa? + &c. 

Raise both members to the qih. poi^^er. To facilitate this 
operation, we may observe that as every term subsequent to 
the second will contain the square or higher powers of a? ; 
these cannot affect the coefficient of the second term in the 
power. We may, therefore, so far as this term is concerned, 
consider 

(1 + a?)f 5= 1 + Aar. 
Hence (1 + a?)' = (1 + Aar)« = 1 + grAar + &c. 

But ,(1 + 3:)"== l+;>a: + &c., 

fl' A a= p or A 838 ^, 

q 

3d. Let n be a negative integer or fraction, and equal 
to — »i. 

Then (1 + a?)" « ttt-w = r"; tt— = (^y *^*^ ^' 

vision,) 1 — mx + &t., 

(1 + a?)-*" 85B 1 4- Aar + &c.| 
and A -s — «»• 

In all cases, therefore, we will have the/ coefficient of the 
second term equal to the index of the power. . 
The coefficients are therefore 

Ann / 



B»n. 



2 



^ n— 1 n — 2 „ 

O =s n. — 5 — . — g— , ®c. 

and (l+ar)"=l+na?+n. "7 os^-^n.-^. -s— 3:*+ &c 



238 METHOD OF Ilf DETEBMINATE COEls'FiClEMTS. 

187. Develope (a + x)\ 

It is eyident that a + a>ssa(l -i — \ 

and therefoie (a + a:)" = a"( 1 H — j . 

X 

Sabstituting — for x in the development in last qaestion, k 

becomes 

(•V\'* X n— 1 a^ fi— •■! fi — 20$" 

1 + _) »i + ^-+ n. -^.- + n. -^.-^_+&c. 

... {a+x)--^+mr-ar+n.!i^. a-«.+n. ^.^. 

This is Newton^s celebrated Binomial Theorem. 

If n is a positive integer, we shall iSnally arrive at a term 
which will contain the factor n — n, and which, of course, 
vanishes, as will all the following terms of the general series* 
In all other cases the series will continue to infinity. 

' 188. This demonstration fiuls in one important point, for 
though we may extend (he calculation of the coefficients as 
far as we please, and still find them correct, yet as the equa- 
tions from which they are determined become more and 
more complex as we proceed, we are still in doubt whether 
some yet uncalculated may not vary from the rule Which 
has apparently been established. We. should be very care- 
ful to avoid generalizing a result unless we can prove it to 
be general. A want of attention to this principle has fre- 
quently led to important errors. . 

The following demonstration has not this fanlt. 

Assume (1 + a?)" = 1 + Aa: -f- Ba^ + Ca:* + dkc., 

then (1 + y)» =s 1 + Ay + By« + Cy' + &c., 

.•.(l+a:)*-(l+y)*=:A(a?-y)+B(a?»-y^+C(a:»-.y»)+&c. 

whence 

(l+x)--(i+y)- px^' (. «^-j^ j^^-y* ^ 

X — y a>— y a?— y ar— y 

Put 1 + a? «iE v and 1 + y =^ ti?, then a? — y = »—«?, and 
We shall have 
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^!^ = A+ B ^+Q- — ^+ jy- ^ + &c. 

V — w a? — y X — y x — y 

If now we make v ^=w at xssy, tliis will become (see 
next article) 

n«»-» = A + 2Ba? + 3Ca!?a + 4DA*+ &c., 

hence n»'» = A + 2Ba; + aCa:» + 4Da? + &c., 

+ Aa: + 2Bx« + 3Ca!»+ &c., 

but nv** = n + nAx + nBas" + nCic* + <&c. 

• •• A S= fly ' 

2B+ A=:wAorB»«A.^^^, 
3C + 2B=:nB "C«B.^^^^, 

4 

in which the law of the equations is at once manifest from 
the series. 

Substituting in each of these values that of the preceding 
coefficient, they become 

As=n 

* - 

n— 1 



B=n. 



""2~* 

n— 1 n — 2 



as before. 



T^ n — 1 n — 2 n. — 3 



189. If n is a whole positive number . 

the number of terms being n. This may be proved by 
simple division. Now, as this is true for every value of x 
and y\ lei x =sy and its value becomes 

Next let n be a positive fraction = -. 
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Pat orssr*, sothataifsv^, 

and y = tt'^f oiyi^^vf. 

By the substitution of these values the fiaction 

X* — y» 

— becomes changed into 

t^ — Vf f, ^tff 
V* — 10^ t79^f|7** 

V —to 

But since p and ^ are positire integers, we shall hare,, 
when 0? s y or V s u»y 

f — w^ 



V 


— w 


pV^' 




„P- 


-«. 




t;« 


— vfi 




» 


— u; 














1 




p— f 




p^__ 


■ 1 



Now since t> s=x«, v'-^ssx « =a:« 
•*• when X =: y-, we shall have 

a? — y ^r 

Lastly, let n be a negative number, whole or fractional, 

we shall have — =s ^ ^^ 1 

X — y ar-y 

•^^ ar -y 

When a? =s y, this becomes equal to 

— a?" "y"" •*./«?*""* 

== — na?~"~'. 

This point being thus established, the preceding demon"- 
stration becomes complete, 

190, If we examine the formula 
(a + xY = a** -i-nar-^x + n , ~ , a*»-V + n . '^ 
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we shall at once perceive that any coefficient may he 
derived from that of the preceding term, by multiplying hy 
the exponent of the leading factor in that term, and dividing 
by the number of terms to that place. 

Thus the coefficient of the fourth term is found by multi- 
plying 

n — 1 

by n — 2, and dividing by 3. c / > 

Examples. 
Ex. 1. Raise (a ^ x) to the seventh power. 
The operation' is as follows : 

a7_7^9a?+21 a*x»— 35a*a:3+35a3x*— 21 a^x^+Ka^—a? 
_6 _5 __4 

2)42 3)105 4 ) 140 

21 35 35 

X being negative, its odd powers will also be negative, and 
the signs alternate £us above. 

Ex. 2. Develope v a — x. 

Here n ^ — , and the several coefficients Will be 

1 1 

'* = 2 =2 

n-l _ 1 _ I 

^•"T~""5 "" 2:4 

n— 1 n— 2 , 1 3 

n . — - — . — 3 — =+T^ 



n . 



2 4 ' 16 2.4.6 

n— 1 n--2 n — 3 3.5 



3 4 2.4.6.8* 



Hence >/^^x = a* - ^ a"^. - J- a"^:^ - -l^a"*^ 

' 4W 4V.TK 46. A. U 

3.6 -I 



2.4.6.8 



a ^x^ — &c. ' 



i X x^ 3a^ 3.5 a;* ^ 

2.a^ 2.4 a^ 2.4.6 a^ 2.4.6.8 a:^ 

21 



This fonedoii is eqaiTalent tarn (jb^ + j^) * 
The tenns of the defiric^MBeaft aze as feOopm: 



r — 4 



g _^ 2g' 3a:* ^^ I &c 

Ex. 4. What is the 4th poirer of (a — x)? 

Ex. 5. What is the 7th power of {b.+ c)? 

^ns. ft' + 76«c + 216«c» + 356*c» + &c. 

• > - 

Ex. 6. What is the dd power of (3 + x)l 
Here we shall have 

(3 + ar)» =x 3» + 3.3«a: + 3.3 ar« + it» 
= 27+ 27x+ 9x« + a?». 

Ex. 7. What is the 5th power of (x + 2) ? 

w«n«. x»+10x* + 40x» + 80x» + 80x + 32. 

Ex. 8. What is the 7th power of (2 6 + x) ? 

Jins. 12867+448Z>«X+6726*x»+5606*x»+2806»x* 
+84tb^x^+Ubx^+x7. 
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Ex. 9. Develope \/a* + x. 
Arts. a + k-^^^ + ^^^^ + ^^^j^^ + 6co. 



Ex. 10. Develope ^6» + x. 

T> u 1.A ^ 2a:« , 2.5a* 2.5.8a?* , . 



Ex. 11. Develope ^/(c* — ar*)» or (c»— a^)*. 

» 7. I^t ^^ 3^ 5aH» 45a* ^ J 
Result, c* -< 1 — Trr-r — rrriT — srr~*^nrr::i""«^^*r 



Ex. 12. Develope ^/ . 

a-)- a?. 

This expression is equivalent to 

V^^' = (a-^).(«'-a^)-*- 

1 ' ft ■ ^ t% 

3.5.7 - # « A 
2.4.6.8 

la* 3 a?* 3.5.a* 3.5.7 a* 
"" a ■*■ 2^0^ 2.4.a» 2.4.6 c^ 2.4.6.8 a»' 

fl — a? - .cl,a:» 3a:* 3.5.a:« ^ > 

••• ^5+^==(«-^)is+2:s-25^-2i:6^-*^-{ 
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SECTION n. 

The Differential Method^ 

Or the method of determining the^ successive difierences of 
the terms of a seriest and thence any intermediate term, 
and the sum of the terms of the series. 

1. Let a, bj c, d^ c,/, g, .... be any series. 
The first order of differences is evidently 

b — a, c — bj d — c, and e — (/, &c. 

If in h'ke manner we take the differences of the succes- 
sive terms of this series, we shall have the second order of 
difierences, as follows : 

c — 2 6 + a, c? — 2 c + 6, c — 2 rf + c, &c. 

The third order will in like manner be 

rf — 3c + 36 — a, c — 3(? + 3c — 6. 
The fourth 

c — ^4rf + 6c — 46 + a. 

If, now, we examine the coefficients o£ the several terms 
in the differences of the various orders, we shall at once per- 
ceive that they correspond with those of the different powers 
of a binomial. A very slight attention to the mode in which 
the successive differences are formed, will convince us that 
this coincidence must hold good, whatever be the order of 
differences. ^ 

We may therefore conclude that the first term of the nth 
order of differences will be, if n be even,^ 

a — n,o + w • — 5 — ^ — ^ • ^"rt — • — o — ^ + ®^* 
And if n be odd, 

— a + n,b — n. — — - c + n . — ^r — .— ^ — a — &c. 

Examples. 

Ex. 1. Required the first term of the third order of dif- 
ferences in the series of cubes, 

1, 8, 27, 64, 126. 
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Aft 9t is odd we use the second series, and the tenxi is ' 

-i- 1 + 3.8 — 3-37 -H 04 «*= 6. 

If the first term of the ifoQrth order were required, it 
would be equal to . 

1 _ 4.8 + 6.27 -- 4.64 + 125 
=.1—32 +162 - 256 + 125==:0, 

Ex. 2. Required the first term of the fifth oifder of differ- 
ences in the series 

1, 2, 2^, 2», 2*, &c. 

The second .formula gives 

—14. 5.2 -^ 10.28 + 10.2P — 5.2* + 2» = 1. 

Ex. 3. What is the first term of the fourth order of differ- 
ences in the series 

1, 2*, 3*, 4*, 6». • . , . ? 

Am. 24. 

Ex. 4. What is the first term of the fifth order of differ- 
ences in the series 

1, 5, 15, 35, 70, 126, &c. ? 

Ans. 0. 

Ex. 5. Required the first term of the fifth order of differ- 
ences of the series 

1, 6, 21, 56, 126, 252, 462,^ &o, 

Ans. 1, 

192. Let it now be required to find the nth term of the 
series a, 6, c, J, .> . • • 

If we represent by d^^d^^ d^^ rf^, fec^ tfie first term of the 
1st, 2d,' 3d, 4th, &c., order of differences, we shall have 

d,^-a+Bb-Sc+d ^^'^e^^ei rf=-a-36+3c+d« , 
rf^«<y--4H-6c-4<f+cJ ^«i~a-h46— 6c+4i+rf4 



e ^a + 2d^ + dg, 
i/iia + 3d, + 3rf»+rfar 

fi 2 

fliid fbe nxhtetm^ a-Jt-^n-- l)dj-^(n— 1) — s--<^f + 

21* 
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This series will terminate if the difierences vanish after a 
certain order. If they do not, it will be infinite, and the nth 
term can only be found approximately. 

EXABIPLES. 

Ex. 1. Whai is the 12th term of the order of cubes? in 
other terms, what is llf ? 

Here n =» 12, a = 1 , rf^ = 7, rf . = 15J, rfg =« 6> rf^ = 0, 
.-. 12«= 1+11.7 + 11.^. 12+ 11^.6 
= 1 + rr + 660 + 990 = 1728. 

Ex. 2. What is the^ 60th term of the series 

1 . 4 . 8 . 13 . 19 . &c. ? 

Here a = 1, c//= 3, d^ = 1, rfg = 0, 

49 48 
and the 50th term = 1 + 49.3 H ^ — , 

= 1 + 147 + 1176 = 1324. 

Ex. 3. Required the 20th term of the series 1, 5, 15, 35, 
70.126, &c. An8. 8855. 

Ex. 4. What is the 30th term of the series, 1, 3, 6, 10, 
15, i&c.r Ana. 465. 

Ex. 5. What is the 20th term of the series 
1, 6, 21, 56, 126, 252« 462, <&c.T 

4n8. 428504, 

193. Required the sum of n terms of the series 

Of bj c, d, • - 

Now, it is evident this is the same as the (n +1 )th term 
of the series 

0, 0+a, a + 6, a+b + ej,a'}-b + c + di &c., 

in which the first terms of the various orders of difierence 
are a, d^$ d^, c?,, &c. 

Hence a+6+<;+ci =na+n.~^r— ^+n.-— — ..— ^ — d^ + 
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Examples. 

Ex. 1. What is the sum of n terms in the series 

1, 4, 7, 10, &c. ? 
Here a = 1,. c?^ = 3, (i,, = 0, 

and o = n4-3«w* — s — = — 5 — • 

Ex. 2. What is the sum of n terms in the series 

t, 3, 5, 7, &c. ? 
Here a a= 1, c{^ =s 2, . 

and Sssn + n. — - — . 2 = n*. 

'2 ' 

Ex. 3» What is the sum of n terms of the series 

1,2«, 3«, 4«, &c.? 

Here a =s 1, J^ ae 3, i]?^ b 2, e?^ » 0, 

a , n— 1 „ , n— 1 n— 2 ^ , 3»i*«-3n . n'^nH-2» 
.•.S=»n+n.-^.3+n,-— - .-— .2=nH ^-H s 

2 n8 + 3 n° + n _ n.(n + 1) (2n + ^ ) ^-. 
"" 6 ~" 6 

Ex. 4. What is the sum of n terms of the series of cubes T 

Ans. »'(»+^n 
4 

Ex. 5. What is the sum of the series 1, 2*, 3^, &c. ? 

•*"• 6-+a"+a -80- 

Ex. 6. What is the sum of 12 terms of the series 

1,4,8,13,19? 

Ana. 430. 

Ex. 7. What is the sum of 10 terms of the series 

1, 6| 15, 35,70, 126, &c.? 

Am. 2002. 
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SECTION ffl.. 
On the Summation of, Ii^Uuie Series. 

194. An infinite series is one the number of whose tentna 
is unlimited $ the law of succession being generally dis- 
coverable by the examination of a few terms. 

195. A eonvtrging series is one the succeasfre tenlifl of 
which become smaller and smaller, as 

* • "5" • J • 8" • tV • • • * 

196. A diverging series is one whose successive terms 
become greater and greater, as 

1, 4, 16, 64 • • . • 

197. An ascending ileries is one in which the powers 6f 
the unknown become greater as we proceed. 

Thu» a, bx car* (fa5*, &c., 

is an ascending seriea. 

198. A descending series has its powers diminishing as 
the series proceeds : as 

a- - -^ &c 

r 

J - 

199. As different series are governed bjT different laws, 
the method of obtaining the sum of one class will not apply 
universally. A great variety of useful series may, however, 
be summed by the help of the following principles. 

Since -P-^ =X_ ? ..._i^ =i:(X_ A^ 

hence, if we have a series of fiaptioas of the £cum 

g 

n{n+py . 

their sum will be the joth part of the difference between two 
series of the form ~ and 



n n+p 
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Examples. 

Ex. 1. What is the sum of the series W +00+04 ^^ 

infinitum ? 

Here gs=sl, jj =5 1, . 

and S=Jl+l + l + l + | 

1 1 1 I > = ^' 



2 S 4 6 

If the sum of n terms of the above series were required, 

f 

we would have the nth term by —7 — —=-. . 



"^^ n+i^n + r 

Ex. 2. What is the sum of the series 



Here p=a2, 




1 
2:' 



Ex. 3. Required the sum to n terms. 

Ans. 



2n + 1 

Ex. 4. What is the sum of the series 1-4 + 05"'" ^S"^ 
&c., to infinity, and Hkewise to n terms ? 

»^ns. Sum to inf. = ■— . 

To » terms = ^^ + ^^^ + g^j^. 
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Ex. 5. Required the sum of the series ^ + 3 + g + in 

+ -7,.&c., to infinity* ^ns. 2^ 

16 

2 S 4 

Ex. 6. What is the sum of the series 35 "" 57 + 79 

_g^.&c.. to infinity !• * ^„; 1 ' 

Ex. 7. Required the sum of the last series to n terms. 

tn I ft 

'^' 12 n+ 18 "^^^ " ^ ^"'*°' 12n + 18 ''^*" ** ^ *^^- 
Ex. 8. Required the sum of the series g-g + g^ + g-ji 



+ &C.9 to infinity dnd also to n terms. 



12.20 ' . -^ 1 

wSnB, Inf. — , 

t ' n terms ** 



12 (n + 1)* 



Ex. 9. What is the sum of the series 7-0+0-7 + 5 a + 

1.0 /6.4 o.O 

dbc., ad infinitum, and also to n terms? 

, . ^ 3 3 2n + 3 

£ns. Ad mf. ^; to n terms j- ^^^^ j^^^_^g^. 

Ex. 10. Required the sum of the series T3 "^ 04 + 3^ 
•— &c., ad infinitum, and also to n terms. 

^fw. Ad inf. J, to n terms 4=F2(n+ l)(n + 2)' 
the upper sign heing used when n is even. 

4 4.4 

Ex. 11* What is the sum of the series j^g + 5^9 + gjg 

+ &c., ad infinitum ? •'*'**• ^* 



* i L^assl— 14-1— 1+1, ad infinitum. 
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20Q. If we have a series consisting of terms of the form 

g 

w • {n+p) in+2p) ..... (n+mpy - 

tkey may b^ summed by a process precisely analogous to 
that employed in last article ; for we evidently have 

=-15 



n{n+p){n+2p).„{n+mp) mp cw(n+jo)...(n+(w— l)p) 

g ?. 

{n+p){h+2p)...{n — mp)S 



Examples. 

Ex. 1. Required the value of _4_+^ + _l_, to 
infinity. 

„ „ 1/1:2+2:3 + 31 + **^* 

L 2:3 31 ^ 

"rfo+^ + o + ^j-J'(^^-,»'^«»««) 

Ex. 2. Required the value of ^ + ^^ + gl^ + 

&C., to infinity. ^ /» 5 

• 24" 

3 9 

Ex. 3. What is the sum of the series ■ ■ ^ - ^ + 




jg 6.8.11 '8.11.14 

+ 100-7 '°'"'"*y- ^„,.^. 

240 

' 11 

Ex. 4. Required the value of - _ ,^ . + STir? + ^'j ^^ 
^ 1.2.J.4 5&.O.4.0 

10 
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Ex. 6. Required the value of ^ + gA_ + __|_ 

to infinity. ^ 1 

^ Jim, —r. 

72 

Ex. 6. Required the sum of -^ + ^ + 3^ 

to infinity* ^ 89 

Jins. gg. 



CHAPTER X. 

LOGARITHMS AlffD EXPONENTIAL EQUATIONS. 

SECTION I. 

Logarithms* 

201. Every number may be considered as the ))ower of a 
given root, the index of which power is called its logarithm. 

Thus, a being supposed to be the fixed root, if a' = 6, 
€fi sssCf X is the logarithm of 6, and y of c. 

202. The fixed root is called the base of the system of 
logarithms : and we can therefore have an infinite number 
of such systems. In practice the base is assumed 10, all 
our tables of logarithms being constructed upon this assump- 
tion. 

If, therefore, we^ assume a = 10, we liave 

10« s= 1, 10» = 100, 10> = 1000, &c. 

10-' = .1, 10-» = ,01, 10-* = .001, &c. 

So that the log of 1 = 0, log ■ 10 = 1, log 100 = 2, &c.. 

log .1 == — 1, log .01 = — 2, log .001 = —3, &c. 

The logarithm of any number between 1 and 10 must, 
therefore, be between and 1. Of any numbet between 10 
and 100, the logarithm must be between 1 and 2, and so on. 



LOGARITHMS. S53 

20d. Let m and n be any two numbers* wboae logarithms 
are x and y, so that we have 

o* BB 9h and a" » n. 
Multiplying fl""** J' ttsmn, 

m . 
also a*"* =— . 

n r . 

But X + y and a? — y are the logarithms of mn and — . 

Hence the sum of the logarithms of two numbers is the 
logarithm of the product;; ancl the diffeferite of the logor 
rithms is the logarithm of the quotient. 

Cor. n times the logarithm of a number is the logarithm 
of the nth power of that number. .- 

Also the nth part of the logarithm of a number is the loga-< 
rithm of the nth root of that number. 

204. Let fif s= y, to find the value of y in a series of as- 
cending powers of x. 

Now when a? = 0, y = 1, the first term of the series 
must therefore be 1. 

Assume y = a* = 1 + Aa: + Bx^ + Coc^ + &c. 

Now sinoe A, 6, C, &t., are independent of x, we shall 
have . 

y' s= a' = 1 + A» + B»« + Cu»'+ &c. 

Also 0*=+" •= 1+A {x+v)+B{x+vY+C (ar+»)»+&c. 

Now this last equation is evidently equal to the product 
of the two former. Since a* + • = a* x a". We therefore 
have by multiplying and developing the powers of a? -f ^ i^i 
the last, 

1 + Aa: + Baj* + Cafi + Dx* + &c. 

+ Av+ 2 Bar© + 3Ca?«t> + 4Dx^ + &c. 

-|. Bf + BCxff* + 6Dxl*tf + &Ai. 

+ Cv'+ 4Da?ti» + &c. ( 

+ Dt;* + &c. 

« 1 + Aa? + Ba:^ + Ca^+ Dx* + &c» 

+ Av+ A^xv + ABar^ + ACa:»t; + &c. 

+ Bv* +v ABa?»« + B^oH^ + &c. 

^+ Cv^+ ACxi^ + Sbc 

22 
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If, now, we cancel ihe tenns common to both series, we 

shall have 

2Bxv+ SCa^+ 4Dac»© + &c. 

+ 3Carr«+6Da?V 
+ 4Dxv^ 

-«A"icw+ ABx^+ ACa:«» 

+ ABjrt;"+ B»x«r« 

+ ACart7», 

Now since x and v are entirely independent of each other^ 
we most have, by the principle of indetenninate coefficients, 
the fixst lines of the above expressions equal, and therefore 

A* 
2B = A» orB = -^ 

AB A* 
8C«ABorC==:^=*^ 

AH A* 



4 ' 2.3.4 

&c. == &c. 

Whence y-o'=l+Ax + — x»+—af + ^^ x* + &e. 

It only remains to determine A. For thi)i purpose let 

1 . 

Then aX_i+l+l+^ + ^ + ^ + &c.-e. 

If « he the base of the system, we will hare 

A-J- 

loge 

Finally if « = c, A = 1, and 

^'i + ^ + a+2:3 + 5:33 + *^- (^> 

The above is called the Exponential Theorem. 
If 6 be the base, A s log a, 
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The logarithms to the base e are called HyperboKc or 
Naperianhgmtbwa. ' 

We may also determine A by the following process. 

Assume a as 1 + 6^ so that : 
y«(l+6)*=l+a:6+a:.^^+a:.^. ^^+ &c., 

«i + (6_ + * j+&c.)ar+Ba?»+ea:»+ &c. 

Comparing the above with the former value of A, we obtain 
log a log (1 + 6) . i».6' 6*. -, 

6« ^8 6* 

whence log (1 + 6) = log c (6 — ~+ g— - + &c.) (B) 

This is the logarithmic theorem. • 

The above, which is taken with some modifications from 
"Traite du Calc, Diff. et du Calc. Int." by Lacroix, though 
not so short as some other demonstrations, is characterized 
by its great elegance, and perfect rigour« 

205. If we make 6 s — . 6 in the series (B), We have 
log (1 ^ i) - log e (- 6 -~ %- J- &c.) (B*) 

whence log (1+6)— log (1—6) ^ ^^^TZX 
-2logc(6+|! + |* + &c.) (C) 

If now 3 r = n, we have 6 = — --— , 

1 — 6 n + 1 

If now „^a,_-__. 



• • 



• • 
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and log2=2log«(l + 3L+_^ + ^4.&c.) ^ 

Calculating the yalue of tbe abore series to 9 terms, we find 
the logarithm of 2 m^2. log e x . 846978689^ 

a log c X . 603147178, 
and log 2« <is logS » 3 Iog2 » bg e x 2.079441534. 

kg I = log e X . «23148650, 

andkg 10=W|x8)=log e{2.079441534+.22314355af 

t=r log e X 2.d02585(B64» 

but log ia=»i. 

The quantity M is the modulus of the system. Its iFalue 
to 20 places is 

.43429,448 19^)3251 ,8276$. 

206. The series (D) converges slowly except n be small. 
In the actual computation of logarithms, it is important to 
obtain the result by using very converging series. The fol- 
lowing aie some of those frequently emp&yed. 

If in (B) and (B') we make 6 =— , they become 

, p— 1 « / 1 1 1 1 1 * \ 

aad since Ic^^- «* log (p+1) —log;?, tfccap become 

M{p + l)^log»+ M (l-^±+±^^) (E) 
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aad Ipg ip - 1) - log;, - M (^+^^.+ ^+&c-)(P) 

These series enable us to find the logarithm of a number 
when we know that of the next greater or next less, and 
they conyerge the more rapidly as p becomes greater. 

If j9 sa 10. we find 

iogii = n-M.(l-^+^^&c:) 

•log 9 ^ 1 - M (^+ J^+ 3-i^+ Ac.) 

Adding (E) and (F), and transposing, we have 
log (p+i)=2 log ;, - log, (p - 1) - M (y+^ 

By which the logarithm of a number becomes known, when 
that of the two preceding, ones are known. 

267. The following converge still more.rapidly. 

Put ?■ for n, then — —- =«- . ^ and eq. D becomes 

p n+ 1 ^p+l - 

log ^«5M(^+3^^.+ ^^.+ &c.) 
log 0> + 1) = iog;, + 2M 5^+ ^^^^ 

Put /) + 1 = q* (kenp s= ga — 1 = (^ + 1) (^ ^ 1), 
and H becomes ^ 

log?« = log(^ + l)+log(^~l)+2M(^^-i_j+ 



3 (2 ^ra - 1)3 • 5(2ja - 1)» • -; 
whence 

log (q+l) =2 Jogy- log (y_l)_aM(^+g^-^. 

+ &C.) (I) 

which converges vety npidly. ' 

28* 



958 LOGASITHIMr. 

208. The preceding are a few of the formnlse which have 
been invented for facilitating the computation of Ic^rithms. 
They aerre to show the nature of .the process, and this ap- 
pears to he all that is necessary, aB they hare little appb'ca- 
tion to the general principles of mathematics. Those which 
are most referred to are collected below* 

A^rr* A*r* A^y*^ 

^^'^^ l.^ ^1.2.3^ 1.2.3.4 ^ • ^ ^ 

in which A = r-^. 

€ being determined by the formula 

e-i + i^+a^+ai+Ac. (2) 

It9 true value to ^ places is 

2.71828,18284,69046,23636. 

The Exponential Theorem 

..«,+. + ^4._|..4,_|^+&.. (8) 

The Logarithmic Thearem 

l«,g (I + fc) « M(6 - ^+ ~- ~ + &c.) (4) 

If e be |he base, gir the logarithms bQ hyperbolic, we 
kave 

log(^l + b)^b^^+^^^ + &4^ (6) 
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E3q)onerUial JEquatiotu, 

a09. Equations of the form a* = 6, a;* ss 6, &c., in which 
the unknown is x, are called exponmtiat equi^tipns. 

Those of the form 4f!=sb jxmj reftdily he solred hy loga- 
rithms : thus, 

Taking the logarithms, we have 

X log a = log 6 
log 6 



whence x = 



log a 



210. Equations of the form af =a 6 may be solved by ap- 
• proximation, a« follows. 

First, find by trial two values, one greater and the other 
less than x, and differing from it but little. Substitute these 
values in the equation 

x\0gX^B:l(^'b 

and note the results. ' Then as the di^rence of ^he results 
is to the difference between either result and log 6, so is the 
difference of the assumed numbers to a fourth term, which, 
applied to the assumed number corresponding to the last- 
mentioned result, will give the true value nearly. With this 
value, and the nearest of the former assumed numberS) pro- 
vided a nearer number cannot be found, proceed as before, 
and a numbev will be found differing still lef« from the true 
value. 

Thus let . 

Ex. 1. a:* = 20 

Here a? log a: «=. 1.301080. 

and the value of i? is readily fnud to lie between 2.5 and 3. 

Substituting these, we have 

2.5. log 2.5 » .9048500 1.4313630 
3 log 3 a 1.4318930 1.3010300 
T^5ri3§ .130^^; 

And as .4365139 : .1303339 : : .5 : .149, 

8 — .149 as 2.651 it t^ v%|iue of x nearly. 



4 
M 



260 INTEREST AND ANSTUITlks. 

Ex. 2. Let oc* » 5, to find x. ^ Ans. 2.1293. 

Ex. 8. Let af » 2000, to find the value of a?. 

Am. 4.8278226. 



CHAPTER XI. 

INTEBEST AND ANNUITIES. 



'211. Let P represent the principal, R the rate per cent., 
t the time in years, I the interest, and A the amdunt. 

R 

Then we will have ^^ bs r, for the interest of 1 dol}ar for 

1 year. Consequently the interest for 1 year is Pr. 

Pr/«=I, 
and P + Pfr=aP(l + r/)=A. . 

Asjiiowever, the student has become familiar with all the 
rules of Simple Interest, while studying arithmetic, it is un- 
necessary to deyelope the matter any further here, we shall 
therefore proceed at once to 

COMPOUND INTEREST. 

212. When the interest as it becomes due is taken to 
augment the principal, on which the interest for the next 
period is to be calculated, then the whole increase of the 
debt is called Compound Interest, 

213. An Annuity is a yearly income. 

214. The present valud of any annuity is the sum which 
being put to compound interest will pay the amount of the 
annuity at the time it becomes due. 

216. Since r is the interest of <1 for 1 year, 1 + ^ i^iust 
be the amount of $1 for the same time. ^ 

If, then, P dollars be put out on compound interest, it wiU 
amount in one year to 

P.(l + r). 
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Mow \hiB being' the principal for the next year, the aiaount 
will be 

P . (1 + r) (1 + r) =:-P (1 + r)«. 

Pursuing this iiiyestigation we shall' find that the amount 
at the end of / years is P (1 + r)',, . / 

Or A = P(l + ry. 

.. ^ logA^logP + ^log(l + f), (1) 

, , 1<% A -:- log P ■ 

^^ iog{l + r) ' ^^^ 

log P = log A -^/ log (1-1- r). (3) 

216. If the interest be payable half yearly or quarterly, 
r must be taken for the interest of $1 for the half or quarter 
of a year, and t the number, of the periods in the gi^en time. 

Examples. 

Ex. 1. What is the amount of 50 dollars for 20 years, at 
6 per cent, compound interest. 

Here P =; 50,' r =5 .06, and / = 20. 

Consequently we haye - 

log(l4'r)« .0253059 

20 



thgn + r) .6061180 
logP 1.6089700 

log A 2.2050880 ^ 

.-. A±=stl60.36. 

Ex. 2. What sum will amount to $1000 in 30 yeai:s, at 
6 per cent, conipound interest. 

^ Here log (1 + r) «= 1.06.**: .0253069 
t « 30 

.7691770 
JogAlOOa = 3.0000000 

. log P 2.2408230 

P^ ♦174.11. 



• t 



263 INTEREST AMD ANNUITIES. 

Ex. 8. In what time will $100, or any other sum, doaUe 
Itself at 6 per cent, compound interest ? 

Here Aa=200, 

, ^ log A — log P 

and t = 7 /ij^x ' 

log A » l.a010300 
log P=r l.p000000 

log A — log P .dOlOBOO • . log — 1.4786098 
Jog (1+0 .0258069 log - 2.4032218 

lot / 1 1 .89 years 1 .0753880. 

217. In finding the ainount of an annuity for a given 
num'ber of years, we must recollect that the first payment 
will be at interest for ^ — 1 years,' the second for ^ — 2 years, 
and so on. The whole amount wiU therefore be, the aimuity 
t)eing AT, . 

A « a,((l+ry-'+(l+ry-« .... 1) 

.^a{(l+ry-l}^ (Art. 63.) • (4) 

If /> be the present worth of the annuity, \^e mugt have 
the amount of p dollars for / years, equal to A. 

Whence p = — ^IXlLL. (5) 

1 n. 

If t be infinite ., . \, =0, in which case p s= -, 

(1+0 »• 

but this is eyidently the sum which will produce the annual 
interest a. 

ExAMPUBS. 

Ex. 1. In what time will $500 amount to $900, at 5 per 
cent, compound interest ? ^s. 42.04 yekta. 

Ex. 2. What is the amount of an annuity of $300, fdre- 
borne for 16 years, at 4^ per cent, compound interest ? 

JSns. $6815.807. 



i; 
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Ex. 3. What dum will yield an ai^nual income of $630* 
interest being reckoned at 43 per cent. ? ^ns, $14000. 

Ex. 4. What is the amount of an annuity of $700 per 
annum, which has been forebofne 12 years, interest being 
at 5 per cent.? .^n^. $11 141 .09. 



CHAPTER Xn. 

INDETlilRMINATE ANALYSIS. 

218. It has been shown (Art. 119) that whenever the 
number of independent Equations is less than the number 
of unknown quantities, the question admits of an infinite 
number of answers.. It is not unfrequently the case, how- 
ever, that some conditions exist which partia^y limit the 
number of results. For instance, if fVom the nature of the 
question the solution is limited to positive integers, there is 
frequently only a single result that will apply. 

Problems of this kind are called indeterminate problema. 
The results are generally required in positive integers. 

219. If a and b b^ prime to each other, then will the re- 
mainders arising from dividing mb hy a, be different for 
sdl values ofm less than a. For let, if possible, 

mbssra + c 
and m'ft = Va + c, 

m and m' being less than a. 

From these equations we have 

b r-^r' 

a'^m—m'* 
which is manifestly impossible, since m—m' is less than a, 

and by hypothesis — cannot be reduced to lower terms. 

220. If a &nd h be prime to each other, the equation 
no? — 6v Bs d= 1 is. always possible. That is, positive inte- 
gral vames of x and y may be found,-which will* satisfy it. 



\ 



364 an»ET£BHINAT£ AjTALYWR. 

Fdr we wiU evidestly have 

a - 

Nowy since a and b aze prio^ to each other« the Remainders 
arising from dividing mbhy a will be different, fyt aU valaes 
of m less than a; . one of these remainders must there- 
fore be a — 1 ; so that we shall have 

mh tsspa + a — ' 1 
mJb + 1 =pa + a = {p + 1) a. 

Consequently, if y = m, a? =/) + 1> an4 these being inte- 
gers, the equation ax^^by ^as\ is possible. 

Changing signs, we have btf — aa? =?: 1, and this is evidently 
possible. - . " - 

i22l. If n and 6 are prime to each other, the equation 
ax — by sesc admits of an infinite number' of positive iate* 
gral solutions. ' 

Porsin(^e ax'r- ^y' = 1 is possible, 

acx*'^- bey' = c is always possible. 
And putting ex' » x and cy » y^ this becomies 

ax^by^ c, 
which is therefore always jpossible. . 

Let now x =p y z^qhe one solution, . 

then will a? =jp -f- mbf y = q + mn satisfy the equation* 
whatever value is assigned to m. For we wiJI have 

aar = op 4- w»o^> by sabq + mab, 
ax — bymt ap •— bq « c. 

Cor. If a and b be not prinie to. each other, the equation 
ax — by =iC is impossible . in integers, c being supposed to 
have no common measure with both a and b. 

For if a and b have a common measure which is not 
divisible into c, one member of the equation will be divisible 
by a number which will not divide the dther, which is mani- 
festly absurd. 

222. To find positive integer values of the equation 
' ^ or — 6y nsfe c, 

a snd b bein^ piirtieto Ufik otber. 
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Since x ss r is an integer, if the operation be actu- 
ally performed, the remainder b'y+e' must necessarily be 
divisible by a ^ so that we shall have 

equal to an integer, 6' and c' being less than a. If now we. 

take the difference between — and that multiple of — 

a ^ a 

in which pb'y may be nearest to ay, we shall have a re- 
mainder 

b"y + c" 

a 

in which b" <ih\ By continuing this process, we shall 
finally arrive at a remainder of the form 

y+p 

a ■ 

If we put this equal to r, we shall have 

y+p^ar 
and y==ar-tp. 

To illustrate the above, let the equation be 

lla:— 25y«6p. 

Here ^^^-^^2y + 5 + i^^ - an Int. 

and ynaU/}— 20, 

a: = 25p — 40, 

in which j9 may be any number greater than 1. 

Now, as this operation does not alter the denominator of 
the fraction, it is evident the numerator alone need be writ- 
ten ; by this means the operation w^l be rendered more con- 
cise; Thus^ 

^y + 60 « , ^ . 3y-f 6 
23 
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3y + 5 

12y + 20 
lly + 2g 

X » 26/9 + 10. 

the least ralues being 2 and 10. 

Had we subtracted 11 y instead of 11 y + 22, we should 
have arrived at a tesult agreeing in form with that obtained 
by the other method. 

^ . ■ 

Ex. 2. Given x + 13y =si 2000. 

5y + 2 ^ 
lOy+4 
9y _, 

y + 4 

9 '^ 
y i=9p — 4 
0? = 228— 13/). 

By giving to p different values, we derive the following 
results, viz. : ^ 

p^ 12 3 4 5 6 7 8 

X s 216l 202 189 176 163 150 137 124 

y:== ^ 14 23 32 41 50 59 68 

/)=. 9 10 11 12 13 14 15 16 17 
a;=11198 85 72 59 46 33 20 7 

y » 7786 95 104 113 122 131 140^ 149. 

• 
From these results, as well as the general values of x and 
y, we infer that the values of x must vary by the coefficient 
of y, and those ofy by that of ar. 

Ex. 3. Required all the possible values of x and y in the 
equation 1 1 x + 5 y s 254. 

^n6. X tm 19, 14, 9, 4, 
y -p 9, 20, 31, 42. 



Ex. 4. A gentleman having a debt of $75.68 to pay, finds 
lie has nothitig but half dollar pieces to pay it with. The* 
creditor havinfi^ nothing but five franc pieces, how will they 
manage to settle the debt ; the five franc piece being reck- 
oned at 08 cents ? 

^ns. He will give 233 half dollars, abd receive 44 
five franc pieces. 

Ex. 5. Given 11 a? -f 85y-sB 500, to find the values of x 
andy. ^na. 2;&=20, 

2^ = 8. 

Ex. 6. A drover bought steers for 35 dollars per head, 
and cows for $26. How many of each could he purchase 
for $1000? ^ns. lO-steers and 25 cows. 

Ex. 7. Given 7a:<+- 18y =i71, to find tie values of a? 
and y. ^ ^^^^ Impossible. 

Ex. 8. Given 17 a? + 33 y a 831, to find the values of x 
and y. d^n^. a? s 12, 45, 

223- To find the number -of solutions of which (he equa- 
tion ax + by tax e 
will admit. 

Find values oi x! and yS which will satisfy the equation 

OCX' '— bey' =s Ct 
.but aa: + 6y Bw f , 

ax + by = acx' — bey'f 
hence a: = cfl?' — m6, 

y s= md — cy'. 

The number of solutions wiU therefore be the same as the 

number of values that can be assigned to m. 

ex* cv' 

Now it is evident that m < -t-» and m > -^. 

a 

The number of values of m will therefore, i^orrespond 

with the difference between the integral parts of the fractions 

ex' , cy' 

b a 
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Cflf' 

.except when -r- is a whole number. In this case, since 

ex' " . b 

m •< -i- 9 we must consider ? a fraction, and reject it. If, 



however, we intend to include among the integral Talueai, 
this last precaution need not be observed. 

Examples. 

Ex. 1. Determine the number of solutions the equation 

Ilar + 6y==r254 

admits of. 

Here the least values of x* and y' in the equation 

llx' — 5y=l ^ 

are ar' = 1, y' = 2. 

ex' 254 ■ ^^4 

and 50 — 46 =s 4 is the number of solutions. 

Ex. 2. What i|s the number of integer values of x and y, 
that will satisfy the equation 

21a?4-5y = 20000? Ana. 190. 

Ex. 3. In how many ways can i61053 be paid in guineas 
and moidores ; the guinea bdng 21^., and the moidore 27^. ? 

Ana. Ill ways. 

Ex. 4. Required the number of integer values of x and y, 
that will satisfy the equation 

17 ar + 132^ = 6000. Ana. 36. 

224. To find the . integer values of a?, y, and z^ in the 
equation 

aa? + 6y + cz a= {/. 

If c be the greatest coefficient, then, since the values of x 

and y cannot be less than 1, the greatest value of z cannot 

, d-^a — h 
-exceed ■■ . . 



Now, since 



c 

d^hy — tz 



■» 
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jf we apply to this value the same principles that were em- 
ployed in Art. 2^^, we shall arrive at a result of the form 

y + mz-^-p 



« • 



in which z may have aU, values, from 1 to inclu- 

sive, provided those values give positive integral values to x 
andy. 

EXAMFLSS. 

Ex. 1. Given 17 ar + 10 y + 21 z =- 400, to find the in- 
tegral values of x, y, and z. 

u *k r * ^ • 400-17-19 -^ . 

Here the Imiit of z is sr = 17 +, 

21 

400 r- 19 y - 2l5f ^ 9-2y— 4z 
also « = — ^ = 23-y-ar+ ^ — - 

9_2y — 4z 

72— 16y — 325f 

— 68 + 17yH-~94g 

y + 2z +4 

17 "'^• 

Whence y = 17;? — 2 2: — 4, 

and x=— 19j» + 2r + 28. 

If, now, we give to z the several values, commencing at 1, 
we sliaU arrive at the following results, viz. : 

;? 1 2 S 4 6 6 11 12 13 14 ^ 
y 11 9 7 5 3 18 6 4 2 
X 10 11 12 13 14 1$ 1 2 3 4. 

The remaining values of z make the results impossible. 

Ex. 2.. Given 12^^ +i7y + ldz^ 6100, to find the 
values of x^ y, and z. 

/i^» ^ ^Sy^ ^' ^^' 33. ...224 ?qovft]ues 
•^^*-^« 1^^ = 494, 477, 460 1 . J^^^««- 

23* 
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By thus proceeding, substituting^ 4, 5, &c., for Zy the 
number of values would be found to be 4762. As this me- 
thod, however, is very tediousi we shall, after appending a 
few more examples for exercise, proceed to explain a more 
concise method of determining the number of ^solutions. 

£x, 3. How many gallons at 12 Cts., 15 cts«, and 18 cts., 
must be mixed to compose 300 gallons at 17 cts. per gallon.* 

4ns, 12 cts. 1, 2, 3, &c. . . . . to 49, 
15 cts. 98, 96i 94, &c. .... to 2, 
18 cts. 201, 202, 203, &^c to 249. 

Ex. 4. Given 14 a? + l^y + 21 ^r = 252, to find the va- 
lues of a?, y, and z. 

Ana. a: = 7, 4, 1, 

"3^ = 7,7,7, 

;2: 5= 1, 3, 5. 

In this example the values of y are seen to be seven. It 
might easily have been inferred, a priori, that they must be 
7, or one of its multiples ; for since every term of the equa- 
tion except the second is divisible by 7, this must be so 
likewise, but 19 and 7 are prime to eaCh other. Therefore 
y must be a multiple of 7. 

Ex. 5. Given l^x+lhy+lHz^ 181, to find the va- 
lues of Xj y, and z. 

Ana. a? = 1, 8, 9, 
y = l>4,2, 
2: = 9, 1, 2. 

Ex. 6. Given 11 a? -f 16y + IT^r =400. 



Ana. z = 


1 


2 


3 


i 


1 


5 


( 


5" 


7 


8 


a?«=s 


13.28 


6.21 


14.29 


7.22 


15 


8.23 


1.16 


9 


y = 


16.5 


20.9 


13.2 


17.6 


10 


14.3 


18.7 


11 


Z =s 


9 


10 


1 11 


12 


13 


14 


15 


17 


22 




X^sz 


2.17 


10 


3.18 


11 


4 


12 


5 


6 


1 




y = 


15,4 


8 


12.1 


5 


9 


2 


6 


3 


1 




la all, twenty-five different results. 



* Iq this case there will be two. equations; bjr the elimination of one 
of the unknowns' we will therefore arrive at an indeterminate containing 
bat two unknown quantities, which may be solved by the prece<]incr 
article. 
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225. In order to determine the number of solutions of 
which the equation ax -{• by + cz =& d admits, we must first 
render two at least of the coefficients prime to each other. 

This is readily done, as may be seen by the following 
example* 

Let 9 a? + 12y + 16 2 = 424. 

Transposing 16 z, and dividing by 3» we have 

3ic + 4y«141 — 5z + ^^. 

o 

1— ;r 
.'. — -jr— is a whole number, 

, Zz , 2 — 22r z + 2 . , 

and -5- H 3 — = — ^ — = a whole number = v. 

Or 0.0^ 

Whence z = 3t; — 2. 

Consequently we have 

3a:4.4y = 141— 15»+10+1 — t7=sl52— I61;, 

and 3ar+4y+16t? = 152. 

Since the values of x and y are not altered by the pre- 
ceding transformation, the number of solutions will be the 
same as before. * - 

Having prepared the equation as above, let a and b be 
the coefficients which are prime to each other, then we shall 
have 

ax + by =sd— cz, 

in which z can have any value from 1 to , so that 

• ' c 

z^ being the greatest integer in the fraction , we 

c 

shall have z^ equations 

ax + by sss d — c 
ax + bysad-^2c 

• • 

ax + ^y = ^ —^1 c. 
But by (Art. 223,) the number of solutions of which the 
equation ax + by ssc admits, is equal to the difference be- 

cx' cu* 
tween the integral partis of -r- and .— . The number of so- 
lutions in the above equations will therefore be, 



m< 
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ax+b]/=sdr- c,diff.of the int.parts of ^ T" ^ and ^ "~ ^^ 

ax+by^d—2c " " -^ =— ^ and^^ ^ 

. r JO (d-3c)x* . Wt-ScW 

Now, to oUaip the whole numher of solutions we must add 
the numhers of which the various equations ahoye admit. 
This is most conveniently done hy ohtaijoing the sum of the 
integral parts in the arithmetical series 

i^^. (±Z^^i±Z^, to . . . .■ tenns. 

and subtracting therefrom the sum of the , integral parts of 
the series 

a a b * 

To obtain the sum of the integral parts of the above series, 
first obtain the sum of the whole series and then deduct the 
sum of the fractional parts. Since these necessarily return 
in periods, it will only be necessary to calculate the sum of 
one period and multiply that sum hy the Bumber of periods, 
taking care to add the odd terms, should there not be an 
exact number of periods. These terms will evidently cor- 
jpespond with the leading terms in the series. It must also 

be remembered that ^ is to be considered a fraction in the 



first series. 

EZAHFLES. 

Ex. 1. Required the number of solutions the equation 

\lx + \by+nzt^4G0 

admits of. . 

u *u • r f ^ • 400—11 — 16 ^ 
Here the superior limit of z is ^^-:^ as 22. 

^ Also the least values of a/ and y' in the equation 
11 a;" ^ 16^' c^ 1, are ar'w:!! y'w» 8. 
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The ajbove series are therefore 



383.11 366J1 26.11 

"16" "^ "TeT" "^ "16"' 

383.8 . 366.8 . 26.8 



and ,- H rrr— + . 



11 ^11 ^•••* 11 ' 

the common differences being 

17.11 ,^ 7 , 17.8 -^ 4 
-j^ = 12-,and— -12^, 

and the number of terms. 22. 

4499.11 4 

Now the sums of the series are — r^ — sb 3299 -t^, 

.nd ^?=3272. 

Again, the^ fractious in the first series are 
13j8^147^16J^_l_9^2^10£ll£12^ 
15' 16' 16' 15' 15' 16' 15' 15' 16' 15' 16' 16' 16' 16* 16' 

13 ^ 14 ^ 15 £ J^ 

16' 15' 16' 15' 15' 16' 15' 

4 
whose sum is 12-—. 

15 ; 

The fractions in the latter series are 

11' 11' 11' II' it' IT' 11* IT' 11' 11' u' 

this period being repeated twice, hence the sum is 

2.5 = 10. 
Hence the sum 6f the integral parts in the first series is 

3299— -124 = 3287, 
15 15 

and in the second 

3272 - 10 ^ 3262, 

the difference between which is 26,. the number of solutions 
as in Ex. 6, Art. 224. 

Ex. 2. Given 12 a? + 17y + 19 ar = 6100, to determine 
the number of solutions, ^ns. 4762, 
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Ex. 8. Required the number of solutions the equfttioa 
17 2; + 2ly+B0z » aOOO, admits of. Ana. 406. 

• 

Ex. 4. Required the number of solutions the equation 
Ux + 26y + Slz^ 96438, admits of. Ans. 3210Q. 

Ex. 5. Given Sx + 7y + Uzszi 8641^, to determine 
the number of solutions. Ana. 16168483. 

226. To determine a number, which, divided by certain 
numbers, shall leave given remainders. 

Let N be the number, (f, d', d'% &c., the divisors, and 
r, r'j r", Ac, the remainders. 

Then we shall have 

N = Jj + r = dY+ r' = rfY'+ '"'V 
dq — d'q' «= r' — r. 

' Let the least values of q and q' be found in this equation, 
then the least number N' which will satisfy the first two 
conditions is dq + ^f or d'q'-\- r', q and ^'liaving their least 
values. Also every 6ther number that will satisfy these two 
conditions is included in the formula 

^d'x + 'N'. 

Consequently we will have 

dd'x + N' = d'Y+ r"» 

If in this equation we determine the least value of x, the 
number N" corresponding to it will satisfy the first three 
conditions. Every other number that will satisfy these 
conditions is included in the formula 

dd'd^x -f N". . 

We may thus proceed until we shall have obtained a 
number which will satisfy all the conditions. 

Examples. 

Ex. 1. To find a number, which, being divided by 3, 7, 
and 11, will leave the remainders 2, 5, and 7. 

The required number must be of the forms 
3 a: + 2, 7y + 5, and 11 a: + 7, 
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The least values of x and j/ that satisfy this equation are 

ar«8,y-8, 
d2;4.2B26 
is the least number that will fulfil the first two conditions. 
Also every number of the form 

2l\r + 26, 
will equally fulfil them. We must therefore. have 

21ar + 26 = ll;r + 7, 
or 11 2r — 21x^19. 

Whence a? = 8, 2: = 17, 

and llz + 7 = 194, 

is t^e least number that will fulfil the conditions. 
Every other answer must be of the form 

3 X 7 X 1 1 a: + 194 = 231 a; + 194. 

Ex. 2. Find the least number, which, being divided by 
8, 4, 5, 6, and 7, shall leave the remainders 2, 3, 4, &, and 6. 

We shall solve this equation by a difierent process. Thus, 
if X represents the number, the expressions 

a? — 2 a? — 3 ar — 4 a: — 5 ,a? — 6 
-3-, —5—, — ^, -Q— , and -^, 

must be whole numbers. 

If, then, we make the first equal to p, we shall have 

a: = 3jo + 2. 

Substituting this in the second, we have 

8jp^l 

■"4~' 

an integer. 

-«ri 4p 80— 1 J5+ 1 

Whence -f- ^ — ""^^ — ""y* 

4 4 4 

and p=a 4g — 1. 

Whence a? =as 12 9 — 1. 

Substituting this in the 3d fraction, it becomes 

12^-^6 
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Now since this must be an integer, we shall hare 

and 2r=B60r— 1. 

Consequently — - — s — = 10 r — 1, 

which introduces no new conditions. This might have 
been shown a priori; the fourth condition necessarily re- 
sulting from the 1st and 2d. 

The fifth fraction 1" . becomes — =- — =8r — 1+-=-. 

7 7 7 

Whence r =s 7 «, 

and a?==420«^l, 

in which a may be any number, from 1 upward. 

If 9 as 1, 27 a= 419, the least number that will answer the 
conditions. 

V 

Ex. 3. Required the least number, which, divided by 2, 
3, 5, and 7, will leave remainders 1, 2, 4, and 5, but divided 
by 11 will leave no remainder. ^fis. 2189. 

Ex. 4. A man has some eggs, which, when counted by 
twos, threes, fours, fives, or sixes, still leaves one, but when 
counted by sevens there are none^ left. What is the 
nmnber? ^ns. The least number is 301. 

Ex. 5. Required the year of the Christian «ra, iii which 
the solar cycle was 6, the golden number 3, and the indic- 
tion 3.* ^ns. 1845. 

* The Bolar cycle is a period of 28 years, at the expiration of which 
the days of the week return to the same days of the month, provided a 
common centurial year has not intervened. The first year of the Chris- 
tian era being the 10th of the cycle, we must add 9 to the niimber of the 
year and divide the sum by 28, tt^e remainder will be the number of the 
solar cycle. 

The lunar cycle is a period of 19 years> after which eclipses return in 
the same order. The first year of our era being the second of this pe 
riod, we must add 1 to the year, and divide by 19, the remainder is the 
year of the lunar cycle. Tnis is the golden number. 

The Roman indiction is not astronomic. It is a {leriod of 15 years ; 
the first of the Christian era, being the fourth of the indiction. Tbere- 
fora add 3, divide by 15, and the remainder is the indiction. 

In the above example we must have 



whole numben. 



af+ 9— 6 ar-fl— 3 , « 
—28 • ~l9 ' ^""^ 15' 
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Ex 6. What is the least whole nuinber, whith, being 
divided by 12 and 17, shall leave the remainders 9 and 7 1 

Ana. 177. 



CHAPTER Xin. 



DIOPHANTINE ANALYSIS. 



227. In many investigations, particularly in the higher 
mathematics, it becomes necessary to find values which will 
render irrational expressions rational. The mode of doing 
this, where it is possible, forms the subject of the Diophan- 
tine Analysis. 

The first principles of that analysis are sufficiently simple. 
Some of its applications, however, have presented difficul- 
ties, the solution of which has been deemed worthy the 
efforts of the. greatest mathematicians of the last century ; 
and it is to two of the most illustrious of these, Euler and 
Lagrange, that we are indebted for most that has appeared 
upon the subject. The former devoted much time to the 
sul^ect, and produced some investigations of the more 
difficult problems, which may be considered as analytical 
gems, well worthy of study from their beauty. 

It will be impossible, in an elementary work like the pre- 
sent, to give any thing beyond the general principles of the 
science ; we trust, however, that nothing will be omitted that 
will be found necessary in preparing the pupil for the study 
of the higher mathematics. Those who wish to pursue the 
matter further, cannot do better than to study ♦* Barlow's 
Theory of Numbers," an admirable synopsis of the subjects 
upon which it treats, or " Legendre Theorie des Nombres," 
where he will find the whole subject developed by a master 
hand. 



24 



27S mopHAimNE analysh. 

SECTION I. 
On the Ruokttion of ExpremonB of the form 



s^ax^ +hx + e. 



t 



228. Let a B 0, and the expression becomes 

\^bx + c. 
If we put this equal to f>» we shall have 

hx + c »/>■, 

and X Bs ^T" » 

in which any value whatever may be given to/>. 

Examples. 

Ex. 1. Let it be required to find a number, such that if it 
be mukipiied by 7, and the product be increased by 10» the 
result may be a square. 

The equation to which this question leads, is evidently 

7x+l0^p», 

whence «^«^^. 

in which if we assume p to: 4 ; x as— ; the other values of 
f will produce different results. 



Ex. 2. Find values that will render v^ll x — .10 rational 

Ex. 3. Bender the expression v^3 x + 17 rational. 

^ 8 19 32 ^ 

•an*. * ™ o"> -g-t "o"» *<5- 
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239. Let the expression be of tlie form 

Vox" + bx. 
Assume , ^/ax^ + hx a=/>a?, 
then aa^ + hx^ p*xS 

and X a -T — * where p may be assumed at plea- 

sure. 

If p B — , this will become x as — —. 

EXABIPLES, 

Ex. 1. To find values of x which will make 6^ + 8 x a 



square. 
Here 



3 



;>■ — 6 

Q 

In which if p es 3, « as -J-. 

Ex. 2. To find a value of x that will make 7 2^ — 16 a? 
a square. 

TT -15 16 

Here x^ 



p« — 7 7— /}•' 
If p » 2, X fea 5. 



Ex. 3. Required a value of x that will render V'l2a:r"+7x 
rational. 

Ex. 4. To find a number, such that if its square be divided 
by 12, and the result added to 7- the number itself, the result 
may be a square. 

Ex. 6. Render VS a:" — 17 a: rational. 

230. Let the expression be of the form 

y/a^sf^ + ia + c, 
in which the first term is a square. 
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ABsnme Vt^st^ + bx + e^ex + p. 

Then tfV + te + c »= «ftr« + 2 lyar+p*, 

whence x — 



b^ftap* 



'^ «* An" — 2 amn 



Ex. 1. Find such a value of ar as will nuUte (ar+3)(ar— 4) 
a square* 

Here (ar + 3) (ar-4)«x--ar-12, 

consequently x ^ _2 i_2p ~ ^^^' = — 1) 13. 



Ex. 2. Find a value of x which will render \/4x*+ 17ar+8 
^^^°^ Jins. 8, ~, &c. 



5 



Ex. 3. Find a value of x which will render %^9a^—27ar+2 



Ex. 4. Render v'lear^ — SSa: — 7 rational. 

231. Let c be a square, or the formula be of the form 

s^ax^ + bx + e\ 
Here we may assume 



v'or* + 6ar + c* s=par + c, 
whence oar* + te + c» s=;>V + 2/>ca? + c*, 

2pc — ft 

and a?= :^- 

a — jr 

Ex. 1. Find a value of x that will render \^2a;*— 27a?+9 
«^^^°'^- ^n*. 3,^,&c. 



Ex. 2. Bender %^ 16 — 35 a; — 7 o^ rational. 



'^ 
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Ex. 8. Render s/SaH'+Ux + i rational. 

Jins. 

292. Greneral solution. 
Let m and n be the roots of the equation 

b c 

a a 

so that we shall have 

««■ + te + c =3 « (a? — m) {x-^n). 

Assume Voa;* + bx + c »/> (a? ^ n)t 

and we obtain 

or" + 6x + c =■ J9» (ar— n)S 
a (x — m) »|>"(a? — n), 

and a: = ~ . 

a — />* 

Now the roots of 

b c ^ 

a?" + -a: + -=0, 
o a 



are a: =« ^ and x = ^ . 

2a 2it 

In order to render these expressions rational^ d' -- 4 oc most 
be a square. If we put it equal to d*, we wiU have 

d-.b , -i-rf 

tn = —zr — and n =s — — , 

2a 2a 

233. We ntay separate the expression 

ax* +bx + c 

into two factors, when 5* — 4 ac is a square, by the following 
simple process. 

Assume ax^-^bx + c=s {px + q) (fx + g) 

consequently pf^^cupg +fq = b and gq = c. 

Squaring the second, subtracting four times the product of 
the first and third, and extracting the square root, we obtain 

p^*^fg « \/ 5* — iarss i 

24* » . 
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b + d 



aod 



b—d 



"^ 2/' 

EXAMPLBS. 

Ex. 1. Required a value of x which shall render 

rational. 
Here the factors of 15 are 5 and 8 ; let therefore 

Also d = V6* — 4 oc = 8. 

Hence g=__-_^^-3, 

. 6-rf 22-8 7 

and 5^ = -^=— ^— = 3. 

15a- + 22a? + 7 =(5 a? + ^) (3 a? + 3). 

Letnow 6ar + J = ^(3ar + 3), (1) 

and we shall have 

\/15a?« + 22ar+7 = - (3 a? + 3) , 

a rational quantity. 

But, from (1) we have 

15 n»ar + 7n« = 9m«a? + 9iii% 

_ 9m» — 7n« 

^ "" 15n«— 9m«' 

in which m and n may be taken of any values that will 
render numerator and denominator of the same sign. 

If m SB 1, and n =s 1, a? a ^« 

o 

If m 8 5y and n a 4, a? =s —--, 

15 

If 9718:6, andns5, a? »-==-, 

51, 

dbc. 
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504. It sometimes happens that an expression of the form 

OOP" + bx + e 

may he separated into two parts, one of which is a muare, 
and the other the product of two factors, so that we will hare 

aaf + bx + cmm{mx + nY+ {px '^f){qx + g). 

In such cases the value of x may be found by the follow- 
ing process : 

Put >/aa^ + 6a; + c s= mx + n + d{qx + g). 
Consequently 
iP^+f) (?a? + g) «2 (f (mar + n) {qx + g) + d'^qx + gY* 

px +/= 2 d [mx + n) + (? (^a? + g), 
that is px +/=» 2 dmx 4- 2 rfn + d'qx + d^g, 
and ^^ 2rfn+rf'g~ /^ rf(2n+(fg)--/ 

p—^dm—d^q p—d{2m+dqy 

f Examples. 

Ex. 1. Find such a value of a; as will make 



rational. 

Here we have 

7a^+l9a? + 10=»4a:* + 8a? + 4 + 8a:«+lla? + 6 

«(2a? + 2)« + (3ar + 2)(a; + 3), 
.-. m = 2, n«2,;>«3,/=2, ^=1, g = 3, 

.-. we shall have a? == ^ ,.. . ,v . 

3 — a (4 + a) 

2 

Ifcfss— 2, XsB-, and any other value may be given to 

dy which will not make x negative. 

Ex. 2. Find such a value of ar as shall make 

2a:« + 8a; + 7 
a square. Arts, ar ss 3. 

Ex. 3. Find a value of a?, which will make 

15a?«+ 13ar + 6 
a square. 

235. The above are the only cases of which a general 
solution has been given. Many expressions, however, occur 
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wldcli do not fidl under either of theoe faras, ud yet ftdmit 
of ntional Tallies ; to detennine tliese it is necesaaiy in erery 
cioe to find by trial one value; we may then detezmine 
othen by tbe Allowing method. 

Let jT :to r be one taloe that will lender the ei^mnoQ 

rational, and equal to^. 

Bj (Art. 1430 tianslbim the equation 

aji» + hx+e^O 

into ODOt whose loots shaU be x^^u The tzanflfixmed 
equation will be of the form 

and if we find a valne r', which will make this polynomial 
a sqoaie* we shall haire a value 

x^r + r', 

which will in like manner render the original expression 
ntional. 



Ex. 1. Required ralnes of x which will make 

rational. 

A few trials will detennine one value to be 2; put, then, 

x^y + % 
and we shall hare 

7 a- + 5 ar + 11 =7y» + 33y + 49. 

Assume 7y+33y+49 = (py+7)«=;iy+14;iy+49, 

and ly+^^phf+Up. 

Whence y« "f— p» ' 

From the form of die above we can obbdn no positite va- 

lueof j^. If/?=:2, y = — -, andar = g^. 

And other vftlaes may be found by giving fractional va- 
lues to p. 

Ex. % Required values of x that will make 

v^8«r«-h7ar + « 
tattonal, a? SB 1 b^ing one valu^. Am. 
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SECTION II. 
On Exprtwiona cf the Form 
y/wx^ + 6a?« + car + rf. 

236. The determination of the values of x, that will ren- 
der the expression 

^asfi 4- 6a:* + cx + d 

rational, presents difficulties which have only been overcome 
in a general manner in two cases, viz., when the last two 
terms are absent, and when (f is a square. 

237. Let the expression be 

y/aa^ + bx\ 
Assume s/ta^^hx^ = px^ 

ar» + 6aj« = p^x", 

and X « ' . 

a 

Examples. 

Ex. 1. Find a?, so that 3 a:" + 7 ar' may be a square. 

tdns^ a; =B 3« 

Ex. 2i Find ar, so that 3 a:" — 5 a:" may be a square. 

238. If the expression be of the form 

y/(u^ + ba^+cx + d\ 
Assume ax^ + bx* + car + rf* == {mx + dy 

= m^s^ + 2 mdx + #. 

c 
If now we make 2 md =s c, or m = ^r-^, 

2a 

c^ 
we shall have oar" + 6ar* = m*ar» = t-t^^* 

_, C-4W* 

Whence x » — - — -=- — , 

4tad^ 
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Since this contains no arbitrary quantity, it gires, of cottise, 
but one solution ; others may, however, be found by the next 
article. 

Ex. 1. Render \^Bx^ — &x^ + 6x + 4 rational. 

a 29 

•an*, x^—, 

Ex. 2. Render v'Ta^ — 3a:« — 4a: + 16 rational. 

^n8. xs= 

239k One iralue p being given, which will render the ex- 
pression 

\/ar® + 6aj" + ex + d 

rational ; others may be determined as follows. 

Let ap'4-6p" + cp + c?a= m*. 

Transform the equation (Art. 143) 

aa!» + 6a:» + ex + rf Bsa 0, 

into another whose roots shall be a? — j9. 

The transformed equation will be of the form 

« y* + ^1 y* + «4 y + »^' = ^• 

We may by last article find a value of y = ^ which will 
make this polynomial a square. Then x s=s:p -^-iq will 
render the former a square. 

Examples. 

Ex. 1. a?=s2 renders \^afl — a?* + 2 a? + 1 rational ; find 
another value of x that will answer. 

^ns, a? = — -. 

Ex. 2. Find a value of x that will render \^a^ + 3 ra- 

tional besides a? » L ^ 23 

•an«. a? ^ — r^. 
lt> 
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SECTION in. 
On the Resolution of Expressions of the Form 

240. To find values of a; that will make 

s/iM^ + fra:* + car* + rfa: + e 
rational ; assume 

^a^x^+2amx^+{2an+m^)3^+2mnx+n* 

Now, if we make 2 am =s & or m = ;r-» 

2a 

, ^ . . c — m» 4a»c — 6* 

and 2a» + w =c orn = — jr- — = — 5— r — , 

2a 80* 

we shall have 

n^ — 6 
(far + e SB 2 mnx + n", whence a? 5=a -= — — — . 
' ' (/ — 2 mn 

Examples. 

Ex. 1. Required a value of x that will make or*— 3a:+2 

a square. ^ ^ 

^ win*, ar = rt« 

Ex. 2. Render 4 ar* + 4 a:8 4- 4 a:^ + 2 a? — 6 rational. 

w^s. ar» 13^. 

241. If the expression he of the form 



^aoc* + bx^ + cx^ + dx + e^9 
it may be solved by making a; =» — , which reduces it to the 
form I /a 4-by + cy* + dy^ + (^\ 

the numerator of which may be rendered rational by the fox- 
mule of last article. 



Ex. 1. Find a value of x that will make v^2 a?*--3a:»+l 
rational. ^ 3 
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Ex. 2. Find such a value o( x na will make 22 x*^4^3i^ 

— 40a?« 4- 64x + 16 a square. ^ 8 

. ^' 

242. When the first and last terms are squares, or the 
expression is of the form 

we may proceed as in the preceding cases. 

Or assume 
a^x* + ba^ + ea^ + dx + ^ss: (^ax^ + mx + ey 

:= a»x* + 2 amx^ + (2ae + m*)x^+2mex+e: 

This may be solved either by making the second or the 
fourth terms equivalent. 

Thus if 2 am s 6 or m SB ^r-, 

2a 

ex* + dxssi{2ae-\' m»)a?" + 2 meXf 

, 2 me — d 

whence xss — ; — -, 

c — (2 ae + m*) 

If 2 me tBs (^ or m ss -~, 

2e 

we ^11 have 

6«» + ca:» = 2 ams^ + (2a« + m*)a^ 

— 2 am 

243. When the expression does not come under either 
of the preceding cases, no general solution can be given 
until one value has been found by trial. When such a 
▼alue has been determined, the process employed in Articles 
235 and 239 will generally lead to other values. 

No method has been discovered for rendering rational an 
expression in which the unknown exceeds the fourth power 
— ^not even when one value has been found by trial. 

Those who would desire to pursue this subject further, 
may consult "Euler's Algebra," "Barlow's Theory of 
Numbers," or **Legendre Th6orie des Norabres," where 
will be found most that has been written upon this subject. 

THE END. 
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